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Abstract

In this paper, we present a basic frameworlk for the discussion of the contro-
versial dynamic properties of job creation and job destruction. To this end, we
consider a simplified version of Caballero and Hammour’s creative destruetion
model {1996). In particular, we remove the exogenous fluctuations source of this
model and we assume that the marginal hiring cost is constant. This allows us
at first to sotve explicitly for the dynamics of the model. We show that the opti-
mal lifetime of capital goods is constant at the decentralized equilibrium and we
prove that the hiring and firing rates convergence to their steady state growth
paths values is oscillatory, due to endogenous replacement echoes. We find that
when business fluctuations are endogenous, job creation is smoother than job
destruction even if the marginal hiring cost is constant. Moreover, depending
on the initial job profile, we show that job creation can be either positively ar
negatively correlated with job destruction.
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1 Introduction

In the recent years, many empirical studies have enhanced the role of gross flows of
workers (into and out employment, unemployment and the labor force) in the dynamics
of the labor market. A key question turns out to be whether these flows are the
result of a creative destruction process of job opportunities. By a creative destruction
process, we refer to the Schumpeterian view that assoclates economic growth and
technical progress with a continuous structural change involving the “death” of some
productive activities (with the resulting destroyed jobs) and their replacement by more
efficient activities (with the resulting created jobs). The results reported by Davis and
Haltiwanger (1990, 1992) for the US economy have reinforced the latter interpretation.
Precisely, these authors find that around 35 percents of gross flows of workers into and
out employment and unemployment are due to creative destruction.

Creative destruction has been recently deeply analyzed in the economic literature!.
In this literature, technical progress is exclusively embodied in the new capital goods.
Nowdays, it is generally admitted that a large part of technical progress is embod-
ied. Although there is still a controversy concerning the quantitative importance of
embodiment as a source of ecconomic growth (see Hulten (1992) for details on this con-
troversy), mauy authors have emphasized the role of embodied technical change in the
explanation of a number of fundamental macroeconomic and microeconomic stylized
facts (sce Cooley et al (1994) and Doms et al (1995) for example). Once technical
progress is embodied in the new capital goods, the older equipments become less and
less profitable over time and may be substituted by these new capital goods. The vin-
bage capital growth models are obviously more suitable to deal with this process. Note
however that not all vintage capital growth models generate an endogenous process
of creative destruction. The key assumption in this respect is the substituability be-
tween labor and capital. If gross substituability is allowed, it may be optimal to never
scrap any machine whatever is its age (No destruction). Rather, the optimal decision
would be to reduce the number of workers operating the oldest machines over time
but to never throw them out at a finite date (See Benhabib and Rustichini (1993)).
Therefore, if one alms at theoretically investigating job creation and destruction in line
with the Schumpeterian view, one should impose factor complementarity or add some
non-trivial specifications to ensure finite time scrapping under substituability. As most
of the recent contributions in the topic, we assume a Leontieff technology.

The empirical literature in the topic has focused on the cyclical properties of job
creation, destruction and reallocation. Most of these empirical studies conducted on
different national economies datas find that job creation is procyclical and that job
destruction is counter-cyclical. However, the cyclical properties of job reallocation, the
s of job creation and job destruction, are controversial. Indeed, job reallocation is
counter-cyclical on US data (Davis Haltiwanger {1992, 1994)) and on UK data (Konings

'See in particular Aghion and Howitt (1992,1994) and Caballero and Hammour (1994,1996).



(1995)), whereas it appears acyclical on Spanish data (Dolado and Gémez (1995)) or
on German data (Boeri and Cramer (1991)). It is worth pointing out that the counter-
cyclicity of job reallocation is highly consistent with the theories claiming that it is
more efficient to concentrate job reallocation during recessions (see the cleansing effects
of recessions view exposed in Caballero and Hammour (1994)). During recessions,
the opportunity cost of generating unemployment is typically low and this should
incentivate job creation as well as job destruction. As a consequence, job creation
and destruction should increase together during a recession, which implies that job
creation, job destruction and job reallocation should be positively correlated. The
empirical results reported above show that the latter prediction is not checked in the
real world. Moreover, most empirical studies (see for example Davis and Haltiwanger
(1990, 1992)) have found that job creation and job destruction are not synchronized in
many respects: As a matter of fact, job destruction appears to be much higher than
creation during recessions, job creation being markedly smoother than job destruction.

These non-synchronization features {or decoupling) have been recently theoreti-
cally analyzed by Caballero and Hammour (1996). The authors show how decoupling
can result from the existence of inefficient decentralized equilibria. Assuming a gen-
eral structure for hiring costs, they consider a labor market in which workers and a
representative firm bargain over an appropiable surplus. This appropiability problem
introduces a kind of wage rigidity which makes the decentralized equilibrium inefficient
and causes the non-synchronization between job creation and destruction. Moreover,
depending on the structure of the hiring costs, the authors are able to generate different
job creation and destruction behaviours in terms of synchronization and volatility. In
particular, when the marginal creation cost is increasing with respect to job creation,
job creation is smooth and negatively correlated with job destruction at the (inefficient)
decentralized equilibrium, as reported in the empirical literature.

In this paper, we assume that the marginal job creation cost is constant and we
analyze the implications of another determinant of job creation dynamics. Using a
simplified version of Caballero and Hammowr’s model (1996), we focus on the conse-
quences ol purely endogenous replacement investment activity on the dynamics of job
creation and job destruction, in contrast to Caballero and Hammour’s model where
business fluctuations are driven by exogenous profitability cycles. To this end, we re-
move the exogenous price of the non-produced good of the latter model, which precisely
causes the profitability cycles. Thus, fuctuations are purely endogenous in our sefting
according to echo eflects (see Benhabib and Rustichini (1991, 1993) and Boucekkine
et al. {1997-a)). Creative destruction consists principally in a replacement investment
activity and this may generate a strong correlation between the current cycle and the
previous cycles. Indeed, echo effects do occur even in the general model solved by
Caballero and Hammour, as recognized by these authors themselves (footnote 19, page
820). However, for certain specifications of this model and for certain magnitudes of its
exogenous cycles, the exogenous fluctuations will dominate echo effects. This raises two
questions. It is likely that Caballero and Hammour have parameterized their model,



and in particular the characteristics of the exogenous cycles, in such a way that the
impact of echo effects is minimized. What would happen in models where the exoge-
nous cycles are not strong enough to offset the effects of the endogenous replacement
activity? This is an interesting theoretical question that we tackle here by analyzing
the extreme case where fluctuations are solely caused by endogenous replacement in-
vestment. The other question concerns the synchronization between job creation and
job destruction in the absence of any exogenously driven fluctuations. Caballero and
Hammour (1996) have focused on the structure of the job creation cost to generate the
different dynamic behaviours of job creation and destruction, and have concluded that
an increasing marginal cost allows to replicate some of the major stylized facts reported
in the empirical literature. In this paper, we assume that this marginal cost is constant.
This allows us to solve the model explicitly and more importantly, it ultimately allows
us to point at another economic factor that is likely to matter in the dynamics of job
reallocation, namely the initial profile of jobs. In particular, even if the marginal cost
of job creation is constant, our simple model can generate a smooth job creation, a
volatile job destruction and a negative correlation between these two variables as in
the real world. Obviously, we do not argue here that the fluctuations due to the en-
dogenous replacement investment activity are the major determinant of the dynamics
of job creation and destruction. However, we do think that the “historical” conditions
in the labor market can be a relevant determinant in certain real world cases. For
example, some economists have argued that the low level of job reallocation in the UK
during the period 1985-91 is due to the anterior intensive industrial restructuring that
took place duaring the first years of Mrs Thatcher’s government (sce Konings (1995) for
example).

As stressed above, we solve our model explicitly in sharp contrast to the existing
related theoretical literature which mostly uses numerical simulation techniques (as
in Caballero and Hammour (1994, 1996}) or even is restricted to the analysis of the
stationary equilibria (as in Aghion and Howitt (1994)). The paper is organized as
follows. Section 2 describes our model as a particular case of Caballero and Hammour’s
model (1996). Section 3 gives the analytical resolution of the model and its short run
dynamics. In Section 4, we study the asymptotic stability of the model and we shed
light on the synchronization properties between job creation and destruction when
fluctuations are purely endogenous. Section 5 concludes.

2 The Economy

As stated in the introduction, our main deviation with respect to Caballero and Ham-
mour’s (CH hereafter) model (1996) resides in the fact that we remove the interme-
diate good sector which exogenous price fluctuations cause the profitability cycles in
this model. We consider a one sector model in which the production technology is the
usual Leontieff vintage capital technology with exogenous (Harrod neutral) labor aug-



menting technical progress (see Solow et al (1966)). Technical progress is continuously
embodied in the new capital goods, which yields an endogenous process of creation
and destruction through the replacement of the old obsolescent machines by the new
{(more productive) capital goods. We assume that technological progress is exponential
exp {vt} such that labor productivity grows exogenously at rate v > (. The Leontieff
technology described below states that a capital unit of vintage ¢ requires an amount
of labor equal to exp {—vt} to be operated, and produces one unit of cutput.

If we denote by T'(t) the age of the oldest operating machines at time ¢ (or alter-
natively the age of the oldest filled job), aggregate employment I (#) and output y (t)
are given by

() = [ eh (7) dr, (1)

=)
and ,
L = [ n()dr 2
0= [ ) @
h(t) is the amount of labor devoted to operate machines of vintage ¢. It can be
interpreted as the creation of employment at time ¢.

Another simplifying assumption with respect to CH concerns the structure of the
cost of job creation. In CH’s paper, this cost depends upon the number of created
jobs and on the unemployment rate, the marginal creation cost being consequently
state-dependent. In this paper, we assume that the marginal cost of job creation is
constant in order to characterize explicitly the dynamics of the model. This assumption
is perfectly consistent with the objectives of this paper. It is clear that the structure of
the hiring cost does matter in the dynamics of job creation and destruction. However,
this paper aims at putting forward the role of endogenous replacement echoes in the
latter dynamics. Because replacement echoes are likely to occur independently of the
cost structure (as it can be inferred from CH’s work), the constant marginal cost
assumption actually allows to analyze somewhat separately the dynamic properties
of job creation and destruction due to the sole replacement echoes. Concretely, we
agsume that the firm has a unit hiring cost pexp {¥¢} with p a positive real number.
Additionally, as in any Leontiefl model, a job creation requires an investment cost:
Creating a job requires the installation of exp {v£} units of capital.

The model is completed by the specification of consumer preferences and by a job
search process as in CH. The cconomy comprises a continuum of agents, indexed from
0 to 1, with the same linear preferences over lifetime consumption:

m .
/ c{r)e ""dr,
Jo
where 7 > 0 is the subjective rate of time preference, and ¢(7) is the individual’s
consumption at time 7. There is no desutility of labor, so the labor supply is exogenous

and equal to 1. Aggregate unermployment at time ¢ is then given by
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w(t) =1-1(t). (3)

In the labor market the firm searchs for workers to operate the machines, and
reciprocally the workers search for a job. All workers in new machines are hired from
the unemployment pool, and all workers fired out return there. The firm and the
workers bargain over an appropriable surplus « (¢£). As in CH, the surplus is equal to
the value the job creates above what the firm and the worker can claim as their best
alternatives. However, we assume here that the firm cannot recover its investment
and hiring costs. This is a minor change with respect to CI’s paper who assume that
the firm can recover part of its costs.? The worker’s outside alternative is to turn
unemployed and scarch for another job. The flow opportunity cost of not doing so is
the shadow wage & (t) exp {yt}. So the appropriable surplus can be written as

L+ J()
7 (t) = f ("~ (7)) eV, (4)
[

The surplus is equal to the present value of production over the planned lifetime .J (t) of
the job minus the worker’s shadow wage. Note that under perfect foresight, the planned
lifetime J(t} is related to the scrapping variable T'(t) as follows: J (¢} = T (¢ + J (£)).

A generalized Nash bargaining solution, with a share 4 € (0, 1) of the surplus going
to the worker and (1 — ) going to the firm, yields :

ety =(1-Bn(t),

where ¢ (t) is the present value of a filled job given by

- (1)
e(t) = ] (e"’” - w{T, f)) ¢V,
{

where w (7,1) is the wage payed to the worker employed in vintage ¢ at time 7. The
equilibrium shadow wage @ (7) exp {y7} is equal to the expected utility flow received
by an unemployed worker:
h(t)
Ot)e™ = —L8x (t). 5
(e = = (1) 5
It is equal to the flow probability :EJ(% of finding a job times the worker’s share of the
associated surplus.

The representative firm maximizes the discounted present value of its profits, with
respect to job creation h (t) and the scrapping variable T (t):

O ot /-1 ) 7 ,
- g yit)— i) I dr —e"h(t) — pe™h (1) dt
h(rfl}?}(ia)/g € [9( ) .i_j,(i)w(T Yh(r)dr —e™h(t) — pe 1 ()

2This change is macde to ease the exposition, it is not indispensable to get explicit results.



subject to:

y{t) = [y € h (7 dr.

e{t)=(1-P)m (),
h(t) >0,V >0,
T(t) > 0,¥t > 0.

The interior solution of this problem # is characterized by the following first order
conditions

@ (1) = e, (6)

(1=B)ym ()= (1+p)e (7)

Equation (6) states that the shadow wage is equal to the marginal productivity of
the oldest machine still in use at ¢. Equation (7) corresponds to the optimal creation
job rule and it states that the cost of creating a job should be equal to the firm’s share
of the appropriable surplus.

We are now able to define an equilibrium for our economy:
Definition 1 Given initicl conditions h(t) > 0,¥t < 0 that determines the initial

distribution of employment, an equilibrium for this economy is a path for T(t), J(t)
R{t), and ult), t > O that satisfies the system of equations

}

u(t) =1- /i’l'(r,) h{r)dr, (8)

v ) B+ p)
by o)
‘/L'H"']{i) (1 _ eﬁ'y(im'r+'1“('r))) G.rr(r—z‘.)dT _ ; j“ p’ (10)
J) =T+ J(1). (11)

Equation (8) is obtained from equations (2} and (3) and it states the resources
constraint in the labor market. Equation (9) is obtained combining (5), (6) and (7). It
represents the equilibrium relation between the age of the oldest filled job and the flow

3Along this paper, we are only interested in the interior solutions of the maximization problem
above and we will state the conditions allowing to implement these interior solutions beginning at
L=



probability of finding a job. Equation {10) is an optimality condition that restates (7)
using (4) and (6).

‘The next sections are devoted to the dynamic analysis of the decentralized equi-
librium described above. Before undertaking this task, it is worth pointing out some
of the properties of the centralized equilibrium corresponding to this model. As ex-
plained in CH, unemployment could be beneficial in this class of models if and only
if it reduces the search costs of job creation. In particular, if the search cost is in-
versely related to unemployment, it may be efficient to have some unemployment. In
our simplified model, the search cost are independent of the level of unemployment
and it is not necessary at all to resort to any mathematical argument to understand
that unemployment should be zero at the centralized equilibrium. In such a case, we
can show using the same mathematical arguments as those of the next section (in par-
ticular those employed to demonstrate the constancy of the optimal scrapping rule)
that job creation must be equal to job destruction. We get an extreme case of the
synchronization property found out by CH for efficient economies.

3 The Dynamics of Job Creation at the Decentral-
ized Equilibrium

Unlike in CH’s general model, we can characterize explicitly the dynamics of the econ-
omy described by the equilibrium conditions stated above. Whereas in the general case
we cannot soive for any variable separately, our equilibrium conditions show a clear
recursive forward-looking sub-block, namely the sub-block formed by equations (10)
and (11). This sub-block allows to solve for T(¢) and J{t} independently of the other
endogenous variables. The solution scheme for the former variables is very similar to
the one adopted by Boucekkine et al. (1997-a). We apply it here, assuming that T'(¢)
and J(t) are differentiable for all ¢ > 0,

3.1  The Optimal Scrapping Rule
The first step of the resolution scheme is given by the following proposition:
Proposition 1 Equations (10) and (11} imply the existence of a function F(.} such
that for any t > 0

T(t) = F(J (1))

unth

1 .
F(z) = w;h’l L= (r—=} -

provided that F (x) is defined Vo > 0.



Given that J(¢) is differentiable at ¢, we can differentiate (10) and easily show
Proposition 1 after some elementary manipulations. To make function F(.) well-defined
for any positive value, we restrict the parameters values as follows:

Assumption 1 Parameters » and r check the following conditions:
¥ ]

)y y<r

i) r o< Lo
11) r < TTp

Condition i) is needed to guarantee that the individual’s objective function is
bounded. Condition ii) states that the firm’s surplus share is greater than the hir-
ing cost, which is necessary to get positive hiring at equilibrium. It is easy to check
that the previous assumption on the parameters values ensures that function F (.) is
strictly increasing and admitting a unique strictly positive fixed-point, and this fact will
allow us to use a fixed-point argument & la van Hilten (1991), exactly as in Boucekkine
et al. {1997-a), in order to show that the optimal scrapping rule T{t), and consequently
J(t}, are constant and equal to the fixed-point of function F(.) for any ¢ > 0.

Proposition 2 Under Assumption 1, the unique differentiable solutions T (1) and
J(8), t =0, are defined by
T{)y=J{)=1°

with T the positive fized-point of function I (-),

The proof of this proposition is identical to the proof of Proposition 2 in Boucekkine
et al. (1997-a). See the appendix.

3.2 The Explicit Dynamics of Job Creation

Once found out the solution of the forward-looking sub-block of the equilibrium condi-
tions, we can derive the solution of the remaining sub-block and compute the dynamics
of job creation and job destruction. Assuming that we can implement the interior so-
lation T'() = T° beginning at ¢ = 0, we can solve for job creation using equations (8)
and (7) and obtaining:

h(t)=a (1 — /f h(7) dT) , (12)

t—ro
for all ¢ > 0, given A (t) > 0, for all t < 0, and a a strictly positive constant depending
on the parameters of the model according to:

1—-73

— e

B4y
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a is simply the equilibriumn probability of finding a job for an unemployed worker (see
equation (5)). Observe that, as the optimal scrapping rule is constant in our case,
the job destruction variable is simply h(t — 7°) here. Therefore, the dynamics of job
destruction (h(f — 7)) can be immediately derived from those of job creation. So, we
will focus on dynamics of h (t). Differentiating (12), we get the following differential-
difference equation (DDE) in A (1)

RE) = —a(h{t) ~ h(t—T). (13)

In the rest of this section, we will study the short run dynamics induced by the DDE
(13), which is sufficient to achieve the analysis of job creation and job destruction
dynamics in this model.

Before performing this work, some preliminary remarks on the DDE (13) are worth-
while, especially because the analysis of this kind of differential equations is not yet
familiar to economists; the basic mathematical literature on DDEs can be found in
Bellman and Cooke (1963). Earlier economic applications are due to Benhahbib and
Rustichini (1991) and Boucekkine et al. (1997-b). A major characteristic of the DDEs
is that their resolution requires initial conditions on some precise time intervals. First
order ordinary differential equations (ODE’s) only require initial conditions at the ini-
tial period. It is ciear that eq.(13) will not admit a unique continuous solution if only
h(0) is given. Rather, we need an initial function hg (£) on the interval [~7°,0) to
solve the DDE.

Another point, more related to economic applications, has to be made. That is the
DDE (13) is not a structural equation of the model, it is obtained by differentiation
of the structural equation (12). This differentiation is valid provided the continuity of
function A (¢). Provided the continuity of the initial function hg (t), h (¢) is differential
on (0,7°). Solving the DDE on (0,77) is then equivalent to solving the following ODE
on (0,7°):

WAty =—a(h(t) = hy(t~T%),
with A (0) given by (12) evaluated at ¢ = 0.

"This device can be used to solve the DDE on any interval of the form (k7°, (k + 1) 7°)
with & € R. This procedure is called the method of steps by Bellman and Cooke (1963),
Chapter 3 (see also Boucekkine et al. (1997-b) for a general discussion of the applica-
tion of this method to economics). We will call {k7°, k € R} the meshpoints associated
to the method of steps.

On our DDE, this method works as follows:
i) Given hy (£), determine h (¢) on [0, 7°)} by solving the ODE:
() = —a(h(t) — hy (t =T
with

h{0) =a (1 - /.O ho (1) dT) :

o
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Denote hy (£) this solution.

i) Forany k € R, k = 2, given hy; (t), determine h (£) on [(k — 1) T°, kT°) by solving
the ODE:
BE(t) = —a(h(t) — hey (t —T°))
with
(k—1yT°

hilk—1)T) =a (1 - /(

k—2)T7

h—1 {7) dT) :
Denote hy, (£) this solution.

It is worth pointing out that the solution paths produced by our explicit method
are not necessarily continuous at the meshpoints nor it is sure that the derivatives are
continuous at these points. It is clear that in general the solution paths should exhibit
a “jump” at ¢ == 0 with respect to the initial function hg(t) since the limit of hy(t)
when ¢ goes to zero needs not be equal to the value of A(0) given by (12) evaluated
at t = 0. However, we can show that the solution paths are indeed continuous at any
t > 0 (see a proof of this property in the appendix). A much more important issue
concerns the implementation of the interior solution. So far, we have assumed that
we can implement the interior solution 7(t) = T° beginning at £ = 0. Actually, given
the structure of our model, the interior solution may not be implementable starting at
£ = 0 for certain job initial profiles, Le. for certain initial functions ho{t) . For example,
if function ho(t) takes huge values on the interval {—~7°,0], the condition “w(t) >
will be violated and we cannot implement the interior solution starting at £ = 0. It is
not difficult to show that in such cases the interior solution can be implemented after
a finite time adjustment period (see some insight into this issue in Boucekkine et al.
(1997-a)). Given the objectives of this paper, we focus on the situations where the
interior solution 7°(t) = T° is implementable from the beginning and to this end, we
set the corresponding conditions on the initial distribution of jobs.

Assumption 2 The initial function hg (£) checks

0
(}</ o (rydr < 1.

-1

By (8), Assumption 2 implies that 0 < »{0) < 1. We show now that Assumption
2 implies that 0 < w({f) < 1, vt > 0, or equivalently that 0 < h (1) < a, Vi > 0.

Proposition 3 (Feasability of the interior solution) Under Assumption 2, the so-
lution paths of the DDE (13) check for any t > 0:

O<hity<a

11



Proof: The strict positivity is obvious given the analytical form of the solutions pro-
duced by the method of steps. We prove the other inequality by induction on the
successive intervals [K7°°, (k+ 1) 7], k € N,

For k& = 0, h(0) < a by Assumption 2. The solution on [0,7°] (note that the
continuity of the solution paths established in the Appendix allows us to use closed
intervals and we will do so herealter) is given by:

t
hy{t) = e [h, (0} + a/ hy (r—1T°) 6‘”@’7’] ,
0
with

1(0) = a (1 ~ L U e (r— T d’r) .

So:
hl (1')

[0

7 1
= e (1 - j ho (7 =T°) dT) O / ho (7 —T°)dr.
o Jo

Yt e (0,7°),
J”L] (()

a

AN

e e
oot (1 - /0 ho (7 — T°) czT) + /0 ho (7 — T%) dr <

o

g Gwaf. (1 - /
J0

because the last upper-bDound is a strict convex combination between exp {—at} and
1, and £ 5 0. Hence h{t} < a Vi € [0,7°]. We have proved the result for k = 0. The
induction is trivial. Indeed, as h (7°) < a, we get by (12):

e
."I,[) (T - TFO) C?:'.'") - / h,(] (T = To) dr << 1
0

o
/ hr)dr <1
0

or equivalently:
210
/ hy (1 =T°)dr < 1
To

We can use exactly the same argument for &k = 1, substituting Assumption 2 by the
latter inequality. And so on. O

4 Replacement Echoes and the Dynamic Proper-
ties of Job Creation and Job Destruction
4.1 Asymptotic Stability and Convergence

50 far, we have presented an explicit method to compute the solutions of our DDE,
and we have assessed the continuity and the feasibility of these solutions. However,

12



this approach is only useful for deriving the short run dynamics of our model and
lacks interest for the asymptotic stability analysis of the solutions paths. This task
can be easily undertaken using Laplace transforms techniques as detailed in Bellman
and Cooke (1963), chapters 3 and 12. This approach is useful for asymptotic stability
assessment because it consists in writing the solutions as sums of exponential terms
(using Laplace transforms). In particular, the solution paths of any DDE of the form:

agt’ (t) + by () + byu (t — w) = 0,

ag, bo, by and w being real numbers with w > 0 and u(-) a scalar function, can be

written as
. RN 4
Zp"" (i) E
where {s,} is any sequence of roots of the transcendental function:

— S
¥

aps 4 by + bie
and p, (t) is a polynomial of degree less than the multiplicity of s, {see Bellman and
Cooke {1963}, Theorem 3.4, page 55).
In our case, the corresponding transcendental function is:

—se

84 a4 — ae

It is not generally easy to find out all the roots of such transcendental functions, nor the
computation of the polynomial forms {p, (¢)} is a straightforward matter. Fortunately,
this is not necessary to conduct the asymptotic stability analysis. As in Benhabib and
Rustichini (1991), we take advantage of one well-known theorem in complex analysis.

Proposition 4 Any root of the transcendental function

o
84 q— qge 8!

has non-positive real part. The only root with zero real part is s = 0. Then, the solution
puths of our DDE are asymptotically stable:

Vh() (f) lil’l'lim,oo h(t) = ﬂ y

with
T _0
1+al*®
Corollary 1 The transcendental function
s+ a—ae T

admits complex non real roots, being s = 0 the unique real root. The solution paths are
necessorily oscillatory in the short run.

13



Proof: Proposition 4 is a direct application of Hayes theorem (see Bellman and Cooke
(1963), pages 143-144). kv is the steady value of the job creation variable h(t). hand @ =
Fi—ﬁ, the steady state value of the unemployment rate, are computed simultaneously
form the system (8)-(9) evaluated at T'(t) = T°, u(t) = % and A(t) = k. The corollary
is trivial. O

Proposition 4 and the corollary establish the existence of non-monotonic solution
paths. Note that the obtained fluctuations are purely endogenous in contrast to CH’s
setting. The resulting fluctuations are actually one of the typical characteristics of
vintage capital models. They are due to the fact that investment is mainly a replace-
ment activity of obsolescent capital goods in such models. That is why the resulting
fluctuations are often referred to as “replacement echoes” (see Benhabib and Rusti-
chini (1991, 1993) and Boucekkine et al. (1997-a)). It is worth pointing out that these
fluctuations vanish in the long run in the case of the {inefficient) decentralized equi-
librium of our economy. In the case of the centralized equilibrium, unemployment is
zero and job creation and destruction fluctuations are ever-lasting. Actually, the latter
case recovers exactly the model analyzed by Boucekkine et al. (1997-a): When the
utility function is linear and when the labor market permanently clears, everlasting
fluctuations in production inputs and detrended output are optimal. In our model,
decentralized equilibria are associated with a strictly positive unemployment rate. The
strict positivity of the unemployment rate does not permit ever-lasting fluctuations,
which is the efficient response of the economy when the utility function is linear.

4.2 Some Insight into the Dynamics of Job Creation and Job
Destruction

First recall that job creation dynamics are driven by the equation (13):
W)= —a(h(t)—h{t-T°),
which can be solved explicitly by the method of steps developed before. This method
consists in successive ODE resolutions over the successive intervals {(k — 1) 7°, kT°)
for k > 1. Indeed, the method is a stepwise forward solution scheme taking advantage
of the backward-looking structure of equation (13). As the steps of the method have
an indentical structure {see Section 3.2), we will focus on the first step of the method.
Incidentally, this will allow us to illustrate better the role of the initial function hy(t).
Indeed, the first step of the method consists in the following operations:

Given fy (), determine h (1) on [0, 7°) by solving the ODE:
B () = —a(h{t) = hy(t —T°)),

with

hA{0) = a (1 - fi_ho hg (7) d’f‘) .
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By integration, the ODE above yields the following solution on the interval 0,7°):

g3
B = e (@) v [ holr ) edr
0

Clearly, job creation on the interval [0,7°) depends on the initial conditions hg(t),
Moreover, job creation mainly depends on an integral of the job destruction terms
ho(T — T°) weighted by the exponential terms ™. This important mathematical
property has a concrete implication: As job creation is related to job destruction
through such an integral operator, job creation dynamics are generally smoother than
job destruction, which is consistent with the empirical findings in the field. Nonetheless,
the solution expression above does not atlow for a simple computation of the correlation
between job creation and job destruction. That is why we resort to some easy analytical
and numerical assessment of this issue by expliciting the job creation solution on the
interval {0,7°) for the following initial function:

.

ho(t) = ao + ay SiIl(T—i) + age™,

where 17 and a;, @ = 0,1, 2, are positive real numbers such that ay > ;. The trigono-
metric term sin(,j.?;) is introduced to illustrate the smoothing properties of the integral
operator mentioned above. The parameters of the model are set equal to the following

values: r = 0.05, v = 0.03, p = 4 and f§ = 0.5. These values yield an optimal scrapping

summarized in the two following statements:

i) Depending on the parameters values a;, job creation and job destruction can be
fully synchronized, fully decoupled or partially synchronized (or decoupled).?
For example, for ag = 0.01, a; = 0 and a; = 0.08, both job creation and job
destruction increase over the interval [0,7°). See this full synchronization case
in Figure 1. For ag = 0.01, a1 = 0 and ay = 0.065, we get a full decoupling case
(see Figure 2): Job creation decreases whereas job destruction increases over the
interval [0, 7).

ii) The integral operator relating job creation to job destruction smoothes the dynam-
ics of job creation with respect to those of job destruction. The smoothing effect
is clear for exammple when ag = 0.078, a; = 0.04 and ay = 0, see Figure 3.

Both properties are far from surprising given the mathematical structure of our
problem. From the economic point of view, these properties come from the fact that in

1By fully synchronized (Resp. decoupled}, we mean that the correlation hetween jobh creation and
Job destruction is always positive (Resp. negative) over the interval [0, 7°). By partially synchronized
(or decoupled), we mean that the sign of the correlation between the two variablos changes within the
interval.



our model the instantancous variation of job creation is proportional to net job creation
(the difference A(t) — h(t—T°)), the proportionality factor being negative (equal to —a
by (13)). The obtained proportionality is a direct consequence of the constancy of the
optimal scrapping rule. If the optimal scrapping rule is constant, a high job creation
in the past implies a high job destruction today. If past job creation is sufficiently high,
current job creation will be small by equations (12) and current net job creation will
be negative, which stimulates job creation by the proportionality rule mentioned just
above. Accordingly, it is relatively easy to interpret the numerical cases illustrating
Property ). Job creation is increasing in the past (over the interval {-77,0)), which
implies that job destruction will be increasing over the interval [0,7°). If past job
creation is sufliciently high (the case ag = 0.08), job creation will be relatively small
over the interval [0,7°) and the resulting net job creation will be negative over the
same interval. By the proportionality rule, job creation will increase over this interval
as job destruction. We get the opposite results when past job creation is relatively
small {the case ay = 0.065).

iFrom the exposition above, it is clear that our properties i) and ii) result from the
constancy of the optimal scrapping rule (or of the optimal lifetime of capital goods).
In more general frameworks {with non-constant marginal hiring costs, with strictly
concave ufility functions or under non-stationary environments), the optimal scrapping
rules are generally non-constant. This additional dynamic source will interact with the
mechanisms underlying properties i) and ii), and the resulting dynamics compared
to those of this paper will depend on the relative strenght of the effects of the time
dependent scrappping rules. For example, if the magnitude of the response of the
optimal scrapping rules to changes in the exogenous environment is sufficiently small,
our properties 1) and ii) are unlikely to be altered a lot.

5 Conclusion

‘This paper is a theoretical contribution to the topic of job creation and job destruction.
"The ongoing research programs on the same topic have already pointed at a number
of empirical and theoretical issues. This paper presents a basic framework for the
discussion of these issues. To this end, we use a simplified version of Caballero and
Hammowr’s model (1996). Especially, we assume that the marginal hiring cost is
constant and we remove all exogenous fluctuations sources, which in turn allows us to
focus exclusively on the implications of the endogenous fluctuations due to replacement
investment. In contrast to the existing literature, our results are analytical. We show
that the optimal scrapping rule (or the optimal lifetime of capital goods) is constant
in such a framework and that job creation dynamics are driven by a simple backward-
looking differential-difference equation. We prove that the latter equation gives rise
to non-monotonic solution paths following the “echio principle”. The exact patterns
of the solution paths depend on the initial job profiles of the considered economies.
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T'wo main conclusions can be drawn from the performed analysis of the solution paths.
First, job creation is smoother than job destruction in our basic framework, which
is consistent with the empirical literature in the field. When business fluctuations are
purely endogenous as in our framework, the increasing marginal hiring cost assumption
Is unnecessary to smooth out job creation. Secondly, depending on the initial job
profile, job creation and job destruction can be either synchronized or decoupled at
the ineflicient decentralized equilibrium of our model. Therefore, the inefficiency of the
decentralized equilibria does not inmply necessarily that job creation and job destruction
are decoupled. Our findings result fundamentally from the constancy of the optimal
scrapping rule in our model. In more general frameworks {for example with non-
stationary environments as in Caballero and Hammour (1996)), the optimal scrapping
rules are generally non-constant. However, if the magnitude of the response of the
optimal scrapping rules to changes in the exogenous environment is sufficiently small,
our findings are unlikely to be altered a lot.
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Appendix
Proof of Proposition 2: Since J(t) 2 0¥t > 0 and F'(2) > 0, we have Vi > 0:
FOY<STWH) < F

with £ = lim,_e F{2)

Applying the latter inequalities at ¢ - J(¢), using (11) we get V¢ > 0
F) < J#) < F.
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Given that function F(.) is increasing under Assumption 1, this yields vt > 0
F(F) < T(t) < F(F).
As before, we can apply the latter inequalities at ¢+ J(2), find new lower and upper
bound for J{t) and establish new lower and upper bound for T'(£), V¢ > 0. Repeating
this reasoning, we can construct a sequence of lower bounds X, and upper bounds ¥,

for T(t), ¥t > 0, such that,

Vnz0andt>0 X, <T() <Y,

Xo = F(0), and X, = F{X,_,) Vn>1,
Yy = F, and Y, = F(Y,1) V¥n> 1.
Trivially, Yy > ¥; and Xo < X;. F{) being strictly increasing, the sequence {¥; b0

is decreasing and {X,},»0 is increasing. Finally, observe that X, < Y, < ¥, and
Xo < Xn £ Yo, Vn 2 0; the two sequences are bounded. Since they are monotonic,
both of them converge and, by construction of these sequences, the limits are equal to
the unique fixed-point of function F(.). O

Proposition 5 (No jump property) Denoting h(t),t > 0, the solution path pro-
duced by the method of steps described above hold:

Vh e X limy_ppo b (£) = h (KT°) (14)
Proof: Given the way the solution is computed by the method of steps, it is sulficient

to prove the "No jump property” stated above to ensure the continnity of the solution
paths at any strictly positive date. By construction of the method of steps, we have:

lim A(f)= lm fy(t).

ko t—skTo
For any k = 1, Iy () is the solution on [(k — 1) T°, kT°) of the ODE:
W)= —alh(t)—hey (t—T°)),
with hy_y (t) given (either the initial function for k& = 1 or a previously computed
solution for & > 2) and

(k=11

h((k=1)T°) =a (1 - /( hpr (1) 47) .

k—2)T
Solving the ODE, we get:
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2

h(t) = by () = e !:fz“(k‘l)rjm h{((k=1)T) +a f

M — T 7" -
oty ey (17— T%) ¢ d'r} (15)

on {(k— 1)T° kT°). So:

KT
rilj;{l;o hy, (t) = e {(3”’“‘*1)1 (k- 1)T°) + a/(kul)To Py (7 — T°) G@Td’.f'} {16)
whereas "
h(kT°) = a (1 - /A t'_] h(7) dT) ,
so that

KT
h(kT®) =a (1 - /( hy (7) d.”.f”) .

k1)1
Consider now the integral ](’}]_Ol)jo by (v) dr = I'(k). Using (15), we can sce that:
—h {(k—~1)T°)

3 . o0k T (k1)1 ea(k-1)0°
I{k) - ((, e ) e 1

e s
+a /{ oy e /{ : higy (0 = T°) e™dv | dr,
Jik—1yre J(h—1yro

and by integrations by parts:

—h{(k -~ 1)T°)

F) a (8 R (f‘L(k_mm) e el
( __ewu,k;:f’o Jo ’ 1 kT

el / ey (T = T°) e dr + = By (7 — T dr).

a o ! yedr + a Jik-1yr° w1 {7 = T7) dr)

Using the fact that

(le—1)10 kT
h((k—=1)T) =all - /( hier (7) dT) —a (1 - f( hoy {7 — T°) dq—) ,

k—2)T9 k—1yT°
we get:

—h ((k = 1)T°) otk 117
8

_ k1o
k) =1~ [ +/ Py (7 —T°) e‘”dT] i

(k—1y10

So:
h{kT®) = a(l ~ I (k)) = 111}_‘;!‘0 hy, (t)

by comparison with (16). [
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