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1 Introduction

The perturbation method approximates the solution to dynamic stochastic general equilibrium
(DSGE) models by higher-order Taylor series expansions around the steady state (see Judd and
Guu (1997) and Schmitt-Grohé and Uribe (2004), among others). These approximations have
grown in popularity, mainly because they allow researchers to quickly and accurately solve DSGE
models with many state variables and inherent non-linearities to analyze uncertainty shocks or
time-varying risk premia (see Ferndndez-Villaverde, Guerrén-Quintana, Rubio-Ramirez and Uribe
(2011) and Rudebusch and Swanson (2012), among others).

Although higher-order approximations are intuitive and straightforward to compute, they of-
ten generate explosive sample paths even when the corresponding linearized solution is stable. As
noted by Kim, Kim, Schaumburg and Sims (2008), these explosive sample paths arise because the
higher-order terms generate unstable steady states in the approximated system. The presence of
explosive behavior complicates any model evaluation because no unconditional moments exist in
this approximation. It also means that any estimation method using unconditional moments, such
as the generalized method of moments (GMM) or the simulated method of moments (SMM), is
inapplicable because it relies on finite moments from stationary and ergodic probability distribu-
tions.!

For second-order approximations, Kim, Kim, Schaumburg and Sims (2008) suggest eliminating
explosive sample paths by applying a pruning method that omits terms of higher-order effects than
the considered approximation order when the system is iterated forward in time. To illustrate
the idea, suppose we have a solution for capital k; that depends on a quadratic function of k;_1,
as present in many DSGE models solved to second order. If we iterate this equation one period
forward and substitute k; for its own quadratic function of k;_1, we obtain an expression for ki1
that depends on k;—1, k? 1, k}_, and k! ;. The pruning method omits the terms &k} ; and k} ;
capturing third- and fourth-order effects to obtain a second-order approximation of k;1; when
expressed as a function of the current state variable k;_1.

This paper extends the pruning method to perturbation approximations of any order and shows

'Ruge-Murcia (2013) reviews the use of GMM in the context of DSGE models. Non-explosive sample paths are
also required for likelihood methods, for instance, when using the particle filter outlined in Fernandez-Villaverde and
Rubio-Ramirez (2007).



how pruning greatly facilitates inference of DSGE models. Special attention is devoted to second-
and third-order approximations, which are widely used. We first show that our pruning method
ensures stable sample paths, provided the linearized solution is stable. Given this key result, we
then provide closed-form solutions for first and second unconditional moments and impulse response
functions (IRFs). We also derive conditions for the existence of third and fourth unconditional
moments to compute skewness and kurtosis.?

The econometric implications of these results are significant as most of the existing moment-
based estimation methods for linearized DSGE models now carry over to non-linear approximations.
For models solved up to third order, this includes GMM estimation based on first and second
unconditional moments and matching model-implied IRFs to their empirical counterparts. Our
results are also useful when estimating DSGE models using Bayesian methods, for instance, when
conducting inference using a limited information likelihood function from unconditional moments,
as suggested by Kim (2002), or when doing posterior model evaluations on unconditional moments,
as in An and Schorfheide (2007). If simulations are needed to calculate higher-order unconditional
moments such as skewness or kurtosis, then our results provide a foundation for SMM as in Duffie
and Singleton (1993) and different types of indirect inference as in Smith (1993). Finally, our results
are also relevant to researchers who prefer to calibrate their models as in Cooley and Prescott (1995),
because the unconditional mean of a model solved with higher-order terms generally differs from
its steady-state value. Given our results, researchers can now easily correct for these higher-order
effects and non-linearly calibrate their models.?

The suggested GMM estimation approach, its Bayesian equivalent, non-linear calibration, and
IRF matching are promising because we can compute first and second unconditional moments or
IRFs in a trivial amount of time for medium-size DSGE models solved up to third order. For the
model described in Section 8 with seven state variables, it takes 0.75 second to find all first and
second unconditional moments and only 0.08 second to compute the IRFs for 20 periods following

a shock on an off-the-shelf laptop.

’Matlab codes to implement our procedures are available on the authors’ home pages; see, for instance,
https://sites.google.com/site/mandreasendk/home-1. We also note that Dynare 4.4.0. has implemented our
pruning method to simulate models approximated to third order.

3Some papers in the literature have accounted for the difference between the steady state and the mean of the
ergodic distribution by simulation; see, for instance, Ferndndez-Villaverde, Guerrén-Quintana, Rubio-Ramirez and
Uribe (2011). These simulations are, however, computationally demanding, in particular, for very persistent processes,
where a long sample path is required to accurately compute unconditional moments.



An application illustrates some of the new techniques that our paper makes available for DSGE
models. We consider a rich New Keynesian economy with Calvo pricing, consumption habits, and
Epstein-Zin-Weil preferences, which we estimate by GMM using first and second unconditional
moments for the U.S. yield curve and five macro variables. Our New Keynesian model introduces
two novel mechanisms that help us to improve our understanding of the interactions between
financial markets, monetary policy, and the real economy. First, households deposit their savings
in a financial intermediary. This financial intermediary invests in short- and long-term bonds and
creates a wedge between the policy rate set by the monetary authority and the interest rate on
deposits. Second, we augment the standard Taylor rule of the monetary authority to include the
excess return in a longer-term bond, which is closely related to term premia. The first mechanism
captures the frictions in the financial markets that induce differences between the policy rate and the
interest rate faced by private agents. The second mechanism captures the observation that central
banks also react to term premia, as seen during the recent financial crisis. Our two mechanisms
depend on the degree of precautionary behavior and, therefore, are only operative when the model
is solved using a third-order approximation. Thus, the methods derived in the present paper are
essential for the quantitative analysis of the model.

Our model matches the mean and variability of the 10-year term premium with a reasonable
risk aversion of 5, while simultaneously matching key moments for standard real macro variables.
We illustrate the importance of a positive steady-state inflation in driving this result, as it amplifies
the non-linearities in the price dispersion index related to Calvo pricing and produces the desired
conditional heteroscedasticity in the stochastic discount factor. Notably, an unpruned third-order
approximation to our model gives explosive sample paths and is, therefore, unable to “see” this
novel channel for term premia volatility, which we uncover when using our pruning method. Thus,
our model and our pruning method go a long way in resolving the bond risk premium puzzle
described in Rudebusch and Swanson (2008) without postulating highly risk-averse households, as
in much of the existing literature.

The rest of the paper is structured as follows. Section 2 introduces the problem. Section 3
presents the pruning method and the pruned state-space system for approximated DSGE models.
Stability and unconditional moments of the pruned state-space system for second- and third-order

approximations are derived in Section 4, with the closed-form expressions for the IRFs deferred to



Section 5. Section 6 studies the accuracy of the pruning method, and we discuss the econometric
implications of the pruned state-space system in Section 7. Section 8 is devoted to our empirical
application. Section 9 concludes. Detailed derivations and proofs are deferred to the Appendix and

a longer Online Appendix available on the authors’ home pages or on request.

2 The State-Space System

We consider the following class of DSGE models. Let y; € R™ be a vector of control variables,
x; € R™ a vector of state variables, and o > 0 an auxiliary perturbation parameter. To simplify the
notation below, x; and y; are expressed in deviations from their steady state. The exact solution

to the DSGE model is given by the state-space system

yt:g(xtva)v (1)

Xip1 = h(x4,0) + oneg 1, (2)

where €;4; contains the n. exogenous zero-mean innovations. We refer to (1) and (2) as the
observation and state equations, respectively. Initially, we do not impose a distributional form for
the innovations. In particular, the innovations may be non-Gaussian. We only assume that €, is
independent and identically distributed with finite second moments, denoted by €;1 ~ ZZD (0,I).
Additional moment restrictions will be imposed later in the paper. The perturbation parameter o
scales the square root of the covariance matrix for the innovations n having dimension n, x n¢.*
In general, DSGE models do not have a closed-form solution and the functions g (x¢, o) and
h (x¢,0) cannot be found explicitly. The perturbation method is a popular way to obtain Taylor
series expansions to these functions around the steady state. When the functions g (x¢,0) and
h (x;,0) are solved up to first order, the state-space system is approximated by gxx; and hyx; in
(1) and (2), respectively. Here, gx is an ny x n, matrix with first-order derivatives of g (x;, o) with
5

respect to x; and hy is an n, X n, matrix with first-order derivatives of h (x;, o) with respect to x;.

Given our assumptions about €41, this system has finite first and second unconditional moments

*The assumption that innovations enter linearly in (2) may appear restrictive but is without loss of generality. As
shown in Appendix A.1, the state vector can be extended to deal with non-linearities between x; and €:41.

SThe first-order derivatives g, and h, of g (x;,0) and h(x;,0) with respect to o are known to be zero (see
Schmitt-Grohé and Uribe (2004)).



if all eigenvalues of hy have modulus less than one. Furthermore, the approximated state-space
system fluctuates around the steady state, which also corresponds to the unconditional mean.
It is, therefore, straightforward to calibrate the structural parameters in the DSGE model from
unconditional first and second moments or carry out a formal estimation using existing econometric
tools for Bayesian inference, maximum likelihood, GMM, SMM, etc. (see Ruge-Murcia (2007)).
When the functions g (x;,0) and h (x;,0) are approximated beyond linearization, we could,
in principle, apply the same method to construct the approximated state-space system with their
higher-order Taylor series expansions. However, the resulting approximated state-space system
cannot, in general, be shown to have any finite unconditional moments and may even display
explosive dynamics. This occurs even when we simulate simple versions of the New Keynesian model
with few endogenous state variables. Hence, it is hard to use this approximated state-space system
to calibrate or even estimate model parameters. Consequently, it is useful to construct another
approximated state-space system that has well-defined statistical properties when analyzing DSGE

models solved beyond linearization. We explain now how this can be done.

3 The Pruning Method

Kim, Kim, Schaumburg and Sims (2008) suggest using a pruning method to construct the approx-
imated state-space system for DSGE models solved to second order. We will refer to this approach
as the pruned state-space system. Section 3.1 reviews the pruning method and explains its logic for
the second-order approximation. Section 3.2 extends the method to a third-order approximation.
The general procedure for constructing the pruned state-space system for any approximation order
is straightforward, but deferred to Appendix A.2 in the interest of space. We finally relate our

approach to the existing literature in Section 3.3.

3.1 Second-Order Approximation

The first step when constructing the pruned state-space system for the second-order approximation

is to decompose the state variables into first-order effects x{ and second-order effects xj as follows.



We start from the second-order Taylor series expansion of the state equation

1 1
Xgi)l = hxxg) + §Hxx (X§2) & X£2)> =+ 5}10002 +OoN€E1, (3)

£2) is the unpruned second-order approximation to the state variables.® Here, Hyy is an

where x
Ng X n% matrix with the derivatives of h (x;,0) with respect to (x¢,x¢) and h,, is an n, x 1
matrix containing derivatives taken with respect to (o, ). Substituting X§2) with X{ + x7 into the
right-hand side of (3) gives

1 1
hy (x{ + xf) + inx <(x{ + xf) ® <x{ + xf)) + §h0002 +one, . (4)

A law of motion for x{ 41 is derived by preserving only first-order effects in (4). We keep the

first-order effects from the previous period hXX{ and the innovations omne,, ; to obtain

x{H = hxx{ + oNELL - (5)

This expression for x{ 41 is the standard first-order approximation to the state equation. Note that
x{ 41 is a polynomial in {es}’;fl that only includes first-order terms. The first-order approximation

to the observation equation is also standard and given by
vl = gex]. (6)

Accordingly, the pruned state-space system for the first-order approximation is given by (5) and
(6), meaning that the pruned and unpruned state-space systems are identical in this case.

A law of motion for x7 ; is derived by preserving only second-order effects in (4). Here, we
include the second-order effects from the previous period hyxj, the squared first-order effects in

the previous period %Hxx <x{ ® x{), and the correction %haag? Hence,

1 1
X1 = hexy + §Hxx (x{ ® x{) + §h0002. (7)

S Equation (3) adopts the standard assumption that the model has a unique stable first-order approximation, which
implies that all second- and higher-order terms are also unique (see Judd and Guu (1997) and Lan and Meyer-Gohde
(2014)).



We do not include terms with xg ® x; and xj ® x;j because they reflect third- and fourth-order
effects, respectively. Note that xj,; is a polynomial in {63}2:1 that only includes second-order
terms.

The final step in setting up the pruned state-space system is to derive the expression for the
observation equation. Using the same approach as above, we start from the second-order Taylor
series expansion of the observation equation

1 1
v = gx? 4 5 Gxx (x,@ ® x,@) T 5gm,UQ, (8)

where y§2) denotes the unpruned second-order approximation to the control variables. Here, Gxx

is an n, x n2 matrix with the corresponding derivatives of g (x¢, o) with respect to (x¢,x¢) and gyo
is an n, x 1 matrix containing derivatives with respect to (o, o). We only want to preserve effects
up to second order, meaning that the pruned approximation to the control variables is given by

1 1
Yf = 8x (X{ + Xf) + §GXX (X{ ® Xz{) + §gg(;0'2. (9)

Here, we leave out terms with x{ ® x; and xj ® x; because they reflect third- and fourth-order
effects, respectively. To simplify notation, we treat y; as the sum of the first- and second-order
effects, while xj only contains the second-order effects. Hence, y; is a polynomial in {65}2:1 that
includes all first- and second-order terms.”

Accordingly, the pruned state-space system for the second-order approximation is given by (5),
(7), and (9). The state vector in this system is thus extended to [ (X{ )I (x3) ]/ as we separately

track first- and second-order effects. For completeness, the unpruned state-space system for the

second-order approximation is given by (3) and (8).

3.2 Third-Order Approximation

We now construct the pruned state-space system for the third-order approximation. Following

the steps outlined above, we start by decomposing the state variables into first-order effects x,{ ,

"Lan and Meyer-Gohde (2013b) employ perturbation to derive a stable non-linear approximation of g (x;,¢) and
h (x¢,0) in terms of past innovations. By using (5), (7), and (9), we can also express yi as an infinite moving average
in terms of past innovations.



second-order effects x§, and third-order effects x7¢. The laws of motion for x{ and x; are the same

as in the previous section, and only the recursion for ng remains to be derived. The third-order

Taylor series expansion to the state equation is (see Ruge-Murcia (2012))

1 1
xg)l = hxxgg) + §Hxx (x?) ® x§3)) + —Hyxx (XES) ® xg?’) ® x§3))

6
1 3 1
+§h0002 + éhWXUZX’Eg) + ghmwa3 +one 1, (10)

(3)

where x;” represents the unpruned third-order approximation to the state variables. Here, Hyxx
denotes an n, x n3 matrix containing derivatives of h (x;,o) with respect to (x;,Xs,X;), hyox is
an ng X n, matrix including derivatives with respect to (o,0,%;), and hy,ss is an n, x 1 matrix
containing derivatives related to (o, 0,0). We adopt the same procedure as before and substitute

x/ 4+ x¢ 4+ x4 into the right-hand side of (10) to obtain

1
hy (x{ +x; + ng> + §Hxx ((X{ +x; + x,’{d> ® (x{ +x; + X,’{d))
1
+ 5 Hooox ((Xf +xi + Xid) ® (xf +x7 + de) ® (xf +x3 + X?d))

1 3 1
+§h0002 + 6hm,xa2 (X{ +x7 + x:d> + ghwga3 +one . (11)

A law of motion for the third-order effects is derived by preserving only third-order terms in (11):

1 3 1
xf{il = hxxgd 4+ Hyx <X{ ® xf) + ngxx (x{ ® X{ ® Xf> + gh(mxagx{ + éhgwag. (12)

As in the derivation of the law of motion for xf in (7), o is interpreted as a variable when con-
structing (12). This means that %hdaxo%f and %hmxo%{d represent fourth- and fifth-order effects,
respectively, and are therefore omitted. Note that xgj‘fl is a polynomial in {es}izl that only includes
third-order terms.

The final step is to set up the expression for the observation equation. Using results in Ruge-

Murcia (2012), the third-order Taylor series expansion is given by

3 3 1 3 3 1 3 3 3
¥ = w5 (67 @7) + GG (17 07 0x”)

1 3 1
+§g000—2 + égoaijXgS) + ggaoaoﬁa (13)



(3)

where y,;” represents the unpruned third-order approximation to the control variables. In (13),

3

Gxxx denotes an ny, x n;,

matrix containing derivatives of g (x¢, o) with respect to (X¢, X¢, Xt), sox
is an n, X n, matrix including derivatives with respect to (o, 0,%;), and gy¢ is an n, x 1 matrix
containing derivatives related to (0,0, 0). To simplify notation, we treat y7? as the sum of the

first-, second-, and third-order effects, while x}¢ is only the third-order effect. Hence, preserving

effects up to third-order gives

1

1 1 3 1
—i-ngxx <X{ & X{ & X{) + igaaUQ + égaaxozxg + 6g000(737 (14)

which is a polynomial in {68}2:1 that include all first-, second-, and third-order terms.

Thus, the pruned state-space system for the third-order approximation is given by (5), (7), (12),
and (14). The state vector in this system is further extended to { (x{), (Xf)/ (x{d)/ I7 as we
need to separately track first-, second-, and third-order effects. For completeness, the unpruned

state-space system for the third-order approximation is given by (10) and (13).

3.3 Related Literature

Lombardo and Sutherland (2007) pioneered the idea of separately keeping track of first- and second-
order effects to solve for a second-order perturbation of DSGE models. We extend their idea to
approximations beyond second order. Since the first circulation of our paper, Lombardo and Uhlig
(2014) have presented an alternative derivation of our pruned state-space system, but only for
models without interaction between the innovations and the state variables. We find, nevertheless,
that our approach allows us to easily derive many results and that the lack of interaction between
the innovations and the state variables in Lombardo and Uhlig (2014) is too restrictive in many
models of interest.

Our pruning approach is also analyzed in Haan and Wind (2012), who highlight two potential
disadvantages of the method. First, pruning induces a larger vector of states than the unpruned
approximation. Second, the pruned state-space system for the kth-order approximation cannot
exactly fit the exact solution if it happens to be a kth-order polynomial. We do not consider the

large state vector to be a problem because we find it informative to assess how important each

10



of the second- and third-order effects is relative to the first-order effects. In addition, current
computing power makes memory considerations less of a constraint. Indeed, Section 8 shows that
the pruned state-space system for a third-order approximation to a medium-size DSGE model is
easily obtained and stored. We also view the second disadvantage as minor because an exact fit
can be obtained by raising the approximation beyond order k, as also acknowledged by Haan and
Wind (2012).

Our pruning scheme differs from the alternative presented in Haan and Wind (2012) along
two dimensions. First, for approximations beyond second order, these authors include terms with
higher-order effects than the approximation order. For example, in the case of a third-order ap-
proximation, their first proposal for a pruning scheme includes some fourth-order effects, whereas
their second proposal includes some fifth- and sixth-order effects. Second, their pruning scheme
is expressed around what they refer to as the stochastic steady state, while our pruning scheme
is expressed around the steady state. An advantage of our choices (i.e., omitting all higher-order
effects than the approximation order and approximating around the steady state) is that they allow
the derivation of unconditional moments in closed form. Furthermore, approximating around the
steady state is consistent with our treatment of o as a variable.®

We conclude by stressing that, if a non-linear perturbation approximation does not preserve
monotonicity and convexity of the exact policy function - as seen for extreme calibrations of DSGE
models - then pruning will not restore these properties. For small DSGE models, Haan and Wind
(2012) propose the perturbation-plus approximation and show that it may restore these properties
of the policy function. However, the perturbation-plus algorithm is numerically demanding, even

for small models, and does not allow the unconditional moments to be obtained in closed form.

4 Statistical Properties of the Pruned System

This section shows that the pruned state-space system has well-defined statistical properties and

presents our closed-form expressions for first and second unconditional moments.® We proceed as

8 After we circulated the first version of our paper, Francisco Ruge-Murcia directed our attention to his unpublished
work on pruning at third order (Kim and Ruge-Murcia (2009) and Ruge-Murcia (2012)). Ruge-Murcia’s approach
is broadly similar to the one in Haan and Wind (2012), but with additional approximations imposed to compute
unconditional moments.

% Although not explicitly considered in this paper, it is straightforward to compute conditional moments for the
state and control variables based on the expressions provided below.

11



follows. Section 4.1 extends the analysis in Kim, Kim, Schaumburg and Sims (2008) for a second-
order approximation, and Section 4.2 conducts a similar analysis for a third-order approximation.

Applying the steps below to higher-order approximations is conceptually transparent.

4.1 Second-Order Approximation

In this section it is convenient to consider a more compact representation of the pruned state-space

system than the one provided in Section 3.1. Therefore, we introduce the vector
2) _ N x5V (f o xf)
Z = Xi (x7) Xp O X} )

where the superscript for z; denotes the approximation order. The first n, elements in z§2) are

the first-order effects, while the remaining part of z§2) contains second-order effects. The laws of

motion for X{ and xj are stated above and the evolution for X{ ® x{ is easily derived from (5).
This allows us to write the laws of motion for the first- and second-order effects in (5) and (7) by

(2)

the linear law of motion in z,

22 = APz L B@e®) 4 @), (15)
and the law of motion in (9) as
v = C(z)z?) +d®. (16)

The expressions for A®, B®), £§_221, c®, C® and d@ are provided in Appendix A.3. Standard
properties for the Kronecker product and block matrices imply that the system in (15) is stable
with all eigenvalues of A®) having modulus less than one, provided the same holds for hy; see
Appendix A.4. This result might also be directly inferred from (5) and (7) because X{ is stable
by assumption, xj is constructed from a stable process, and the autoregressive part of x7 is stable.
The system has finite unconditional second moments if the same holds for Eﬁ)l, which is equivalent

to €;41 having finite unconditional fourth moments; see Appendix A.5.'° This further implies that

explosive sample paths do not appear in the pruned state-space system (almost surely).

0These results also hold for models with deterministic and stochastic trends, provided trending variables are
appropriately scaled (see King and Rebelo (1999)).

12



The next step is to find the expressions for the first and second unconditional moments. The
innovations 591 are a function of x{ , €11, and €;41 ® €41, and we directly have that E [ﬁﬁ)l} =
0. Hence, the unconditional mean of z§2) is B [Zgz)] = (IQMJFR% — A(z))_1 c?. To obtain some
intuition for the determinants of the mean in the pruned state-space system, we explicitly compute

(2)

some of the elements in E [zt } The mean of x{ is easily seen to be zero from (5). Equation (7)

implies that the mean of x7 is

1 (1 1
E [Xf] = (I - hx) ! <2HXXE |:X{ & X,{] + 2h0—00'2> . (17)

Adding the mean for the first- and second-order effects, we then obtain the mean of the state

variables in the pruned second-order approximation:
f s| f s
E {xt —i—xt] =E [xt} + E [x{]. (18)

Equations (17) and (18) show that the second-order effects E [x]] correct the mean of the first-order
effects to adjust for uncertainty in the model. The adjustment comes from the second derivative of
the perturbation parameter h,, and the mean of X{ ® X{ . The latter can be computed from (5)
and is given by E {x{ ® xﬂ = (I—hy ® hy) ! (o ® on) vec (I,,,).

Since E [X{ ] = 0 and E [x]] # 0, the mean value of the variables in a first-order approximation
is their steady state, while the mean of the pruned second-order approximation is corrected by
the second moment of the innovations. In other words, the mean of x; implied by the pruned
state-space system will, in most cases, differ from the steady state. This result is crucial because
it shows that we cannot, in general, ignore the term E [x;] and simply use the steady state of the
model to calibrate or estimate model parameters.

Let us now consider the unconditional second moments. Standard properties of a VAR(1)

(2)

system imply that the variance-covariance matrix for z;” is given by

) = ) () < ) (o).

(2)

because z;”’ and 57@1 are uncorrelated as €;11 is independent across time. Appendix A.5 explains

how to calculate V ( ,§2)>. Once V (59) is known, we solve for V <z£2)> by standard methods for

13



discrete Lyapunov equations.

Our procedure for computing V <z§2)> differs slightly from the one in Kim, Kim, Schaum-
burg and Sims (2008). They suggest using a second-order approximation to V( §2)> by letting
the last n2 elements in 522) be zero. This eliminates all third- and fourth-order terms related
to €41 and seems inconsistent with the fact that AP @ A® in vec (A(Q)V (z§2)> (A(z))/) =
(A(2) ® A(2)) vec (V <z§2)>) contains third- and fourth-order terms. We prefer to compute V ( ,@)
without further approximations, implying that V (z,@) corresponds to the sample moment in a
long simulation of the pruned state-space system.

The variance of the combined first- and second-order effects for the state variables is obtained

by taking the variance of =7 + x{, ie.
s f\ _ f s [ s s of
Vixi+x;)=V(x; ) +V(x{)+Cov(x;,x; )+ Cov (x{,x; ).

The auto-covariances for z£2) are C'ov (zgl, z§2)) = (A(2))l \% (z?)) forl =1,2,3,... because z£2)
and Eﬁ_)l are uncorrelated for [ = 1,2, 3, ..., given that €;11 is independent across time.
The closed-form expressions for all corresponding unconditional moments related to y; follow

directly from the linear relationship between y; and ZEQ) in (16). That is,

!/

Bly] = CPE [#”] +d®), V[y}] = COV [z] (C?) , and

Cov (Yf+l7y§) = CPCow (zgl,z?)) (0(2)>I for1=1,2,3,...

Finally, the representation in (15) and (16) makes it straightforward to derive additional statisti-
cal properties for the system. In particular, the pruned state-space system has finite unconditional
third and fourth moments if the same holds for Eg)l, which is equivalent to €41 having finite

unconditional sixth and eighth moments; see Appendix A.6.

14



4.2 Third-Order Approximation

As we did for the second-order approximation, we start by deriving a more compact representation

for the pruned state-space system than the one in Section 3.2. This is done based on the vector

A= () s (dexd) ey (dext) (dexex) |,

(2)

where the first part reproduces z,” and the last three components denote third-order effects. The

f

4 was derived in Section 3.2, and recursions for x{ ®x; and x{ ® X ®x{ follow

law of motion for xj
from (5) and (7). Hence, the law of motion for x{, x;, and x}¢ in (5), (7), and (12), respectively,

3)

can be represented by the linear law of motion in z,

42 = A B+ ) (1)

3)

We also have that the control variables are linear in z,” as
yrd = C®z 1 a®. (20)

The expressions for A Egi)l, ), c®) and d® are provided in Appendix A.7.

Appendix A.8 shows that the system in (19) is stable, with all eigenvalues of A®) having
modulus less than one, provided the same holds for hy. Building on the intuition from the second-
order approximation, this result follows from the fact that the new component of the state vector x}¢
is constructed from stable processes and its autoregressive component is also stable. The stability
of x}¢ relies on o being treated as a variable in the pruned state-space system. If, instead, we
had interpreted o as a constant and included the term hwxazxgd in the law of motion for Xﬁl_l,
then x4 ¢1 would have the autoregressive matrix hy + %haaxJQ, which may imply eigenvalues with
modulus greater than one even when hy is stable. Moreover, the system in (19) and (20) has finite
unconditional second moments if the same holds for 51(31. The latter is equivalent to €;1 having
finite unconditional sixth moments; see Appendix A.9.

The next step is to compute the first and second unconditional moments. The innovations Eg)l

in (19) are a function of X{, X7, €41, €41 ® €41, and €41 ® €141 ® €41. Thus, E [Sg_)l} =0 and
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E [zgg)} = (I3n$+2n%+n§ — A(?’))_1 c¢®). Tt is interesting to explore the value of E [X{d] as it may
change the mean of the state variables. From (12), we immediately have
E [xzd} =(I,, — hx)f1 (HXXE [X{ ® xf} + éHxxxE [X{ ® X{ ® Xﬂ + éhawa?’) ,

and simple algebra gives E [x{ ® xf] = (Ini —(hx ® hx))f1 (hx ® %Hxx) E [x{ ® x{ ® xﬂ and
E {x{ ®x! ® xﬂ = (Is — (hx ®hx ® hx))_1 (cn@on®@on)Ele+1 ® €41 @ €41]. Adding the
mean for the first-, second- and third-order effects, we obtain E [x{ ] +E[x5] + E [x}]. If we
next consider the standard case where all innovations have symmetric probability distributions,
then E [€/41 ® €141 ® €,41] = 0, which in turn implies E [x,{ ® x{ ® xﬂ =0and E [x{ ® xf] =0.
Furthermore, based on the results in Andreasen (2012), hyys, and g,s, are also zero when all
innovations have symmetric probability distributions. Thus, E [x{d] = 0 and the unconditional
mean of the state vector is not further corrected by the third-order effects when all innovations
have zero third moments. A similar property holds for the control variables because they are
a linear function of x}¢, x{ ® x7, and x{ ® x{ ® x{ . This result is useful when calibrating or
estimating DSGE models with symmetric probability distributions. On the other hand, if one
or several innovations have non-symmetric probability distributions, then h,,, and g,,, may be
non-zero and [E [xgd] # 0, implying that the unconditional mean has an additional uncertainty
correction compared to a second-order approximation.

Let us now consider the unconditional second moments. The expression for the variance-

covariance matrix of zgs) is slightly more complicated than the one for z§2) because Z§3) is cor-

related with 51&)1' This correlation arises from terms of the form x{ ® €141 ® €41 In Egi)l which are

correlated with elements in zf’). Hence,

V) - A ) () (&) (o)

+AG) Cov (z§3),£§§_)1) (B(3)), +B®Cov (Sgl, zgg)) (A(?’))/.

The expressions for V <€§3)) and Cov <£§i)1, z§3)> are provided in Appendix A.9. The variance of
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the combined first-, second- and third-order effects for the state variables is given by

V(xf+x{+xfd) = V(x{)JrV(xf)JrV( >+Cov(xt,xt)+00v(xt,x'£d)

+Cov (xt,xt) + Cov (xf,xt ) + Cov (xt ,xt> + Cov (xt ,xt>

(3)

The auto-covariances for z;,”’ are

Cov (zgr)s,zf))) = (A(g))SV [z?)} + Zj:) (A(?’))S_l_j B®) Cov (SE?HJ-, z£3)>

for s =1,2,3,...
The closed-form expressions for all corresponding unconditional moments related to y7? follow
(3)

directly from the linear relationship between y;¢ and z,” in (20) and are given by E [y{d] =

COR {ng)] + d(3), \ [yfd] — BV [ZES)} (C(3))/, and

Cov <y§j‘£l,y§d> = C®Cov ( 1E+)l7 (3)) (0(3)>/ forl=1,2,3,..

Finally, the representation in (19) and (20) of the pruned state-space system and the fact that
Sgi)l is a function of €;11 ® €111 ® €41 allow us to derive additional properties for the system.
For instance, the pruned state-space system has finite unconditional third and fourth moments if
the same holds for Et ‘1, which is equivalent to €;y1 having finite ninth and twelfth moments; see

Appendix A.10.

5 Generalized Impulse Response Functions

Another fruitful way to study the properties of DSGE models is to look at their IRFs. For the
first-order approximation, these functions have simple expressions where the effects of shocks are
scalable, symmetric, and independent of the state of the economy. For higher-order approximations,
no closed-form expressions currently exist for these functions and simulation is, therefore, required.
This section shows that the pruned state-space system allows us to derive closed-form solutions for
these functions and avoid the use of simulation.

We consider the generalized impulse response function (GIRF) proposed by Koop, Pesaran and
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Potter (1996). The GIRF for any variable in the model var (either a state or control variable) in

period t + [ following a disturbance to the ith shock of size v; in period t + 1 is defined as
GIRFyar (I, v;, wy) = E [var,yi|wy, €441 = vi] — E[var,|wy],

where w; denotes the required state variables in period ¢t. As we will see below, the content of wy
depends on the approximation order.!! Using this definition, the GIRFs for the first-order effects
have the simple and well-known expressions

GIRF,; (l,v;) = E X{H\x{, €it+1 = I/i] —-E [X{_H’X{] = hl lonv (21)

and

GIRFE,; (I,v;) = gxGIRFE,s (I,v;),

where v has dimension n. X 1 and contains the size of the disturbances in period ¢+ 1. For (21), we

have v (i,1) = v; and v (k, 1) = 0 for k # i. Here, GIRF,; and GIRF; are scalable, symmetric,
and independent of the state of the economy because the state vector x{ enters symmetrically in
the two conditional expectations for computing each of these GIRFs. Momentarily, we will see how

the GIRFs for second- and third-order effects will not be scalable, symmetric, and independent of

the state of the economy.

5.1 Second-Order Approximation
For the second-order effects x7, we have from (7) that

-1 1 1 -1 .
l -1— I—1—
Xerl = hxxf + Z_: hx ! ]§Hxx (X{Jrj 02y X{Jrj) + 51’10002 jZ:O hx ! J, (22)

7j=1

The GIRF for X{ ® X{ is derived in Appendix A.11, showing that

GIRF,gxs <l, vi, x{) = hi(xf @hltony + W lonr @ hﬁcx{ (23)

+ <hic_1 ® h;_1> (ocnronr + A),

"' The expressions we derive below for the GIRFs may also be used for studying the joint effects of more than one
disturbance to the economy. Further details are provided in the Online Appendix.
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where

A=(onI-S)®@on(I—-1S)) — (en @ on))vec(I). (24)

Here, S is an n, X n, diagonal matrix with S(i,i) = 1 and S(k,k) = 0 for k& # 4. Using this

expression and (22), we get the GIRF for the second-order effects
oS 1 f
GIRFe (Lviox]) = ¥ B S HoGI R s (5,visx] ). (25)
j=1

The expressions in (23) to (25) reveal three implications about the GIRF for the second-order
effects. First, it is not scalable as GIRFysgys (l,T X I/i,X{> # 7 X GIRF,sgys (l,l/i,X{) for
7 € R. Second, the term (ocmr®onr) means that the GIRF is not symmetric in positive and
negative shocks. Third, it depends on the first-order effects of the state variables. Adding the
GIRF's for the first- and second-order effects, we obtain the pruned GIRF for the state variables in
a second-order approximation.

Finally, the pruned GIRF for the control variables is easily derived from (8) and previous results:

GIRF,- (z,ui,x{ ) - g (GIRFxf (z,ui,x{ ) + GIRF, (l,yi,xf ))

1
15 GooxGIRF s (l,w,x{) .

Another interesting result from our analytical expressions relates to the IRFs in a linearized
solution for a positive or negative one-standard-deviation shock computed at the steady state. As
shown in Appendix A.12, these IRFs coincide with the GIRFs in a pruned second-order approxi-
mation because GIRF, s gys (j, l/i,X{ ) = 0, implying that these IRF's in a linearized solution are

actually second-order accurate.

5.2 Third-Order Approximation

Using (12), we first note that for the third-order effects x}¢

-1 . 1
x;% = hix?+ 'Zo hi ! [Hxx <X1{+j ® Xf+j) + g oo (Xf+j ®xf,;® X{Jrj)}
J:
-1 . 1
+ Z hic_l_] |:3hcrax0—2X{+~ + h00003:| .
=0 6 J 6
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Simple algebra implies

-1 .
GIRF, a (l,ui, (x{,xf)) = ¥ hi(_l_]HxxGIRFxf(@xs (j, vi, (x{,xf))
j=1

l

+

1 1
hi(_l_]éHxxxGIRFxf@)xf@xf (j, vi,x] )

— =

J
1—

X B o GIRF (j,01).
j=1

All terms are known except for GIRF, g s (j, v, (x{, xf)) and GIRF,sgyroxs (j, Vi, x{), which
are derived in Appendix A.13. As was the case for the second-order effect, the GIRF for the
third-order effect is not scalable, not symmetric, and depends on the first-order effects of the state
variables x,{ . In addition, the GIRF for the third-order effects also depends on x§. Adding the
GIRF for the first-, second-, and third-order effects, we obtain the pruned GIRF for the state
variables in a third-order approximation.

The pruned GIRF for the control variables in a third-order approximation is

GIRF. (z, vi, (x{ , xt)) — g (GIRFXf (I,v;) + GIRFy (z, vi, x| )) + g GIRF,a (z, Vi, (x{ , xt))
+%Gxx (GIRFxf®xf (z, vi, x{) +2GIRF, gy (z, vi, (x{, x,f)))
+éGxxxGIRFxf ot o/ (z, vi, x| )

+%ggaxa2GIRFxf (1vi), (26)

where all terms are known.

5.3 Conditional Impulse Response Functions

Given that the expressions for the GIRFs in Sections 5.1 and 5.2 depend on the values of the state
variables, we can use them to analyze how the responses to shocks depend on the business cycle.
For example, in a simple stochastic neoclassical growth model, the economy may respond differently
to a positive technological shock when capital is high than when it is low. The challenge is that in
most DSGE models, the values of the state variables are unobserved. Hence, it may be challenging
to specify relevant state values, except for the obvious benchmark as given by the unconditional

mean. We suggest overcoming this problem by conditioning the GIRFs on some set of observables,
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such as the economy being in a recession (i.e., negative output growth). More concretely, consider

a conditional GIRF of the form
GIRFyar (I,vi, A) = [14 (W) f (W) GIREyar (1, v, W) dwy (27)

where A is a set defined by the criteria in the observables, 14 (w¢) is an indicator function, and
f (wy) is the unconditional density of w;. The integral in (27) can be evaluated by Monte Carlo
integration, where draws of the states are obtained from a long simulated sample path of the pruned
state-space system. The great advantage of a conditional GIRF is that it is defined on an observed
set A and is therefore directly observable, in contrast to the GIRFs provided in Sections 5.1 and
5.2.

An example illustrates how we address the challenge mentioned two paragraphs ago. Imagine
we are working with a simple stochastic neoclassical growth model and we want to calculate the
GIRF of y}¢ conditional on output growth being above a given threshold, say, 2% annualized. Then

A is the set of <x{ ,x;f) , which implies that output growth is above this annualized 2%.

6 Accuracy of Pruning

This section analyzes how pruning affects the accuracy of the approximated solution. We start with
the following proposition, which studies the approximation errors when the perturbation parameter

tends to zero.

Proposition 1 For o — 0, the errors in x{ +x; and yi are of third order, whereas the errors in

x{ + x5 +x74 and yi?® are of fourth order.

The proof of this proposition is provided in Appendix A.14. The consequence of this result is
that, for a given approximation order and ¢ — 0, the errors in the pruned and unpruned state-space
systems are of the same order. When we account for uncertainty in the model by letting o = 1,
the stability of the pruned state-space system ensures that approximation errors do not accumulate
over time. A similar convenient property does not necessarily hold in the unpruned state-space

system, which therefore may generate explosive sample paths.
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To obtain further insights into the accuracy of pruning under uncertainty, one would have to
consider a particular DSGE model and study the accuracy of a pruned and an unpruned state-
space system. For small models, this can be done by comparing simulated sample paths to a
highly accurate projection approximation as in Lan and Meyer-Gohde (2013a). For larger models
where the projection method or other global approximation methods are computationally infeasible,
accuracy may be explored based on Euler equation errors, as in an earlier version of this paper
(see Andreasen, Ferndndez-Villaverde and Rubio-Ramirez (2013)). Given the analyzed models, the
two aforementioned papers show that our pruning scheme does not worsen accuracy (and often
it improves it) when compared to the unpruned state-space system. However, these findings are
model-specific.

Nevertheless, we can offer some intuition of why we found in previous versions of this paper
that the Euler equation errors of the pruned approximation along the simulations were smaller than
those from the unpruned one. Unpruned approximations are subject to what we call microbursts
of instability. Often, the simulations are hit by relatively large innovations. These innovations
push the simulation toward an explosive path. At the same time, it is also often the case that
after a few periods, a large innovation of opposite sign sends the simulation back into a stable
path. During these periods of transitory explosive paths (our microbursts of instability), the Euler
equation errors of the unpruned approximation are poor. In comparison, pruned approximations
are not subject to these microbursts. We will often have small microbursts of instability that do not
reach the threshold and are kept in the simulation while triggering poor accuracy. This behavior
is documented in Appendix A.15, where we show that for a simple stochastic neoclassical growth
model, the pruned solution does better when we are farther away from the steady state.

In general, regardless of whether pruning improves accuracy around the steady state or not,
one can also adopt the view that pruning is a simple and transparent way of eliminating explo-
sive sample paths. One may, therefore, argue that the cautious approach is to prune perturbation
approximations. Unpruned perturbation approximations may also be useful for models where explo-
sive sample paths rarely appear, but these unpruned approximations simply may be inapplicable
to many models of interest that frequently generate explosive sample paths, including the New

Keynesian model presented below in Section 8.
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7 Econometric Implications of the Pruning Method

Our results in Sections 4 and 5 allow us to implement standard moment matching methods in
non-linearly approximated DSGE models. For approximations up to third order, these methods
include GMM estimation (Hansen (1982)) based on first and second unconditional moments. More
generally, we could also estimate DSGE models by matching autocorrelation functions, the spectral
density, or other functions of interest. Our results are also useful for a Bayesian researcher. The
work by Kim (2002) shows how to build a limited information likelihood function from optimal
GMM estimation. Equipped with priors, we may then carry out a Bayesian analysis, where the
asymptotic distribution for the posterior equals the limiting distribution of GMM.

Another possibility is to match model-implied GIRFs to their empirical counterparts. This
approach was popularized by Christiano, Eichenbaum and Evans (2005) for a linearized model.
However, for non-linear approximations, we need to move beyond a VAR to document our empirical
GIRFs because the linear structure of a VAR can only produce IRFs that are scalable, symmetric,
and independent of the state of the economy. The methods proposed by Jorda (2005) and Matthes
and Barnichon (2014) are, thus, more appropriate for DSGE models solved non-linearly. Given that
the GIRF's for non-linear approximations depend on unobserved state variables, some care is needed
to ensure that the empirical and model-implied GIRFs are comparable along this dimension, i.e.,
that they are evaluated at the same state values. A natural possibility is to compute model-implied
GIRFs at the unconditional mean of the states and compare them to the empirical GIRF's at the
sample mean. An alternative is to use the conditional GIRF in (27) to consider empirical and
model-implied GIRFs on some criteria for the observables, such as i) recessions vs. expansions, ii)
high vs. low inflation, iii) high vs. low conditional volatility of output, etc.

A third way to obtain the empirical GIRFs is to derive these functions from an estimated aux-
iliary model consistent with the pruned state-space system, as in Aruoba, Bocola and Schorfheide
(2013) for the scalar case. Our work provides the theoretical foundation for constructing the aux-
iliary model consistent with the pruned state-space system in the multivariate case and beyond a
second-order approximation.

In relation to GMM estimation and IRF matching, our results enable researchers to determine

the stochastic specification of the structural innovations semi-parametrically, i.e., by only estimat-
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ing the moments of ; without assuming a given probability distribution. The ability to identify
moments of €;, and the DSGE model in general may be examined using the procedure from lin-
earized models in Iskrev (2010) on the pruned state-space system, as in Mutschler (2015) for a
second-order approximation.

If we want to use higher-order moments such as skewness and kurtosis in the estimation, then
simulations are generally needed. Although it is possible to compute closed-form expressions for
skewness and kurtosis in DSGE models when the pruning method is applied, the memory require-
ment for such computations is extremely onerous and only applicable to small models with a few
state variables.'? But even if we use simulation, our analysis provides a foundation for SMM follow-
ing Duffie and Singleton (1993) and indirect inference as considered in Smith (1993), Dridi, Guay
and Renault (2007), and Creel and Kristensen (2011), among others.!® This is because pruning
ensures that the model-implied processes are stationary (possibly following a transformation), as

required for the limiting distribution of these simulation-based estimators.'*

8 An Application

We now present an empirical application to illustrate the GMM estimation methodology that our
paper makes available. We also show results for the GIRFs and the conditional GIRFs shown
in Section 5. We focus on a New Keynesian model with two novel features. First, we introduce
a financial intermediary that trades short- and long-term government bonds. This intermediary
generates a wedge between the policy rate set up by the monetary authority and the interest rate
faced by private agents in the economy. This wedge arises in our model from time variation in the
conditional second moments of the stochastic discount factor, whereas this premium in models with
a banking sector is often motivated by steady-state frictions (see Bernanke, Gertler and Gilchrist
(1999) or Gertler and Karadi (2011) among others). Thus, our model combines the macro-finance
literature focusing on stochastic discount factors with the recent work on financial intermediation

in DSGE models. Our second innovation is to consider a central bank that sets the policy rate

'2Building on our work, Mutschler (2015) provides closed-form expressions for skewness and kurtosis for second-
order approximations to DSGE models.

3See also Ruge-Murcia (2012) for a Monte Carlo study and application of SMM based on the neoclassical growth
model solved up to third order.

See Peralta-Alva and Santos (2012) for a summary of the literature on the relation between estimation methods
and numerical errors in simulation.
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not only based on the inflation and output gap, but also on a measure of term premia. This
extension is motivated by the recent financial crisis, where several central banks engaged in large
asset purchases to stimulate the economy by affecting term premia (see Gagnon, Raskin, Rernache
and Sack (2011) and Joyce, Lasaosa, Stevens and Tong (2011)). In summary, our model displays
two feedback effects from long-term bonds to the real economy: i) a wedge between the policy rate
and the interest rate faced by the households and ii) a policy rate that depends on a measure of
term premia. As we will show below, each of these feedback effects helps our model to overcome
the counterintuitive result of Tallarini (2000) that real allocations are essentially unaffected by the
amount of risk in the economy. Consequently, our model generates a much richer environment for
monetary policy than the standard New Keynesian model. These features make our application of
interest on its own beyond illustrating our new estimation methodology.

We proceed by outlining the model in Sections 8.1 to 8.5, describing our solution and estimation
method in Sections 8.6 and 8.7, and presenting estimation results in Sections 8.8 to 8.12. We finish

by showing, in Section 8.13, some of the GIRFs and conditional GIRFs of the model.

8.1 Households

We consider a representative household with recursive preferences as in Epstein and Zin (1989) and
Weil (1990). Using the convenient formulation proposed by Rudebusch and Swanson (2012), the

value function V; of the household can be written as

1
up + B (B, [V %)) % if u; > 0 for all ¢
Vi = (B [vean])™ : (28)

u — 3 (Et [(—V}H)l_d’?’})m if ug <0 for all ¢

where E; is the conditional expectation given information in period ¢ and 5 € (0, 1) is the subjective
discount factor. For higher values of ¢35 € R\ {1}, these preferences imply higher levels of risk
aversion if the utility kernel w; is always positive, and vice versa for u; < 0. The main benefit of
the Epstein-Zin-Weil preferences is to disentangle risk aversion from the intertemporal elasticity of

substitution (IES) when ¢3 # 0; otherwise (28) simplifies to standard expected utility.
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We let the utility kernel display separability between consumption ¢; and hours worked h;

_ 1—¢y _ 19
us dt <<Ct bct1> o 1) + ¢0%7 (29)

:1—¢2 zf 1—¢;

where b controls the degree of internal habit formation.!> The variable d; = exp {o4eqs} with
€qt ~ NID(0,1) introduces preference shocks, where we omit the traditional AR(1) term to
ensure that variations in long-term interest rates and term premia in our model are explained by
consumption dynamics and not by persistent preference shocks. As in An and Schorfheide (2007),
utility from habit-adjusted consumption in (29) is expressed relative to the deterministic trend in
the economy z; to guarantee the existence of a balanced growth path. We simultaneously include
habit formation and Epstein-Zin-Weil preferences because the literature has shown that the New
Keynesian model needs both features to jointly match various macro and financial moments (see
Hordahl, Tristani and Vestin (2008) and Binsbergen, Fernandez-Villaverde, Koijen and Rubio-
Ramirez (2012)).
The budget constraint at time t reads:

i bi—1 exp {ry_
Ct—i—*t—l—bt-l-ﬂ:wtht-l-?“fkt—i-t—{tl}

- h
T, - + divy. (30)

Resources are spent on consumption, investment i;, a one-period deposit b; in the financial interme-
diary at the net nominal risk-free deposit rate er, and a lump-sum tax T;. The variable T; denotes
a deterministic trend in the real relative price of investment: log T¢11 = log Ty + log py 4. Letting
wy denote the real wage and rf the real price of capital k;, resources consist of real labor income
wehy, real income from capital services sold to firms Tfkt, real returns from deposits in the previous
period, and firm dividends to households divf. Here, m; = P,/ P, is gross inflation.

The law of motion for k; is

. 2

. A %]

kir1=01—-0)ki+ir— = | —— ki, (31)
2 \ k;

where £ > 0 introduces capital adjustment costs as in Jermann (1998). The constant v ensures

"The constant —1/ (1 — ¢,) ensures a stable level of u; and V; in the steady state when ¢, is close to one. As
shown in Table 1, for all estimated models, the steady-state value of u, uss, is substantially below zero.
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that these adjustment costs are zero along the balanced growth path of the economy.

8.2 The Financial Intermediary

As mentioned above, the representative household makes one-period deposits b; in a perfectly com-
petitive financial intermediary, which invests deposits in short- and long-term government bonds.
The household may also overdraw this deposit, i.e., by can be negative, in which case the financial in-
termediary shorts these bonds. The short-term bond, for simplicity, is assumed to be the one-period
bond, whereas the maturity of the long-term bond is denoted by L > 1. In our implementation,
we set L to reflect the 10-year interest rate, but other maturities may be considered.

The behavior of the financial intermediary is solely determined by the deposit rate ri’ . To state

its expression, let the ex ante holding period return on the kth bond be

hryj = By [log Py g—1 — log Py (32)

where P j, is the nominal price in period ¢ of a zero-coupon bond maturing in period ¢ + k. The
excess holding period return is then xhr ), = hryy — ¢, where r; is the one-period nominal policy
rate set by the central bank. We then assume that the deposit rate is equal to the ex ante holding

period return on the invested bond portfolio, i.e.,

= (1—w) X hreg +w X hrep =1 +w X ahre g (33)

because hryy = r¢ and xzhry; = 0. Here, w € [0, 1] denotes the fraction invested by the financial
intermediary in the long-term government bond. The value of w is determined by factors exogenous
to the model. For example, financial regulation forces many mutual funds to keep large shares of
their bonds in short maturities, regardless of their preferred investment strategies. Endogenizing
this and other factors determining w is well beyond the scope of this paper. Nevertheless, we will
treat w as a free parameter in our estimation procedure and infer the average portfolio weight from
our model.

To clarify the behavior of this financial intermediary, suppose for a moment that w = 0. In this

case, the financial intermediary only holds the one-period government bond and (33) simplifies to
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r? = r;. Thus, our framework recovers the standard specification considered in most New Keynesian
models where the deposit rate equals the one-period policy rate set by the central bank.

Another possibility is to assume that w > 0. This introduces a feedback effect from long-
term government bonds to the real economy as the excess holding period return affects r? and
the household’s consumption decision. For instance, an increase in xhr;y, due to a higher term
premium during a recession will tend to increase the deposit rate and encourage the household to
postpone consumption. Given that xhr; 1, is non-zero due to uncertainty, this feedback effect from
long-term government bonds to the real economy operates through a precautionary saving channel.
We will exploit this insight below to derive an efficient perturbation solution to our model.

A careful inspection of our framework reveals that it is related to the risk-premium shocks
in Smets and Wouters (2007), where an erogenous shock drives a wedge between the policy rate
and the interest rate faced by the households. When (33) is substituted into the consumption
Euler equation, i.e., E; [ﬁAtH exp {rf} / 7rt+1] = \¢ with )\, denoting the marginal utility of habit-
adjusted consumption, we obtain a similar wedge, except that this wedge is endogenously generated
within our model. Note also that, if we were to follow Smets and Wouters (2007) and use a standard
log-linear approximation to our model, then zhr, = 0 for all ¢, implying that (33) would reduce
to the standard specification where r? = r;, even when w > 0.

Having outlined how the deposit rate is determined, we next describe how the financial interme-
diary prices government bonds. Given that the financial intermediary is owned by the households
and, therefore, acts in their interest, we determine the price of these bonds by the stochastic

discount factor of the representative household. That is,

A1 1
At g1

P =5 |8 Piig—1|, (34)

for k = 2,3...,KC with P,; = exp {—7:}. The nominal yield curve with continuous compounding is

then given by 7 = —% log P, for k =2,3,...,K.

8.3 Firms

A perfectly competitive representative firm produces final output y; by aggregating a continuum

n—1 n—1
of intermediate goods y;; using the production function y; = ( fol Y 7;’ dz'> with n > 1. This

i
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1
) n _ i—n
generates the demand function y; ; = (i:) v, with aggregate price level Py = [ fol let "di] e
The intermediate good 7 is produced by a monopolistic competitor using the production function
Yit = atkzt (zthi’t)l_e. Here, z; is a deterministic trend that follows log 2,11 = log 2; + log Hzsss and

log az+1 = pylogas + o4€qt+1 where €0 ~ NID (0,1). As in Altig, Christiano, Eichenbaum and

[

Linde (2011), we define z; = T, "’ z;, which denotes the technological trend in the economy.

The intermediate firms maximize the net present value of real profit with respect to capital,
labor, and prices given a nominal rigidity. We consider price-setting a la Calvo (1983), where
contracts expire with probability 1 — « in each period. Whenever a contract expires, firms set their

optimal nominal prices, which otherwise are equal to past prices, i.e., P;; = P; ;1.

8.4 Monetary and Fiscal Policy

A central bank sets the policy rate r, based on a desire to stabilize the inflation gap log (m;/mss)
and the output gap log (v:/ (2{Yss)), subject to smoothing changes in r;. Here, 74 refers to steady-
state inflation. As in Justiniano and Primiceri (2008) and Rudebusch and Swanson (2012), the
output gap is measured in deviation from the deterministic trend in output, which equals 2z} times
production in the normalized steady state Yis. As we argued above, with a financial intermediary
investing in long-term government bonds, the deposit rate offered to households is no longer fully
determined by the central bank’s policy rate due to changes in xhr; 1. Thus, the central bank may
find it useful also to account for variability in xhr,; when setting its policy rate. For instance,
term premia typically increase during recessions and this generates upward pressure on xhr; ;, and
the deposit rate within our framework. Then, a central bank may consider a larger reduction in the
policy rate than required with xhr; 7 = 0 to offset the negative impact from higher term premia
on economic activity. Also, the central bank may provide different policy responses to shocks
that create the same inflation and output gaps on impact, but affect zhr;; and term premia
asymmetrically, for instance, because the shocks differ in their persistence. More concretely, we

postulate that monetary policy follows an augmented Taylor rule of the form

™
no= =gt e+ (- p) (Boon (2) 45,10 (L))
t Lss

SS

+ (1= pp) Bapr (whre — Blehre L)) (35)
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where we omit monetary policy shocks as the literature has documented that they have a tiny effect
on term premia.'6

When implementing (35), we approximate E [zhry 1] by E¢ [(1—7) Y120V ahrir] = Xur
with v = 0.9999, as it has the convenient representation X, = (1 —v)zhry + VE [Xi41,2]. In
contrast, the steady-state value of zhr. 1, equals zero and is a poor approximation of E [xhry 1] # 0.
Finally, note that if we were to solve our model by a log-linearization, then xhr;;, = 0 for all ¢ and

(35) would reduce to the standard Taylor rule even if 5, # 0.

Government consumption g; = Gz{ grows with the economy as in Rudebusch and Swanson

G G
log ( é::) = pg log <G:s> +ogeat+1

and €441 ~ NID(0,1). Government consumption and the interest on government debt are paid

(2012), where

with lump-sum taxes. Given that a version of Ricardian equivalence holds in our economy, we
do not need to specify the timing of these taxes and simply write the resource constraint of the

economy as Yy = ¢t + 4L, Ly Jt.

8.5 Model Aggregation

The aggregated resource constraint in the goods market is atsz (ztht)l_e = YtS¢+1, Where s; is the

price dispersion index. The dynamic of this endogenous state variable is
siy1 = (1 —a)p, "+ anlst, (36)

where p; = P, /P, and P, denotes the optimal nominal price in period ¢. The relation between

inflation and the newly optimized prices is

~1— 1

l=1-a)p, "+ar] . (37)

Also, household deposits are zero in equilibrium (their net assets are in terms of capital investment),

implying that net profit by the financial intermediary is also zero. Thus, the net worth of the

'5This is illustrated in Rudebusch and Swanson (2012), who also show that it is the systematic part of monetary
policy that has a large impact on term premia. We will find a similar result below.
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financial intermediary does not change across time and may be ignored when solving the model.
There is an alternative, yet fully equivalent, representation of our model with complete markets,

which is described in Appendix A.17. In that representation of the model, the households do not

need to rely on the financial intermediary to invest their savings in government bonds, but the

Taylor rule depends instead on w * xhry 1, and w * p,. * xhry_1 f.

8.6 An Efficient Perturbation Approximation

To solve the model, we first induce stationarity by eliminating trending variables with appropriate
transformations; see Appendix A.16. The desired policy functions that characterize the equilibrium
dynamics of the model are then obtained by employing a third-order perturbation approximation.
We require at least a third-order approximation to generate variation in xhr;y and capture the
feedback effects from long-term government bonds to the real economy. Our quarterly model with
L set to reflect the 10-year interest rate has seven state variables and 54 control variables.!”

The standard approach in the literature to efficiently compute a higher-order perturbation of
DSGE models with a yield curve exploits the fact that bond prices beyond the policy rate typically
do not affect allocations and prices (i.e., consumption, inflation, etc.). Taking advantage of that
property, these models are approximated by a two-step procedure, where the first step solves the
model without bond prices exceeding one period, after which, in a second step, all remaining
bond prices are computed recursively based on (34). This two-step procedure reduces the size
of the simultaneous equation systems to be solved and, with it, the computation burden of the
approximation (see Hordahl, Tristani and Vestin (2008), Binsbergen, Fernandez-Villaverde, Koijen
and Rubio-Ramirez (2012), and Andreasen and Zabczyk (2015)).

We cannot apply this two-step procedure to our model when w > 0 or 3 # 0 because the

zhr
long-term bond price affects the deposit rate 7? and the policy rate through xhr, and, hence,
all allocations and prices. Fortunately, the terms associated with the perfect foresight solution of
our model -i.e., (8x, Gxx, Gxxx) and (hx, Hxx, Hxxx)- may be found with the standard two-step

procedure even when w > 0 or (., # 0 because xhry 1, is equal to zero under perfect foresight.

Once we have computed these terms, we only need to find the derivatives involving the perturbation

1"The relatively large number of control variables is needed to compute all bond prices within the 10-year maturity
range.
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parameter o using the full model. The whole three-step procedure is formally described in Appendix
A.18 and constitutes a new numerical contribution to the literature. Accordingly, our three-step
procedure allows us to compute a third-order solution to our model with feedback effects in just
3.7 seconds, whereas it takes 6.2 seconds when using the standard one-step perturbation algorithm
of Binning (2013). This improvement in computational speed of more than 40% greatly facilitates
the estimation, as the perturbation approximation must be computed for many different parameter

values.1®

8.7 Data and Moments for GMM

We employ the following quarterly time series to estimate our model: i) consumption growth Acy,
ii) investment growth Ad,, iii) inflation 74, iv) the l-quarter nominal interest rate ry, v) the 10-
year nominal interest rate ry 49, vi) the 10-year ex post excess holding period return xzhry s =
log (P;,39/Pi—1,40) — rt—1, vii) the log ratio of government spending to GDP log (g;/v:), and viii) the
log of hours log h;. The presence of a short- and long-term interest rate captures the slope of the
yield curve, whereas the excess holding period return is included as a noisy proxy for the 10-year
term premium. All series are stored in data; with dimension 8 x 1. Our sample goes from 1961.Q3
to 2007.Q4. The end date is set to avoid the complications created by the zero lower bound of the
nominal interest rate. See Appendix A.19 for a description of the data series.

We want to explore whether our model can match the mean, the variance, the contemporaneous

covariances, and the persistence in the data. Hence, we let

datay

diag (data;dataj)
qi= e~ —~—— ) (38)
vech (datatdatat)

| diag (data,data;_;) |

—~—

where diag (-) denotes the diagonal elements of a matrix and data, refers to the first six elements
of data;. We omit moments on the contemporaneous correlation relating to log (g:/y:) and log h;

due to the parsimonious specification of government spending and the labor market in our model.

Y These computations are done in Matlab 2014a on a Fujitsu laptop with an Intel(R) Core(TM) i5-4200M CPU @
2.50 GHz.
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Letting 0 contain the structural parameters, our GMM estimator is given by

dorins = argmin (157 a-la @) W (1550 - Bla @)

Here, W is a positive definite weighting matrix and E [q; (@)] contains the model-implied moments
computed in closed form using the above formulas. We use the conventional two-step implemen-
tation of GMM by letting W = diag <S7_nlecm> in a preliminary first step to obtain 9Step1, where
Smean denotes the long-run variance of % Zthl q: when re-centered around its sample mean. Our

~ ste.

2 ~
final estimates 8 " are obtained using the optimal weighting matrix Wy = S72

0step17 Where Sestapl

. ~stepl
denotes the long-run variance of our moments re-centered around E [qt (9

)] The long-run
variances in both steps are estimated by the Newey-West estimator using 10 lags, but our results
are robust to using more lags.

We estimate all structural parameters in our model except for a few poorly identified parameters.
That is, we let § = 0.025 and 6 = 0.36 as typically considered for the U.S. economy. We also impose
1 = 6 to get an average markup of 20%, and we let ¢; = 4 to obtain a Frisch labor supply elasticity

in the neighborhood of 0.5.17

8.8 Estimation Results I: The Benchmark Model

As a convenient benchmark, we first estimate our model without feedback effects from long-term

bonds by imposing w = 0 and (3., = 0. This version of our model is denoted M. The estimated
parameters in Table 1 are fairly standard with investment adjustment costs (&£ = 5.40), little curva-
ture in the periodic utility of consumption (&52 = 0.98), and sizeable habits (I; = 0.67). The latter
implies a relatively low steady-state intertemporal elasticity of substitution (I ESss = 0.053), which

in the presence of internal habits is

1ES,, = - (1 - uzf,ss) (Hzr 55 — D)

¢2 :uz*,ss + bﬁ + lﬁbZM;*l,ss

; (39)

19The Frisch labor supply in our model is ﬁ (h%g — 1) and hence is affected by the steady-steady labor supply
hss, which is close to 1/3 (see Table 1).
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~ 1 (1-b)°

or simply IESss = 5-1 575

with f1,« oo & 1 and 8 ~ 1. As in much of the existing macro-finance
literature, we find extreme levels of relative risk aversion (@ = 615.7), even when accounting
for a variable labor supply as in Swanson (2012). Using the general formulas provided in Swanson

(2013), our utility function in (29) implies

1 _
RRA— +¢ %2 , (40)
1_buz*1,ss +¢)2 Wss(1—hss) 31—1)/.1_1 (1_17!/«7*1 )¢2 Po—1 Wss(1l—hss) 1—¢.
=5 & Ca =3 1@ CUss toon 1

where Wy, and Cys are the real wage and consumption in the normalized steady state.20 Our
estimated level of risk aversion is clearly too high to be consistent with the micro-evidence. For
instance, Barsky, Juster, Kimball and Shapiro (1997) find a RRA between 3.8 and 15.7 in surveys,
and Mehra and Prescott (1985) argue that a plausible level of relative risk aversion should not exceed
10. However, a key contribution of the present model is to demonstrate the sizeable reduction in
risk aversion that follows when introducing feedback effects from long-term bonds. We also find
a moderate degree of nominal frictions with prices being re-optimized roughly every fifth quarter
(& = 0.81), and a central bank assigning more weight to stabilize inflation than output (BW = 1.27
vs. By = 0.03), subject to smoothing changes in the policy rate (p, = 0.65).

Table 2 shows that our benchmark model My reproduces all means, in particular the short-
and long-term interest rates of 5.6% and 7.0%, respectively. We only match the mean inflation
rate of 3.8% due to a large precautionary saving correction that lowers the annual steady-state
inflation rate of 4logmss = 4.8% to obtain a model-implied inflation rate of 3.4%. The model is
also successful in matching the variability in the data, except for a too low standard deviation in
the 10-year excess holding period return (12.93% vs. 22.98%). A satisfying performance is also
seen for the first-order autocorrelations and the contemporaneous correlations (bottom of Table 2).

Of considerable interest is the implied term premia from our model. Following Rudebusch
and Swanson (2012), we define term premia as TP, = 7y — T¢x, Where 7 is the yield-to-
maturity on a zero-coupon bond Pt,k under risk-neutral valuation by the financial intermediary,

ie., Pt,k = e " |:Pt+1’k_1:|. Our benchmark model has a 10-year term premium 7'F; 490 with a

20Household wealth is measured by the present value of lifetime consumption in (40) as recommended by Swanson
(2013). Given that Wy, and Cs, are unaffected by ¢5, we then use (40) to back out the value of the Epstein-Zin-Weil
coefficient ¢4 for a given value of the RRA during the estimation. Rudebusch and Swanson (2012) explain why the
benchmark model requires high risk aversion to match post-war U.S. data.
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mean of 145 basis points, which is close to the average slope of the yield curve (139 basis points)
that serves as an observable proxy for the average term premium. We also find substantial variation
in the 10-year term premium having a standard deviation of 116 basis points. This is in line with
the variability in the 10-year term premium obtained in various Gaussian affine term structure
models for our sample: i) the three- and four-factor models of Andreasen and Meldrum (2014) with
bias-adjusted factor dynamics have a standard deviation of 105 and 115 basis points, respectively,
and ii) the five-factor model of Adrian, Crump and Moench (2013) has a standard deviation of
121 basis points. Finally, our model is consistent with another noisy measure of term premia
variability, namely the standard deviation of the slope for the 10-year yield curve, which equals 139

basis points.

8.9 Understanding the Volatility of the Term Premium

Although high risk aversion helps to increase the mean term premium, it does not necessarily gen-
erate a highly volatile term premium. To understand the main mechanism behind the variability in
TP, 40, recall that its volatility is directly related to the degree of heteroscedasticity in the stochas-
tic discount factor M1 = BAit1/ (A¢mes1), 1e., the variation of V; (M 441). The three shocks in
our model are all homoscedastic. Thus, the model is endogenously generating heteroscedasticity
in My 41, as captured by our third-order perturbation. But, what is the source of this large het-
eroscedasticity? A possibility is to consider the effect of the price dispersion index s;, which is an

endogenous state variable. Combining (36) and (37), its law of motion is then given by

n
1 —_ n—1
Sg41 = (1 —a)T=n [1 — amy 1} T+ am sy,

which is highly non-linear to ensure s; > 1, as shown by Schmitt-Grohe and Uribe (2007). The first
term in the expression for s;11 does not generate much heteroscedasticity with 1— o -1 being well
below one given our estimates. The second term am/s;, on the other hand, may generate extreme
levels of heteroscedasticity because s; > 1 and we generally also have m; > 1. Also, the degree of
heteroscedasticity is increasing in the mean of both variables. A higher value of 74, clearly increases
¢, but also the steady state of s;, given that dsss/0mss > 0 for mgs > 1. This effect is illustrated in

Figure 1 by considering a sample path with positive steady-state inflation (7733 = ﬁSGSM M ) and one
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without (mss = 1). In the case of positive steady-state inflation (left panels), we see more extreme
observations and hence more heteroscedasticity compared to the case of no steady-state inflation
(right panels). Note also how the capital stock and the price dispersion with positive steady-state
inflation attain very low and high values, respectively, just before observation 9, 000, at which point
the unpruned state-space system explodes. A similar divergence in sample path does not appear for
mss = 1, where the two approximations generate nearly identical time series. Accordingly, positive
steady-state inflation serves as a channel to generate heteroscedasticity in s; and, hence, variation
in V; (My+41), as required to produce the volatile 10-year term premium in our model.?!

The first column in Table 4 shows that this channel has a large effect, as the standard deviation
of the 10-year term premium falls from 116 basis points with positive steady-state inflation to
just 1.42 basis points when 7wgs = 1.00. To further decompose the effects of positive steady-state
inflation, we adopt the standard decomposition of risk premia into the market price of risk M PR;
times the quantity of risk. As in Cochrane (2001), we let M PR; = Vi (My141) /By [My41], implying
that the quantity of risk QoR; ; equals T'P; /M PR;. Table 4 shows that omitting positive steady-
state inflation lowers the standard deviation in the M PR; by a factor of 100, whereas the standard
deviation of QoR;  falls by a factor of 10°. Hence, positive steady-state inflation mainly generates
a volatile term premium in our model by increasing the variability in the quantity of risk. Table 4
further shows that positive steady-state inflation also affects the mean term premium, which falls
from 145 basis points to just 32 basis points when mgs = 1.00, although RRA equals 615.7! This
fall is due to a reduction in the mean of V; (M; ;41), which lowers the M PRy, whereas the level for
the QoRy j, is nearly unaffected.

Thus, accounting for positive steady-state inflation serves as a key new channel to endogenously
generate heteroscedasticity in the New Keynesian model and produce a 10-year term premium with
the desired level and variability. Importantly, an unpruned third-order approximation to our model
results in explosive sample paths and is unable to “detect” this novel channel, which we uncover

by using our pruning scheme for a third-order perturbation.

2l Swanson (2015) also emphasizes the importance of the price dispersion index as a source of heteroscedasticity in
the New Keynesian model but without noticing the importance of positive steady-state inflation for this channel.
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8.10 Estimation Results II: The First Feedback Effect

Our next step is to introduce the first feedback effect from long-term bonds by allowing w > 0, while
still maintaining that the central bank does not respond to the excess holding period return (8,, =
0). This version of our model is referred to as Mpp. Table 1 shows that the financial intermediary
is estimated to allocate a large fraction of its investments to long-term bonds with @ = 0.91. A
standard t—test clearly rejects the null hypothesis of w = 0 at conventional significant levels, which
provide support for our first feedback channel from long-term bonds. Another important property
of Mpp relates to the estimated degree of RRA, which is only 23, and thus substantially lower
than in the benchmark model. For the remaining parameters, we find minor changes compared to
our benchmark model, except for the policy rule and investment adjustment costs.

Table 2 shows that M gp delivers a satisfying fit to the considered moments despite its lower
risk aversion. To quantify the performance of Mpp compared to the benchmark model, Table 3
reports objective functions from our two-step GMM procedure. Only the objective functions from
the first step use the same weighting matrix and are, therefore, comparable across models. They
show that Mpp fits the data better than the benchmark model (14.546 vs. 16.929).22

However, risk aversion in Mgp is estimated very imprecisely with a large standard error of 31,
and it is likely that RRA can be lowered further with only a minor reduction in the goodness of
fit. Consistent with the micro-evidence provided in Barsky, Juster, Kimball and Shapiro (1997),
we restrict RRA to 5 and re-estimate our model with the first feedback effect. Table 2 verifies our
conjecture as this restricted model MI@EA with low risk aversion provides nearly the same fit as the

unrestricted model. In particular, M matches the slope of the yield curve, while simultaneously

fitting key moments for the five macro variables. We also note from Table 3 that M}@g“‘ provides
a better overall fit to the data than our benchmark model. Here, we report the P—value from
the J—test for model misspecification, showing that we are unable to reject M?g“‘ (and all the
other models). That is, the observed differences between empirical and model-implied moments in
Table 2 are not unusual given the sample variation in the empirical moments. However, this finding

should be interpreted with caution as the J—test has low power due to our sample size (T' = 186).

Finally, Mﬁg“‘ generates a realistic 10-year term premium with a mean of 140 basis points and a

22The estimates in step 1 are very similar to those reported for step 2 in Table 1, implying that the objective
functions in step 1 serve as a good metric for model comparison.
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standard deviation of 93 basis points, as seen from Table 4.

Thus, allowing the financial intermediary to invest in long-term bonds goes a long way in resolv-
ing the bond risk premium puzzle described in Rudebusch and Swanson (2008) without postulating
highly risk-averse households as in much of the existing literature (see Andreasen (2012), Binsber-
gen, Fernandez-Villaverde, Koijen and Rubio-Ramirez (2012), and Rudebusch and Swanson (2012),

among others).

8.11 Understanding the First Feedback Effect

We now explore the mechanisms that enable Mgpp and MI@};A to generate a large and variable
term premium without relying on high risk aversion. Suppose xhry; > 0 for w = 0 and con-
sider increasing w to some positive value less than one. This increase in w lowers E; [M;141] as

By [Mi441]) = e "t—wXThre L and, hence, the current bond price because
Py, =B [My441] By [Prg1.n-1]) + Covy (M 41, Pry1,0-1) -

This fall in P, j increases xhry according to (32). But a higher zhr, induces a further fall
in By [M;11] and the current bond price P, which generates an even larger increase in xhry p,.
That is, w > 0 generates a “feedback multiplication effect” that amplifies the level and variability
in zhry . An explicit way to see the implication of this feedback loop is to use a first-order

approximation of the logarithmic and exponential function in (32) to obtain (see Appendix A.20):

1 By [Pit1,0-1] M1 Piyi,n—1
h ~ 2 — 1 _ . C 5 5 . 41
HLL 1— ww |:< Pss,L—l (Tt TSS) o Mss,ss+1 ’ Pss,L—l ( )

Pss,Lfl

M, P, _ .
t,t4+1 t+1,L 1) is

The first term in (41) is the risk-neutral component of zhr, 1, whereas Cov; ( Moo Pros

the required compensation by the risk averse household for carrying risk. The expression in (41)

E¢[Piy1,0-1]
Pss,Lfl

shows that both terms in zhr,; are amplified by the factor 1/ (1 —w > when w > 0.

Therefore, our model requires lower volatility in M; ;11 and, correspondingly, lower risk aversion, to

match short- and long-term interest rates. Finally, extending the expression for the term premium
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in Rudebusch and Swanson (2012) to our model, it follows that

1 k=1 § N1 oxahre,
TPy ~ -— E. Ze{ meo(Totmbwxahri ’L)}COUt+j (Mt t4j+15 Pegjr1h—j—1)
szs,k 7=0
k—1
- E; [e{‘zm—owm’m’”’L} —1]. (42)
szs,k

This expression demonstrates how a higher level and variability in xhr; ;, translates into a larger
and more volatile term premium, which is to be expected given that both variables measure com-
pensation for risk.

To illustrate the magnitude of the multiplication effect from long-term bonds on term premia,
we momentarily set w = 0 in MI@'/EA, whereas all remaining parameters are as reported in Table
1. Omitting the first feedback channel from long-term bonds reduces the mean of the 10-year term
premium from 140 to 9 basis points, and similarly for the standard deviation which falls from 93
to 4 basis points. Table 4 documents that the feedback channel from long-term bonds reduces the
mean and standard deviation of V; [M; 1] by a factor of 100 in Mpp and M?IEA compared to
the benchmark model. This, in turn, leads to a similar reduction in the corresponding moments for
the M PR;. Hence, Mgp and M?g“‘ generate a high and volatile term premium by increasing the
quantity of risk. As observed for the benchmark model, we see in Table 4 that positive steady-state
inflation is essential for Mpp and Mﬁg“‘ to generate the desired level and variability of the term
premium even with the first feedback from long-term bonds. Hence, it would be hard to discover

this novel feedback effect without our pruning method, as an unpruned state-space system generates

explosive sample paths when we assume positive steady-state inflation.

8.12 Estimation Results III: The First and Second Feedback Effects

We finally introduce our second feedback effect from long-term bonds by allowing the central bank
to respond to variation in xhry r, which is closely related to term premia as shown in (41) and

(42). That is, we let (.4, # 0 and refer to this model as Mpp Tayior- Table 1 shows that this

zhr

second feedback effect from long-term bonds has a small effect in the model as Bxhr = —0.069,

a point estimate not sufficiently far from zero to be statistically significant. However, the effect

from our second feedback effect is somewhat larger when RRA is restricted to 5 in Mfﬁgép(wl or-
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Here, B = —0.519 and the response of the central bank to xhr; is now significant given a

ahr
standard error of 0.094 for Bmhr. That is, our model implies a reduction in the policy rate when
term premia and xhr;p increase, as the central bank tries to offset the rise in the deposit rate
with a lower policy rate. Although we end our sample in 2007.Q4, this finding is consistent with
monetary policy during the recent financial crisis, where the Federal Reserve undertook vigorous
policy measures to stimulate economic activity in response to elevated levels of term premia.
Table 2 shows that Mggéﬁaylor matches most of the moments considered, in particular all
mean values and the slope of the yield curve. Table 3 documents how Mﬁgﬁﬂayl o outperforms
both MggA and the benchmark model in terms of overall goodness of fit, although Mgp Tayior
with unrestricted risk aversion does somewhat better than M?gfpayl or- The term premium is also
found to be consistent with empirical moments, as M?gﬁﬂaylor generates a 10-year term premium
with a mean of 142 basis points and a standard deviation of 132 basis points (see Table 4). As
before, positive steady-state inflation is essential for Mpp 1qyi0r and M?g’épaylw to generate the

desired level and variability in the term premium by “activating” the two novel feedback effects

from long-term bonds to the real economy considered in this paper.

8.13 GIRFs and Conditional GIRFs

Our next exercise is to report the GIRFs following positive one-standard-deviation shocks in
Mggéﬂaylor to technology, government spending, and preferences (Figures 2 to 4). These func-
tions are computed for a log-linearized solution and a third-order approximation using (26) with
the relevant state variables at their unconditional means. All the GIRF's have the expected pattern,
and we therefore direct attention to the effects of higher-order terms, i.e., the differences between
the marked and unmarked lines. Shocks to technology and government spending have substantial
non-linear effects on consumption and investment, mainly because these shocks generate consid-
erable variation in the ex ante excess holding period return and the term premium. This finding
reveals that higher-order effects, and hence the amount of risk in the economy, affect real allocations
in our model, which therefore overturns the result of Tallarini (2000) that risk does not matter for
real allocations.

A key advantage of computing second- and third-order approximations is that we can analyze

the effects of different shocks conditional on the state of the economy. This is illustrated in Figure 5,
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where we show how the response of consumption, investment, and 7 49 to a positive one-standard-
deviation shock to technology is larger when the economy is in a recession than when it is not.?> The
intuition is that, when the economy is in a recession, consumption and capital tend to be low, and
hence the marginal utility of extra consumption and the marginal return of additional investment
are higher than usual. A similar exercise is done in Figure 6, except that now we compare the
situation where we condition on high vs. low inflation. When inflation is high, consumption,
investment, and interest rates respond more vigorously than when inflation is low. When inflation
is high, nominal rigidities are particularly damaging, since firms that are not able to change their
prices are far from the price they would set under flexible prices. A positive productivity shock
translates into lower inflation through lower marginal costs and, hence, it alleviates these pernicious
effects of nominal rigidities. When inflation is low, nominal rigidities are less of a constraint on firm
behavior and a positive technology shock is less useful for firms.?* The asymmetries in responses to
shocks documented by Figures 5 and 6 demonstrate how the methods we present in our paper allow
researchers to probe deeper into the behavior of their models and uncover economic mechanisms

that would otherwise remain hidden.

9 Conclusion

This paper extends the pruning method by Kim, Kim, Schaumburg and Sims (2008) to third- and
higher-order approximations, with special attention devoted to models solved up to third order.
Conditions for the existence of first and second unconditional moments are derived, and their values
are provided in closed form. The existence of higher-order unconditional moments in the form of
skewness and kurtosis is also established. We also analyze GIRF's and provide simple closed-form
expressions for these functions.

The econometric implications of our findings are significant, as most of the existing moment-
based estimation methods for linearized DSGE models now carry over to non-linear approximations.

For approximations up to third order, this includes GMM estimation based on first and second un-

23We define a recession as a quarter where there is (detrended) negative output in the current and the previous
two periods. Otherwise, the economy is in expansion.

24High inflation is defined as inflation larger than one standard deviation of inflation. Otherwise the economy is
defined to be in a low inflation regime. The corresponding conditional GIRF's for government spending and preference
shocks are omitted in the interest of space.
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conditional moments and matching model-implied GIRFs to their empirical counterparts. When
simulations are needed, our analysis also provides a foundation for different types of indirect infer-
ence and SMM. These results are not just relevant for classical inference, as the moment conditions
in optimal GMM estimation may be used to build a limited information likelihood function, from
which Bayesian inference may be carried out.

To illustrate one of the new estimation methods that our paper makes available, we revisit the
term structure implications of the New Keynesian model. We first demonstrate a new channel
to amplify the level and time variation in term premia by accounting for positive steady-state
inflation. Given this more realistic term premium, we then introduce two feedback effects from
long-term bonds to the real economy, and we show that they enable the New Keynesian model to
generate a high and variable term premium with the same low risk aversion as found in the micro-
evidence. We once again emphasize that our pruning scheme has greatly facilitated the discovery

of these new channels and helped us to address the long-standing bond premium puzzle.

42



A Appendix

A.1 Non-linearities Between State Variables and Innovations

To illustrate how non-linearities between x; and €;41 can be addressed in our framework, let v, =
[ X, 1 € ]I be an expanded state vector where the innovations now appear as state variables.
The new state equation is, then, given by

— h (Vt7 U) + Onz
Vitl = 0 o Wy )

where u;41 ~ I1D (0,1) is of dimension 7., and the new observation equation is

Yt Zg(VtaU)'

Thus, any model with non-linearities between state variables and innovations may be rewritten into
our notation with only linear innovations.

As an illustration, consider a neoclassical growth model with stochastic volatility. Using stan-
dard notation, the equilibrium conditions are given by:

c; | = BBy {czf_—ljl (arsrokfy' +1 - 5)}
¢+ kg1 = atk‘f‘ + (1 — 5) ky

log ai1 = plogas + oatyi€air1

log <%t+1> = pg log < Tat ) t €ott1-
Oa,ss Oa,ss

We then rewrite these conditions as:

{p log(m)Jre t+1}
plogai4oassexpl Gayss ) €a,t+1

and

¢ = | ey | exp ok +1-0
¢+ kir1 = atk‘f‘ + (1 — 5) ky

loga; = plogar—1 + Oa,t€a,t

Oa,t Oa,t—1
log <> = po log <) + €0t
Oa,ss Oa,ss
€a,t+1 = OUqt+1
and

€ot+1 = OUg t+1,

where the extended state vector is vy = [ ke ai—1 0ai—1 €at €op ] and o is the perturbation
parameter scaling the innovations g 41 and ug 1.
If, instead, the volatility process is specified as a GARCH(1,1) model, then the equilibrium
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conditions can be expressed as:

¢, ' =Ty [/Bct_ﬁl (exp{plogat*"“vtﬂe"vt“} akfﬁr_ll +1- 5)]

¢+ kir1 = atkf‘ + (1 — (S) ky
IOg ar = PIOg at—1 + Oqgt€ait

2 _ 2 2 2 2
Ja,t—l—l - (1 - pl) Ja,ss + plaa,t + p2ga,t€a,t

and
€a,t+1 = OUL+1,

where the extended state vector is vy = [ ke oat ai—1 €ay } and o is the perturbation parameter
scaling us41. Asin Andreasen (2012), the constant term in the GARCH process is scaled by (1—p;)
to ensure that o, = 04, in the steady state where eg,t =0.

A.2 Pruned State-Space Beyond Third Order

The pruned state-space system for the kth-order approximation based on the kth-order Taylor
series expansions of g(x;,0) and h(x;,0) are obtained by: i) decomposing the state variables
into first-, second-, ... , and kth-order effects, ii) setting up laws of motion for the state variables
capturing only first-, second-, ... , and kth-order effects, and iii) constructing the expression for
control variables by preserving only effects up to kth-order. In comparison, the unpruned state-
space system for the kth-order approximation is given by the kth-order Taylor series expansions of
g (x¢,0) and h (x4, 0).

A.3 Coefficients for the Pruned State-Space System at Second Order

hy O 0
AP =| 0 hy IH« |,
0 0 hy®hy
on 0 0 0
B@=1| o 0 0 0 ,
0 on®on on®hx hy®on
€t+1
@2 _ | €+1® €1 —vee(ly,)
£t+1 = € ® f I
t+1 & X3
X{ & €441
0
c@= ih,,0? ;

2
(om @ om)vec (1,,,)

C(2) = [ 8x %Gxx ] )

and )
d® = §g5002.
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A.4 Second Order: Stability

First, note that all eigenvalues of A are strictly less than one. To see this, we work with

p(A) = ‘A_)‘IZTLL-H’L%}
hy — )‘Inz 0n, xn, Onzmg
- Onwxnx hx - )\Inr %Hxx
Ongxnz Ongxnl hy @ hy — /\Ing
_ | Bu B
B21 B
= |B11]|B2z],
where we let
B — hx - )\Inz Onzxnz
1 o Onxxnx hx - )\Inw ’
0 2
B = Mg XNG ,
» = |

&
I

[ On?pxnz On?pxnz ] )

and
By =hy ® hy — )‘Ini

and we use the fact that
U C

o v |=ulYl,

where U is an m X m matrix and Y is an n x n matrix. Hence,

hx - AInz Onzxnz

p =[P e e e AT = e AT e = AT, B AL

The eigenvalues are determined from |hy — AL,,| = 0 or {hx @ hyx — ALz ‘ = 0. The absolute
values of all eigenvalues to the first problem are strictly less than one by assumption. That is,
|Ai| <14 =1,2,...,n,. This is also the case for the second problem because the eigenvalues to
hy ® hy are ;A for i =1,2,...,n; and j = 1,2, ..., n,.

A.5 Second Order: Unconditional Second Moments

For the variance, we have

) A ) () e 62 ()
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as

, x{ el x] (€141 ® €41 — vee (Ine))'
E [Zgz) (55/%) ] =& Xf€£+1 X} (€141 ® €41 — vec (Ine))/
<x{ ® x{) €41 (X{ ® X{) (€141 ® €r1 — vee (Ine))
/ /
x! (€t+1 ® X{) x! (X{ ® €t+1)

!/

s f s [ f ! -0
X; | €141 D X; X | X @€t
/ /
(x{ ® Xf) <€t+1 & X{) (X{ ® x{) (x{ ® 6t+1)

Now, we only need to compute V <§§i)1>

€141 €41
(5(2) ) _ g || e @er —vee(ln,) €41 @ €41 — vec (In,)
t €41 x,{ €41 X{
x{ ® €141 X{ ® €141
I, E [€141 (€141 ® €41)']
!/
_ | Bl @ e1) €4] B (€41 ® €41 — vee(In,)) (€11 ® €1 — vee (I,))']
0 0
0 0
0 0 1
0 0
<€t+1 X Xt> <€t+l X Xt) <€t+1 X Xt) (Xt ® €t+1>
!/ /
E (x{ ® €t+1> (€t+1 ®X,{) E (X{ ® €t+1) (X{ ® €t+1>

This variance is finite when €;41 has a finite fourth moment. All elements in this matrix can
be computed element-by-element.
A.6 Second Order: Unconditional Third and Fourth Moments

We consider the system x;+1 = a+Ax;+Vv+1, where A is stable and vy41 are mean-zero innovations.
Thus, the pruned state-space representations of DSGE models belong to this class. For notational
convenience, the system is expressed in deviation from its mean as a = (I — A)E [x;]. Therefore

Xi+1 = (I — A) E [Xt] + Ax; + Vil =
Xi41 — E [Xt] =A (Xt —F [Xt]) + Vi1 =

Zit1 = Az + Vi

We then have

241 QZp1 = (Azi+ Vi) @ (Azy + Vi)
= Az ® Az + Az @ Vi1 + Vir1 @ Az + Vg1 @ Viga,
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Zi11 Q241 ®Zer1 = Az @Az @ Az + Az ® Az ® Vi
+Az, @ Vvip1 ® Az + Az @ Vi1 @ Vg
+Vit1 ® Az @ Az + Vi1 @ Az @ Vi
+Vi1 @ Vi1 @ Az + Vi1 @ Vip1 @ Vi

and

Zi41 Q2] QZey1 QZip1 = Az Q@ Az ® Az ® Az + Az ® Azy @ Az Q@ v

+Az ® Az @ Vi1 ® Az + Az @ Az @ Vg1 @ Vgl
+Az @ Vi) ® Az @ Az + Azt @ vy Q@ Az @ v
+AzZ @ Vi1 @ Vig1 @ Azy + Az @ Vg1 @ Vip1 @ Vi
+Vit1 ® Az @ Az @ Azp + vip1 © Az ® Az @ Vi
FVit1 ®AZ @ Vip1 @ Az + Vi1 @ Az @ Vg1 @ Vi
FVip1 @ Vi1 @ Az @ Az + Vi1 @ Vip1 © Az @ Vi
FVit1 @ Vg1 @ Vg1 © Azy + Vip1 @ Vi1 @ Vig1 @ Vigr.

Thus, to solve for E [z;41 ® zi+1 ® Z¢+1], the innovations need to have a finite third moment.
At second order, vy11 depends on €;41 ® €41, meaning that €41 must have a finite sixth moment.
Similarly, to solve for E [z;11 ® Zi11 ® 2441 @ Z441], the innovations need to have finite fourth mo-
ments. At second order, v;1+1 depends on €;11 ® €41, meaning that €,11 must have a finite eighth
moment.

A.7 Coefficients for the Pruned State-Space System at Third Order

hy 0 0 0 0 0
0 hy 1Hxx O 0 0
A = 0 0 hy®hy O 0 0
o 6h00x02 0 0 hy H,« %Hxxx ’
hy ® thye0? 0 0 0 hy®hy hy®iHx
i 0 0 0 0 0 hy ® hy ® hx |
[ on 0 0 0
0 0 0 0
BO) = 0 on®on on@hy hy ®on
N 0 0 0 0
on ® theeo? 0 0 0
i 0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
on®R®hy oN® %Hxx 0 0
0 onR®hy ®hy hy ®hy ®on hxy ® on ® hy
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0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0 ’
0 0 0 0
hy ® on®@on  on @ hx®on on®on @ hyx oNRon@on |
[ €t41 1
€141 ® €41 —vec (L)
€41 ® X{
X{ & €41
€t+1 ® Xj
B _ €1 @x] ®x]
&1 = X{ & X{ X €441 ’
X{ @ €41 @ x{
X{ ® €141 & €141
€41 ® X{ & €41
€411 V€41 X X,{
| (€141 @ €141 @ €41) — B (€141 ® €441 @ €441)] |
[ Onmxl i
%hwa2
o) = (on @ om)vec (I, )
- ih, 003 ’
6 1000
Ongxl
| (on®@on@on) E[(e111 @ €141 @ €141)] |
C(3) = [ 8x + %gaaxUQ gx %Gxx gx Gxx %Gxxx ] ’
and
d® = 1g,,0% + tgoo00®.
A.8 Third Order: Stability
To prove stability:
p(N) = [A® )T
[ hy—)I 0 0 0 0 0
0 hy—AI  1Hix 0 0 0
B 0 0 he®@hA 0 0 0
N %haax0'2 0 0 hy,—AI Hyx %Hxxx
hy, ® %hwa2 0 0 0 hy @ hy—AI h, ® %Hxx
i 0 0 0 0 0 hy ® hy ® hy—AI |
| Bu1 B }
|| Bar Ba ||’
where
h,—)I 0 0 0 0 0
B = 0 hy— Al 1Hi Bi=|{0 0 0|,
|0 0 hy ® hy—MI 0 0O
[ 3hyexo? 0 0 hy—AI H,x T Hoxx
Bsi = | hx® sh,,02 0 0 By, = 0 hy ® hy—AI hy ® $Hyx ,
i 0 00 0 0 hy ® hy ® hy—MI




= |B11] [Baz|
— by — AT| [hy — AT| [hy © By — AT [Bys|
(using the result from the proof of proposition 1)
= |hx — M| |hx — AI| |hx ® hy — M| |hx — M| |hx ® hx—AI| |hyx @ hy ® hyx— M|
(using the rule on block determinants repeatedly on Bag).
The eigenvalue \ solves p (A) = 0, which implies:

|hx—AI| =0 or |hx @ hx—AI| =0 or |(hx ® hy ® hy) —AI| =0

The absolute values of all eigenvalues to the first problem are strictly less than one by assumption.
That is [A\;| < 1,7 =1,2,...,n,. This is also the case for the second problem, because the eigenvalues
to hy ® hy are \;Aj for i = 1,2,...,n,; and j = 1,2,...,n,. The same argument ensures that the
absolute values of all eigenvalues to the third problem are also less than one. This shows that all
eigenvalues of A®) have modulus less than one.

A.9 Third Order: Unconditional Second Moments

For the variance, we have
) = V] (3 e o)
+AB)Cov { 7£t+1} ( 3)) +B®Cov [Et+1,zt )} (A(?’)),

3)

Contrary to a second-order approximation, Cov [Sgl, z, } # 0. This is seen as follows:
. s -

o[ (e2)] =m || oM

- / / /
X { €1 (€41 ® €1 —vee(Iy,)) (€t+1 ® X{) (X{ ® €t+1) (€41 @ x5) (€t+1 ®x] ® X{)

F o st " A\ («f ' f '
Xy ®X; @ €pqq X; & €41 QX X; & €41 @ €441 €11 QX ® €441
’
f I
<€t+1 @ €41 D X; ((et+1 ® €111 ® €141) — E[(€141 ® €141 @ €141)])
Ong; XMNe Onz xn2 Onz XMeNg Onz XNgNe Onz XNgNe Onz Xnen? Onz Xn2ne Onz Xn2ne
Onx XMNe Onx Xn2 Onx XNeNg Onx XNzTe Onac XNgNe Onx XNen? Onx XN2ne On, Xn2ne
On?p XM On% xn2 On% XNeNg Ong XNgNe Ong XNgNe Ong XMnen? Ong XN2ne Ong Xn2ne
Ong; XMNe Onz xn2 Onz XMeNg Onz XNgNe Onz XNgNe Onz Xnen? Onz Xn2ne Onz Xn2ne

Ong XM On% xn2 Oni XNeNy On% XNgNe Ona XNgMe On% XNen? On% XN2ne Ona Xn2ne

L 0n§ XM Oni xn2 Oniﬁ XNeNg Ong XNgNe On% XNgNe 0n§ XNen2 Ong Xn2ne On% Xn2ne
Rin Riz2 Risz Op,xn3 ]
Ro1 Ra2 Ras 0, xn3
R31 Rs2 Rssz 0p2xp3
Ry1 Rs2 Raz 05, xp3
Rs1 Rs2 Rs3 Op2yps
Re1 Re2 Res 043xn3
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=[0 R 0].

The R matrix can easily be computed element-by-element. To compute V [égi)l} , we consider

€t+1

€t+1 ® €41 —vee (Iy,,)

€11 & xf

x{ X €441

€141 %Xf ;

3 3 €11 Xy VX
B [Eiﬁl (£’§+)1> } B X{ & X{ & €141
x] @ e @xf

xt R €41 Q €441
€41 ® X{ X €141
€41 Q€41 @ X{
L L (€41 @ €41 @ €41) — B[(€41 @ €41 @ €141)] |

/ ! /
X { €11 (€41 ® €41 —vec(ly,)) (€t+1 ® X{) (X{ ® €t+1) (€41 @ x5) (€t+1 ®x] ® X{)
f oo ! f Ay f ! f !
X; @X; Q€ X; & €41 QX X; & €41 @ €441 €11 QX ® €1

!/
<€t+1 Q€41 @ X{) ((et+1 @ €41 @ €r11) — Ef(€r41 @ €141 ® €t+1)])/ ] :

Note that V [Egl} contains (€41 ® €41 ® €:41) squared, meaning that €;11 must have a finite

sixth moment for V [g,ﬁfﬁl} to be finite. Again, all elements in V [ﬁgl] can be computed element-
by-element. For further details, we refer to the paper’s Online Appendix, which also discusses how
[Et +1} can be computed in a more memory-efficient manner.
For the auto-covariance, we have

Cov (220),27) = Cov (c®+A®2Y + BOgD), 2(Y)
= A®Cw <z§3),z§3)>+B(3)Cov <£t+l7 (3)>
and
Cov (zﬁi’r)Q,zg?’)) = Cov (c(3 A(3 £t+2,zt )

2
(C Deld) 4 (A( )> z§3)+A(3)B(3)£§i)1 gt+2, >
o ((A9) 52,5 + o (AU, #09) + o (B2, %)

= ( 3))2001) (z,(: ),ZE?’)) + AGBCICov <£t 3)> +B®Cow (£t+2,z§3)) .

= Cov
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So, for s =1,2,3..

Cow (ngjzggv _ (A(3)>SV [zfﬂ + Zj;(l) <A(3))s

E [Zgg) (Eﬁ-)l-&-j) /]

/
X [ €rr14j (Et14) ® €y14j —

=K

and we therefore only need to compute Cov (gng’ Z§3)) :

—1—j

!
(I.)) <€t+1+j ® X{—i-j)

/ / /
(X{ﬂ- ® €t+1+j> (€t+1+j ® Xerj) <€t+1+j ® X{H & X{Jrj)

/
(X{H ® X{H ® €t+1+j> (Xf;j ® €t+145 @ X{H)

!
! f
(Xt+j R €t41+45 @ €t+1+j) (€t+1+j & Xy & €t+1+j)

!/

B® Cov <£1(jr)1+j’ ng))

/
(€t+1+j D €145 @ X{H) ((€t414) ® €1414j @ €11145) — E (€141 @ €141 ® €+1)])

Ony e
Onyxne
Ong XMNe
Ony e

Oni XNe

L Ong’: XNe

R,
R,
R},
R,
R,
Rg,

Ri,
R,
Rj,
R},
R,
R§,

Onm xn2
Onz xn2
On% xn2
Onm xn2
Ong xn2

On% xn2

=[0 R/ 0].

The matrix R/ can then be computed element-by-element. For further details, see the paper’s

Online Appendix.

iy,
Ry,
Ry
Ry,
A,
R}

Ong xneng
Ong xneng
On% XNeNg
Ong xneng
On% XNeNg
Ong XNeNg
Onm xn3
Onz xn2
On% xn3
Onz xn2
On% xn3

Ong xn2

Ong xngne
Ong xngne
On% XNzNe
Ong xngne
On% XNgNe

On% XNzNe

Ong xngne
Ong xngne
On% XNgNe
Ong xngne
On% XNzNe

Ong XNgNe

Onm XNnen?
Onz Xnen2
On% Xnen?
Onm Xnen?
Ong Xnen2

Oni Xnen?

Onm XN2ne
Onz Xn2ne
Ong XN2ne
Onﬂc XN2ne
On% Xn2ne

Oni XN2ne

A.10 Third Order: Unconditional Third and Fourth Moments

The proof proceeds as for a second-order approximation. At third order, the only difference is
that v;11 also depends on €41 ® €41 ® €,+1. Hence, unconditional third moments exist if €41
has a finite ninth moment, and the unconditional fourth moment exists if €,1 has a finite twelfth

moment.

A.11 GIRFs: Second Order

We first note

that
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I , I A
X/ ®x],, = (hicxf + Zlhic_janet—i-j) ® (hicxf + Zl hi O'Tl€t+j>
J= j=

! .
= hix/ @ hix/ + hlx! ® 231 hﬁ;ﬂanetﬂ
‘7:

l . l . l .
+ > hﬁ:janetﬂ- @hlx! + 3 h;_”anetﬂ» ® Y h?”anetﬂ-.
j=1 j=1 j=1
Next, let
o oz of ol nd 4 bl xf o S Rl Lo LS
Xy, ©% = hexy @hexy +hixy ® Zl hy 7ond,,; + Zl hyx7ond,, ; ® hyx{
j= j=
l . l .
+ > hic_jan(stﬂ» ® > hﬁc_]an(stﬂ-,
j=1 J=1

where we define d;1; such that 6,41 = v + (I — S) €41 and 841 = €4 for j # 1. This means
GIRF,sgxs <l7 VivX{) =E [X1{+l ® X{+1|X{’ €it+1 = Vz} - E [X{H ® X{+1|X{]

=E [5&{“ ® i{+l|xﬂ - B [X{H ® X{H’Xﬂ

= Elhlx] @ hl7lond, ; + hitond,.; ® hix]

l . l .
+ > hi;yan(stﬂ» ® > hﬁc_]an(stﬂ-
I =

l l
1—j 1—j
— '21 hy'one,, ; ® Zl hy Janet+j|x{]
= =

= Ehlx! @ bl lon (v + (1 - 8) er41) + hilon (v + (1 - 8) e141) @ hlx]

l . ! R
hi lon (v + (I —8)er1) + 3 hi7one,,; |©| hiilon (v + (I-S) e1) + 2 hiﬁanew)
j=2 j=2

+
N N

l !

_ l—7 _ 1—j

hg{ 1077€t+1 + 22 hy J0n5t+j> ® <h£{ 1077€t+1 + Zz hy Janet+j> |X,{]
]: ]:

= hﬁcxf @ hi-lony + Wi lonr ® th{ +hi-lonv @ hilony

+ (it @bl ) (Elon (I-S) €41 @ on(I—S) €41] — E [one, @ oneq]) -
WithEon(I—S) €41 @on(I—S)eq1] = (on(I—S)®on(I—S))vec(I) and E [one,,; @ one, |
= (om @ om) vec (I) we then obtain (23).

A.12 Second-Order Accuracy of Linear IRFs

Let x{ = 0 and suppose v (i,1) = £1 and v (j,1) = 0 for ¢ # j. These assumptions imply
onqu@onv+ A =onr@onv+ ((ecn(I-S)®@on(I—-1S)) — (on ® on)) vec (1)
=(mRon){S®S+(I-S)®(I—-9S)) —I®I}vec(I)
=(meon){2(S®S)-I®S —S ®I}vec(I)
because v@v = (S ® S) vec (I) and L2 = I®I, where I has dimension ne xn.. Next, let D; (i,4) = 1
with all remaining elements of D; equal to zero. Hence, I can be written as I = Z?;l D;and S = D;.
This implies

onr @onr + A =(on ®on) {—Z?H D;®D; -, D;® DJ} vec (3-h2q Dr)
i 1#]

= (on ® om) {— >t 2ker (D @ Di)vee (Dg) = 3002, 372, (Di @ Dj) vee (Dk)}
i#j i#]
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= (on®omn) {— Dot 2opeq vee (DiDDy) = 3700 e vee (DjDsz‘)}

i#] 1#]
=0

because D;D;D; is only different from the zero matrix when ¢ = k£ = j, but we have ¢ # j. Thus,
GIRF,sgyxs (l,I/i,X{> = 0 and GIRFys <l,l/i,X{) = 0, which proves that GIRFs in a pruned
second-order approximation reduces to the IRFs in a linearized solution.

A.13 GIRFs: Third Order

Deriving GIRF, s gy foxs (j, u,x{) We first note that

f f f
X X OXp

l
_hl ®hl ®hlxt+hl ; x 0"'76t+]®h Xt

~

+ Z hi anetﬂ ® hix! @ hix! + Z L anetﬂ ® Z hi anetﬂ ® hlx!
] :

+hlxt®hlxt®2hx anetﬂ—i—hﬁ( {®th 0net+]®2hx Unet+]
J=

+ Z hi 0n€t+g®h Xt ®Z hi j0n€t+g+2 hi; U’?£t+g®2 hi; U’"l£t+]®z hi? U77£t+]
]7
Using the definition of §;1; from Appendix A. 11 we have

~ ~ ~ l—1
XI{*H X th+l ® Xt+l == hicxt ® hi(xt ® hicxt + hitxt ® Zl hx JO"I'](st+j ® h;X{
J:
l I—i f f
+ > hx’ond, ; ® hl x! ® h!x]
i=1
l . l .
+ S hiTond, ;@ > hi7oné,,; ® hix!
Jj=1

+hl x{ @ hlx ®Zh Tond,;

l l )
+hix! ® ‘21 hx_]an6t+j ® Z:l hi;ﬂanétﬂ-
= =

. l .
+ hic_janétﬂ» ® hi(x{ ® > hi{_janétﬂ»

1 j=1

-

J

l l
—j l—j —j
+ 1hx j0n5t+j® Zlhx JO‘T](st+j® Zlhx jan6t+j‘
J= J=

=~ |l

Simplejalgebra gives
GIRFEysgxroxs (j, Vi Xz{) =B [i{—i-l ® i{—i-l ® ’E{H‘Xﬂ - B [X{H ® X{H ® X{+z|xf
= hﬁcx{ ® hilony @ hl Xt
—|—hl’1anu ® ((hl ® h ) (xt ® x{))
((hl ® h ) (xt ® x,{)) ® hl=lonv
+ (hﬁ:l ® hi?) [(onv @ onr) + A] ® hix]
+h! Xt (' ® hlfl) [(0771/ ®onu) + A
+hi-lony @ hix{ @ hils
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/N

hi-lon(I—S)®@hlx! @ hilon(I-S)—hilon@hlx! ® hﬁ;lan) vec (I)
hi-lonv @ hi7lon (I—S) ® hilon (I—S)) vec (I)
=1 on (I-S)®hilon(I-S)®hilony)vec(I)
(hiclon (I-S) @ hilonr) @ hitlon (I—S)) vec (I)
hi(_ on(I-8)®@hilon(I-S)®@hiton (I - S)} m? (€11, €11, €41)

lonv ® (hx on @ hl- 3017) vec (I)

R
/—MA/—\/—\

2
!

o ®hl Jon ) vee(I) @ hilonyw
Z( n n x on
!

(hic Jom @ hi-lony @ hi ‘7077> vec (1)

[\

—(h

where m

lom@hi 'on @ bl lon) m® (€41, €11, €41)
(€141, €111, €1+1) has dimension n? x 1 and contains all the third moments of €;1.

wa

Deriving GIRF, g, (j, v, (xf, Xf)) Using the law of motion for x{ ® x;, we first note that

-1 .
X1 @y = (Bx @ B’ <Xt ®© Xt) + 3 (hx @ hy)' ™ (hx ® 3Hix) (X{ﬂ @x],;® X{H‘)
j=0

+
I

(hx ® hy)' ™7 (hy ® $hoeo?) x], ;

—
Lol
= o

(hx ® hx)l_l_j (O”I’] & %hoaog) €t+1+j

+
7

-
Lol
= o

_|_
7

—~
Il
= o

(hx ® hx)lflfj (on ® hy) <€t+1+j ® Xt8+j)

_l’_

(e 01 (00 $H) (e 95, @ 1)

<.
|

Using the definition of d;; from Appendix A.11, we obtain

-1 .
&l 0%, = (e @by (xf @xt) + ¥ (e @b (he® M) (3], 0%l 0%, )
§=0

+
|

(hy ® hy)' ™ (hy ® $hoeo?) X/

~ <
I
Il

(hx X hx)l_l_j (077 & %ha'0'0-2) 6t+1+j

+
Ing

—
Lol
= o

+
7

—
Lol
= o

(hx b2y hx)l_l_j (077 ® hX) (6t+1+j ® ierj)

+ 3 (e @)1 (0n © JH) (6115 0 %/ @ %)
=0
Simple algebra then implies
-1 .
GIRFysgxs (]7 Vi, (va Xf)) =2 (hx® hx)l_l_] (hx ® %Hxx) GIRFrgxioxf (.7; Vi, X{)
=1

i (hy ® hy)! "' (hy ® Lh,e0?) GIRF,; (5, 1)
=
+ (hx

x) <UT]V & <hfo + %Hxx <X{ X X{) + %hacrOJ))
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A.14 Proof of Proposition 1

Second Order Let us first consider the state variables. Provided that the unpruned state-space
system is stable, we know that

1
xgr)l = hyx ( )+ Hxx (XEQ) ® x(2)> + 5h0002 +one ., + 0 (03) ,

i.e., the errors are of third order when ¢ — (0. Comparing the pruned state-space system to this
expression, we obtain

1
X{+1 + X~ Xg)l = hx (Xt +x; - x” )) + §Hxx <X{ ox —x? @ x® )) +0(c%).

To show that X{ ® X{ — X§2) ® X§2) = O (0?), algebra gives

2 2
X{+1®X{+1_X§JB1®X§+)1 = (hx®hy )(Xt ox{ —x? ox? ))+(hx®77)<( - x? ))®U€t+1>

+(n ® hy) <U€t+1 ® (X{ — X,@)) + 0 (03)

We know that x{ — x§2) =0 (02) and, therefore, o (x{ —x£2)> =0 (03). This shows that

X{ ® x{ ( ) ® X(Z) = O (0%), given that all eigenvalues of hy have modulus less than one.

This in turn shows that xf +xi — X§2) = O (¢®). For the controls we easily obtain

vi -y =g (xf 4 x5 - xP) + %Gxx (xf @ x/ —xP ox?) +0 (o).

Given that X{ +x7 — x§2) =0 (0®) and x{ ®X,{ (2) ®X(2) O (0?), we have yj — y§2) =0 (¢°)
as desired.

Third Order Let us first consider the state variables. Provided that the unpruned state-space
system is stable, we know that

3 1
xg’r)l = <hx + éhmxa ) ® 4 Hxx ( ® ® x(3)> + ngx (XE3) (3) ® Xg ))

1 1
+§hwa2 + ghawa?"—i- oneq + 0 (04) ,

that is, the errors are of fourth order when ¢ — 0. Comparing the pruned state-space system to
this expression, we have

X{H + x5+ x4 — Xgl = hy (X{ + x5+ x;7 - X§3)>
1
+§Hxx ((X{ ® x{) + (xic ® xf) + (Xf ® X{) _ X§3) ®x§3)>
1 3
+6Hxxx ( f &® th ® th 53) ® ng) ® X§3)> + 6h00x02 (th X§3)>
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We know that X{ - ng) = O (0?), and therefore o2 <X{ - X§3)) = O (0*). We clearly also have

X{ ® X{ ® x{ - XIES) ® X,E?’) ® ng) = O (o*). For the final term, some algebra implies

3 3
Xz{+1 ® X{+1 + X{+1 ®X{1 + X4 @ Xf+1 - X1E+)1 ® X§+)1

= (hx ®hy) (x{@x{+x{®x§+xf®x{—xg3) ®x§3)>

+ (hx R M€ + MNEt1 @ hx) ((X{ +xi — x£3)> J)

1 1
+ <hx ® 5Hxx + 5Hxx ® hx) (x{ ® x{ ® x{ _ X§3) ® x§3) ® xg?»))

1 1 2(of L (3)
+ <hx® 2ho'cr+ 2haa®hx) o <Xt — X )

1 1
+ <net+1 ® §Hxx + §Hxx ® 77€t+1> (a (x{ ® xf — x§3) ® x,@))

We know that x{—l—xf _ng) =0 (0%),s0 (X{ +xi — XE3)> o =0 (c*). Similarly, X{ _ng) =0 (%),
so o2 (X{ - x§3)> = O (0*). Finally, x{@x{—x§3)®x§3) = O (0?%), and, thus, o (X{ ® X{ - ng) ® ng)) =

O (0*). Hence, X{@X{—i—x{@xi—i—xf@x{—x§3)®x£3) = O (0*) and, therefore, x{—kxf—l—x{d—xg?’) =
O (0'4), given that all eigenvalues of hy have modulus less than one. For the controls we easily
obtain

1
vit= 3 = e (x4 x4 xt = xP) 4 G (x] @ x] 4 xf @ xt 4 xt o xf - xP @ xf?)

1
—i—éGxxx (X{ ® x{ ® X{ — x§3) ® ng) ® X£3)) .

Given that x{ +x§ +x74 — X£3) =0 (0%), x{ ® x{ + x{ Xx{ +x; ® X{ - ng) ® XE?’) =0 (0%), and
X{ ® X,{ ® x{ - x§3) ® X,E?’) ® ng) = O (0%), we clearly have yrd — y§3) = O (0*) as desired.

A.15 An Assessment of Accuracy

As a supplement to the accuracy studies mentioned in the main text, we briefly consider the per-
formance of pruning on the stochastic neoclassical growth model, the workhorse of modern macro-
economics. Here, a representative household selects a sequence of consumption ¢; and investment
1 to solve

o] Cl—'y
max B, y pfl-t—
{ewit}iZo ; I—v
s.t. ¢ + it = atkta
kt+1 - (1 - 5)kt + it
log ai+1 = pglogar + ca€a i1, €apt1 ~NID(0,1).

The calibration is conventional: 8 = 0.99, § = 0.025, o = 0.36, o = 0.36, p, = 0.98, 0, = 0.01.
We consider three cases for v: 2,5, and 25. The first value, v = 2, is a standard calibration

for risk aversion. The value v = 5 is at the high end of estimated risk aversions. Finally, v =
25 is an extreme calibration well beyond the values compatible with micro-evidence. We assess
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the accuracy of the pruned and unpruned state-space system based on a fourth-order projection
approximation, which is sufficiently accurate to be used as a stand-in for the exact solution. In
particular, we measure the root mean squared errors (RMSE) between each perturbation solution
and the projection solution.?

Table A.1 shows that the accuracy of the pruned and unpruned state-space systems at third
order is roughly the same for v = 2 (with a trivially small advantage for the pruned solution). The
pruned state-space system is a bit less accurate than the unpruned approximation when v = 5.
There is more deterioration of accuracy for the pruned solution when v = 25. The results are,
however, biased against pruning in this case, since the unpruned solution explodes in 53 out of
the 500 simulated sample paths. The reason why the pruned solution loses some accuracy as ~y
increases is that precautionary behavior becomes larger and the terms eliminated by pruning may
carry information relevant to the solution. But, of course, these terms also generate explosive
paths. Note also that the pruned state-space system clearly outperforms the standard first-order
approximation for all the considered values of ~.

Table A.1: Stochastic Neoclassical Growth Model: Accuracy Test
Approximation errors are computed based on an accurate fourth-order projection solution. Moments are

computed from 500 sample paths of length 4,500 observations with a burn-in of 500 periods. The regression
& =) = a4 B |k 4 B o |+ p e —
perturbation approximation and proj to the projection solution. The circumflex denotes percentage
deviation from steady state. Nexplode denotes the number of explosive sample paths. The reported values
are averages across non-explosive sample paths.

reads dis) + sgs), where per refers to a

RMSE x 103 | a x 103 B, x 10 3, x 103 P Nexplode

V=2

1st order 1.3069 0.0032 0.1050 -0.1498 0. 9959 0
3rd order: no pruning 0.1527 0.0111  -0.0721 0.2024 0.8978 0
3rd order: pruning 0.1522 0.0110  -0.0719 0.2023 0.8982 0
7=5

1st order 3.4282 0.0464 0.1592 -0.7397 0.9897 0
3rd order: no pruning 0.0840 0.0037  0.0014 -0.0018 0. 9444 0
3rd order: pruning 0.0949 0.0030 0.0097 -0.0133 0.9525 0
v =25

1st order 36.8920 0.6557  -0.7711  -0.4707 0.9889 0
3rd order: no pruning 17.7337 -0.3529  0.6016 12.4716 0. 9685 53
3rd order: pruning 30.5984 0.3958 0.0132 -0.6874 0.9873 0

To obtain further insight into the accuracy of pruning, we regress the approximation errors on
the distance of each state variable from the steady state and lagged pricing errors (needed to get a
well-specified regression). For v = 25, the intercepts in these regressions are higher for the pruned
than the unpruned state-space system, whereas the slope coefficients are smaller with pruning.
Hence, for more non-linear models, the unpruned state-space system is more accurate around the
steady state, but its performance deteriorates faster away from the steady state compared to the
pruned system. Of course, we should emphasize once more that the results in Table A.1 depend on

*We also checked the log case v = 1. Given how linear the model is when we have a log utility function, the
pruned and unpruned solutions are nearly identical and they display the same level of accuracy.
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the model

considered.

A.16 Making the DSGE Model Stationary

We eliminate all trending variables in the model by adopting the transformation C; = %, Rf =
; k k
Yk, Qe = Yoqr, It = #tzt*, Wy = 7;—5, Y, = g—;i, Kiq = ﬁ = Tt;}, and Ay = t(i‘t) Here Qs 18
t t

the Lagrangian multiplier for the law of motion for capital and m; for the value function in equation

(28); see Rudebusch and Swanson (2012). Hence, p1) ;11 = )‘f\tl At“ I 1 (Et [Vti%}) h V;+¢1)37
and the value of ¢ that eliminates capital adjustment costs in the steady state is therefore given

— Iss
by ¢ = Kss - Ky ssuz ,85°
The transformed equilibrium conditions are summarized below:

Eq.
1

10

11

12
13

14

The Households
1—¢o %
V, = [1513,2 ((Ct - thfLU;*lt) - 1> + dt%lht)] +8 (Et [ ;LI%D o

—b
A (L t)
1\ 93
ARG =5 L\ % 1
—bBE: =] WH(Q dit1 (Ct+1 - bctﬂz*,tﬂ) (b2 41)
B I y 2
Qt =E ﬁ[Rf+1 + Qt—l—l (1 - 5) - Qt+1% (ﬁu'ﬂt-‘rlﬂz*,t—i—l - ]%;:u”r,ss:u’z*,ss)

Tiy1 Lss Tit1
+Qi15 (mu’r,t—l—lﬂz*,t—f—l - EMT,SS#Z*,SS) mﬂx,tﬂﬂz*,tﬂ]
dio (1 — hy) ™% = AW,

1= Qt (1 — K (]%/UJT,H'Lz*,t - ﬁﬂT,ssﬂz*,ss))
exp{r?
1 =E {5M/\t+1 { t}]

Ti41
The Firms
mctatﬁuytul 0K0 Ipt=0 = R¥

mee (1 —0) atﬂrt i, ngh_ Wy
-1 p -1 -
%Xf =Yymep, T 'R, [aﬁ,u)\ 1 (le) (ﬁ) (= n )Xt+1ﬂz* t+1
- —n 1-n
Xf = Ytpt + By [Oéﬁﬂ,\ t+1 (pm) (7rt1+1> Xt2+1“z*,t+1]

— 1=n
1:(1—(1)@} n+a<%)

The Financial Intermediary

7",13 =71 +w X zhry

_ 1
Pia= expft}

Pog =By |Biapor s Pranjn | for k=23, K
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The Central Bank

15 | re=rss(1—p,)+pric1 + (1 —p,) (,6’ log( ) + By log( ))
+ (1 - pr) ﬁxhr (.’EhquL - Xt,L)

16 Xt,L = (1 — ’y) xhrtvL + ’)/Et [XH—LL]

Other relations

1 9
17 | a4 (Kt,uq‘t e 1) hi % = Yisiia

18 | spp1=(1—a)p, "+ amls
-1
19 Kt+1 = (1 - 5) Kt (/J’T,tuz*,t) + It

2
-1 (I Iss
— K (MT,th*,t) b (ﬁtﬂr,tﬂz*,t o Mr,ssﬂz*,ss>

20 | Y, =Ci+ 1 + gt
0/(1-6
21 | prop = MT/E )Mz,t

Exogenous processes

22 | log (#z,t) = log (uws) and z¢41 = 24ft, 441 (i-e. a deterministic trend)
23 | log (Mr,t) = log piy 5 and Ty11 = Typy 44 (ie. a deterministic trend)
24 | logaty1 = p,logar + oa€att1

25 | log (Gt“) = pg log ( ) +oGeq,t+1
26 | logdiy1 = 0g€q 41

From these equilibrium conditions, it is straightforward to derive a closed-form solution for the
steady state of the model.
A.17 An Alternative Interpretation

The deposit rate ’r’f only enters in equations 6, 12, and 15 of the model summary in Appendix A.16.
But note that r;, = rf —w X zhry 1, and when substituted into the Taylor rule we get

Yt
= @ty () (Betog (71) 45,108 ()
Tss t Lss
tw X .’L‘h?"t,L — Prw X JIhrt—l,L + (1 - :07") ﬁxhr (.’Bh?"t,[, - Xt,L) :

Given this substitution, r? only enters in equations 6 and 15 of the model summary in Appendix
A.16. This implies that our model is equivalent to a standard New Keynesian model with market
completeness, but with a Taylor rule for rf that depends on past and current values of excess
holding period return on the long bond.

A.18 An Efficient Perturbation Approximation

To formally present our efficient perturbation approximation, consider the decomposition y; =

macro refers to the

[ (yracre)y (yhonds)’ } and similarly for all derivatives of g (x;,0). Here, y}
control variables needed to solve the model without feedback effects from long-term bond prices
to the real economy (when w = 0 and f,, = 0), whereas y?"¥* denotes the remaining variables
related to pricing government bonds and computing excess holding period returns. Our three-step

perturbation approximation is then:

Step 1: Solve for (gi*re, GIrgere, GIecr?) and (hy, Hxx, Hxxx) by a standard perturbation algorithm
using a version of our model without feedback effects from government bonds to the real
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economy. This version of our model has only 11 control variables and 18 equations and is
solved using the Matlab codes of Binning (2013).

Step 2: Use the perturbation algorithm of Andreasen and Zabczyk (2015) to recursively solve for

(gi"”ds , Glhonds ch‘;(”fs), given the derivatives obtained in Step 1.

Step 3: With the derivatives obtained in Steps 1 and 2, solve for (8,4, 8rox; 8ooo) a0d (hse, hoox, Dooo)
by the standard perturbation algorithm when using the full model with 54 control variables
and 61 equations.

To maximize the efficiency of our perturbation algorithm, steps 2 and 3 are computed using a
FORTRAN implementation accessible via MEX files in Matlab.

A.19 Data for the Application

We use data from the Federal Reserve Bank of St. Louis covering the period 1961.Q3 to 2007.Q4,
giving a total of 186 observations. The annualized growth rate in consumption is calculated from
real consumption expenditures (PCECC96). The series for real private fixed investment (FPIC96) is
used to calculate the growth rate in investment. Both growth rates are expressed in per capita terms
based on the total population in the US. The ratio of government spending to output is computed
as government consumption expenditures and investments divided by gross domestic production.
The annual inflation rate is for consumer prices. The 3-month nominal interest rate is measured by
the rate in the secondary market (TB3MS), and the 10-year nominal rate is from Giirkaynak, Sack
and Wright (2007). As in Rudebusch and Swanson (2012), observations for the 10-year interest rate
from 1961.Q3 to 1971.Q3 are calculated by extrapolation of the estimated curves in Giirkaynak,
Sack and Wright (2007). All moments related to interest rates are expressed in annualized terms.
Finally, we use average weekly hours of production and non-supervisory employees in manufacturing
(AWHMAN) as provided by the Bureau of Labor Statistics. The series is normalized by dividing
it by five times 24 hours, giving a mean level of 0.34.

A.20 Approximate Expression for Excess Holding Period Return

First,

zhry = By [log (Pry1,r-1) — log {By [My s 41] By [Pry1,p—1] + Covg (Mygq1, Pryr,p—1)} — 7t
To first order,

1 1
1 ~ 1 _ — _ -
og (xt + yt) og (ﬁss + yss) + Tas + Yss (xt xss) + Tas + Uss (yt yss)
and let x; = By [My 411 Bt [Piy1,1—-1] and yr = Covy (My 41, Pry1,1,—1), implying that z; +y; = Py 1.
Hence,
whryr, ~ By [log (Pry1,0-1)] —log Pes.r — psi’L (B [My 411 By [Pry1,0-1] — Mis ss41Pss,n-1)
1

Covg (My g1, Pry1,0—1) — 7t

Pss,L
= By flog (Pron )] ~ 108 Py — “Wpttgtlemnimnstrs g Gl .y,
Py B[P, _ _ Covy(My,t41,Pit1,1—
~ B flog (Pgr) | - Beamt] (e (1= gy by + 7)) - S g Pinc)
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+1 — T
as
—r¢—wXxhr
Et [Mt,t—H] =e ! t,L, PSS,L = Mss,ss—i—lPss,Lfl

and

efrtfwxtht’L ~ e*Tss (

1—ry—wxahryp + 7).

Finally, using log (Pt“’L‘l) ~ DHLL=1 1 we obtain (41).

Pss,Lfl Pss,Lfl

61



References

Adrian, T., Crump, R. K. and Moench, E. (2013), ‘Pricing the term structure with linear regressions’,
Journal of Financial Economics 110, 110-138.

Altig, D., Christiano, L. J., Eichenbaum, M. and Linde, J. (2011), ‘Firm-specific capital, nominal rigidities
and the business cycle’, Review of Economic Dynamics 14, 225-247.

An, S. and Schorfheide, F. (2007), ‘Bayesian analysis of DSGE models’, Econometric Review 26(2-4), 113—
172.

Andreasen, M. M. (2012), ‘On the effects of rare disasters and uncertainty shocks for risk premia in non-linear
DSGE models’, Review of Economic Dynamics 15, 295-316.

Andreasen, M. M., Fernandez-Villaverde, J. and Rubio-Ramirez, J. (2013), The pruned state-space system for
non-linear DSGE models: Theory and empirical applications, Working Paper 18983, National Bureau
of Economic Research.

Andreasen, M. M. and Meldrum, A. (2014), Dynamic term structure models: the best way to enforce the
zero lower bound, Working paper, Aarhus University.

Andreasen, M. M. and Zabczyk, P. (2015), ‘Efficient bond price approximations in non-linear equilibrium-
based term structure models’, Studies in Nonlinear Dynamics and Econometrics 19(1), 1-34.

Aruoba, S. B., Bocola, L. and Schorfheide, F. (2013), A new class of nonlinear time series models for the
evaluation of DSGE models, Working paper, University of Pennsylvania.

Barsky, R. B., Juster, F. T., Kimball, M. S. and Shapiro, M. D. (1997), ‘Preference parameters and behavioral
heterogeneity: An experimental approach in the health and retirement study’, Quarterly Journal of
FEconomics 112, 537-579.

Bernanke, B. S.; Gertler, M. and Gilchrist, S. (1999), ‘The financial accelerator in a quantitative business
cycle framework’, Handbook of Macroeconomics 1, 1341-1393.

Binning, A. (2013), Solving second and third-order approximations to DSGE models: A recursive Sylvester
equation solution, Working paper, Norges Bank.

Binsbergen, J. H. V., Fernandez-Villaverde, J., Koijen, R. S. and Rubio-Ramirez, J. (2012), ‘The term
structure of interest rates in a DSGE model with recursive preferences’, Journal of Monetary Economics
59, 634-648.

Calvo, G. A. (1983), ‘Staggered prices in a utility-maximizing framework’, Journal of Monetary Economics
12, 383-398.

Christiano, L. J., Eichenbaum, M. and Evans, C. L. (2005), ‘Nominal rigidities and the dynamic effects of a
shock to monetary policy’, Journal of Political Economy 113, 1-45.

Cochrane, J. H. (2001), Asset Pricing, Princeton, NJ.

Cooley, T. F. and Prescott, E. (1995), Economic Growth and Business Cycles, Chapter 1 in Frontiers of
Business Cycle Research, Ed. T. F. Cooley, Princeton University Press.

Creel, M. and Kristensen, D. (2011), Indirect likelihood inference, Working paper, Barcelona GSE.

Dridi, R., Guay, A. and Renault, E. (2007), ‘Indirect inference and calibration of dynamic stochastic general
equilibrium models’, Journal of Econometrics 136, 397-430.

Duffie, D. and Singleton, K. J. (1993), ‘Simulated moments estimation of Markov models of asset prices’,
Econometrica 61(4), 929-952.

Epstein, L. G. and Zin, S. E. (1989), ‘Substitution, risk aversion, and the temporal behavior of consumption
and asset returns: A theoretical framework’, Econometrica 57(4), 937-969.

Fernandez-Villaverde, J., Guerrén-Quintana, P., Rubio-Ramirez, J. F. and Uribe, M. (2011), ‘Risk matters:
The real effects of volatility shocks’, American Economic Review 101, 2530-2561.

62



Ferndndez-Villaverde, J. and Rubio-Ramirez, J. F. (2007), ‘Estimating macroeconomic models: A likelihood
approach’, Review of Economic Studies 74, 1-46.

Gagnon, J., Raskin, M., Rernache, J. and Sack, B. (2011), ‘Large-scale asset purchases by the Federal
Reserve: Did they work?’, Federal Reserve Bank of New York, Research Paper Series - FEconomic
Policy Review 17(1), 41-59.

Gertler, M. and Karadi, P. (2011), ‘A model of unconventional monetary policy’, Journal of Monetary
economics 58, 17-34.

Giirkaynak, R., Sack, B. and Wright, J. (2007), ‘The U.S. Treasury yield curve: 1961 to the present’, Journal
of Monetary Economics 54, 2291-2304.

Haan, W. J. D. and Wind, J. D. (2012), ‘Nonlinear and stable perturbation-based approximations’, Journal
of Economic Dynamic and Control 36, 1477-1497.

Hansen, L. P. (1982), ‘Large sample properties of generalized method of moments estimators’, Fconometrica
50(4), 1029-1054.

Hordahl, P., Tristani, O. and Vestin, D. (2008), ‘The yield curve and macroeconomic dynamics’, The Eco-
nomic Journal 118, 1937-1970.

Iskrev, N. (2010), ‘Local identification in DSGE models’, Journal of Monetary Economics 57(2), 189-202.
Jermann, U. J. (1998), ‘Asset pricing in production economics’, Journal of Monetary Economics 41, 257-275.

Jorda, O. (2005), ‘Estimation and inference of impulse responses by local projections’, American Economic
Review 95(1), 161-182.

Joyce, M. A. S., Lasaosa, A., Stevens, I. and Tong, M. (2011), ‘The financial market impact of quantitative
easing in the United Kingdom’, International Journal of Central Banking 7(3), 113-161.

Judd, K. L. and Guu, S.-M. (1997), ‘Asymptotic methods for aggregate growth models’, Journal of Economic
Dynamics and Control 21, 1025-1042.

Justiniano, A. and Primiceri, G. E. (2008), ‘The time-varying volatility of macroeconomic fluctuations’,
American Economic Review 98(3), 604-641.

Kim, J., Kim, S., Schaumburg, E. and Sims, C. A. (2008), ‘Calculating and using second-order accurate
solutions of discrete time dynamic equilibrium models’, Journal of Economic Dynamics and Control

32, 3397-3414.

Kim, J. and Ruge-Murcia, F. J. (2009), ‘How much inflation is necessary to grease the wheels?’, Journal of
Monetary Economics 56, 365-377.

Kim, J.-Y. (2002), ‘Limited information likelihood and Bayesian analysis’, Journal of Econometrics 107, 175—
193.

King, R. G. and Rebelo, S. T. (1999), ‘Resuscitating real business cycles’;, Handbook of Macroeconomics
1, 927-1007.

Koop, G., Pesaran, M. H. and Potter, S. M. (1996), ‘Impulse response analysis in nonlinear multivariate
models’; Journal of Econometrics 74, 119-147.

Lan, H. and Meyer-Gohde, A. (2013a), Pruning in perturbation DSGE models - Guidance from nonlinear
moving average approximations, Discussion papers sfb 649, Humboldt University.

Lan, H. and Meyer-Gohde, A. (2013b), ‘Solving DSGE models with a nonlinear moving average’, Journal of
Economic Dynamics and Control 37(12), 2643-2667.

Lan, H. and Meyer-Gohde, A. (2014), ‘Solvability of perturbation solutions in DSGE models’, Journal of
Economic Dynamics and Control 45(C), 366-388.

Lombardo, G. and Sutherland, A. (2007), ‘Computing second-order accurate solutions for rational expecta-
tion models using linear solution methods’, Journal of Economic Dynamics and Control 31, 515-530.

63



Lombardo, G. and Uhlig, H. (2014), A theory of pruning, Working paper series number 1696, European
Central Bank.

Matthes, C. and Barnichon, R. (2014), Measuring the non-linear effects of monetary policy, Working paper,
CREi.

Mehra, R. and Prescott, E. C. (1985), ‘The equity premium: A puzzle’, Journal of Monetary Economics
15, 145-161.

Mutschler, W. (2015), ‘Identification of DSGE models - The effects of higher-order approximation and
pruning’; Journal of Economic Dynamics and Control 56, 34-54.

Peralta-Alva, A. and Santos, M. S. (2012), Analysis of numerical errors, Working paper, Federal Reserve
Bank of St. Louis.

Rudebusch, G. D. and Swanson, E. T. (2008), ‘Examining the bond premium puzzle with a DSGE model’,
Journal of Monetary Economics 55, 111-126.

Rudebusch, G. D. and Swanson, E. T. (2012), ‘The bond premium in a DSGE model with long-run real and
nominal risks’, American Economic Journal: Macroeconomics 4(1), 1-43.

Ruge-Murcia, F. (2012), ‘Estimating nonlinear DSGE models by the simulated method of moments: With
an application to business cycles’, Journal of Economic Dynamics and Control 35, 914-938.

Ruge-Murcia, F. (2013), Generalized method of moments estimation of DSGE models, In Handbook of
Research Methods and Applications in Empirical Macroeconomics, N. Hashimzade and M. Thornton
(Eds.), Edward Elgar Publishing.

Ruge-Murcia, F. J. (2007), ‘Methods to estimate dynamic stochastic general equilibrium models’; Journal
of Economic Dynamics and Control 31, 2599-2636.

Schmitt-Grohé, S. and Uribe, M. (2004), ‘Solving dynamic general equilibrium models using a second-order
approximation to the policy function’; Journal of Economic Dynamics and Control 28, T55-775.

Schmitt-Grohe, S. and Uribe, M. (2007), Optimal inflation stabilization in a medium-scale macroeconomic
model, in K. Schmidt-Hebbel and R. Mishkin, eds, ‘Moneatry Policy Under Inflation Targeting’, Central
Bank of Chile, Santiago, Chile, pp. 125-186.

Smets, F. and Wouters, R. (2007), ‘Shocks and frictions in US business cycles: A Bayesian DSGE approach’,
American Economic Review 97(3), 586-606.

Smith, J. A. A. (1993), ‘Estimating nonlinear time-series models using simulated vector autoregressions’,
Journal of Applied Econometrics 8, Supplement: Special Issue on Econometric Inference Using
Simulation Techniques, S63-S84.

Swanson, E. (2012), ‘Risk aversion and the labor margin in dynamic equilibrium models’, American Economic
Review 102(4), 1663-1691.

Swanson, E. (2013), Risk aversion, risk premia, and the labor margin with generalized recursive preferences,
Working paper series, Federal Reserve Bank of San Francisco.

Swanson, E. (2015), A Macroeconomic Mmodel of Equities and Real, Nominal, and Defaultable Bonds,
Technical report, University of California, Irvine.

Tallarini, T. D. (2000), ‘Risk-sensitive real business cycles’, Journal of Monetary Economics 45, 507-532.
Weil, P. (1990), ‘Nonexpected utility in macroeconomics’, Quarterly Journal of Economics 105(1), 29-42.

64



Table 1: Estimation Results
The reported estimates are from the second step in GMM using the optimal weighting matrix with 10 lags
in the Newey-West estimator. For MERA and Mggf}aylor, the value of the RRA is restricted to 5 and not
estimated. For these two models, preliminary results show that w = 1.00, which is also imposed for MI{%A
and Mz{igf‘mylow

No feedback With feedback
from long bonds from long bonds
Mo Mpp  MEEA | Mpg rayior M?g‘}aylor
B8 0.9995 0.9971 0.9971 0.9972 0.9968
(0.0001) (0.0006)  (0.0005) (0.0007) (0.0004)
b 0.6720 0.7073  0.7046 0.7149 0.6620
(0.0526) (0.0374)  (0.0513) (0.0372) (0.0285)
hss 0.3427 0.3395 0.3391 0.3392 0.3385
(0.0011) (0.0010)  (0.0006) (0.0006) (0.0014)
®y 0.9757 0.6446 0.7064 0.5667 0.5926
(0.2668) (0.1365)  (0.2585) (0.1478) (0.1029)
RRA 615.7 23.07 5 13.1617 5
(26.96) (30.88) (7.6267)
K 5.3986 9.7446  7.0361 9.1347 8.7656
(0.8263) (0.9127)  (0.9092) (1.1303) (0.8479)
« 0.8101 0.8002  0.8560 0.7978 0.8055
(0.0066) (0.0089)  (0.0073) (0.0101) (0.0089)
O 0.6491 0.8582  0.7626 0.8680 0.8362
(0.0288) (0.0245)  (0.0387) (0.0296) (0.0279)
B 1.2668 2.1708  3.3417 2.2720 3.0149
(0.1512) (0.2880)  (0.2409) (0.1838) (0.3846)
ﬁy 0.0315 0.2294  0.2442 0.2286 0.1809
(0.0257) (0.0624)  (0.0344) (0.0326) (0.0221)
U ss 1.0012 1.0011  1.0008 1.0013 1.0007
' (0.0011) (0.0013)  (0.0010) (0.0013) (0.0011)
Ly s 1.0052 1.0053 1.0054 1.0053 1.0053
’ (0.0005) (0.0006)  (0.0005) (0.0005) (0.0006)
Pu 0.7450 0.7847 0.7733 0.7843 0.7059
(0.0557) (0.0229)  (0.0211) (0.0274) (0.0237)
e 0.8033 0.8147 0.9588 0.8229 0.8705
(0.0950) (0.0532)  (0.0214) (0.0618) (0.0556)
Jss/Yss 0.2062 0.2071  0.2060 0.2083 0.2209
(0.0029) (0.0029)  (0.0032) (0.0035) (0.0068)
Oa 0.0161 0.0126  0.0178 0.0126 0.0168
(0.0020) (0.0018)  (0.0013) (0.0021) (0.0015)
oa 0.0422 0.0524 0.0249 0.0517 0.0373
(0.0122) (0.0109)  (0.0036) (0.0119) (0.0127)
o4 0.0131 0.0087  0.0089 0.0078 0.0068
(0.0020) (0.0015)  (0.0019) (0.0018) (0.0010)
Tss 1.0121 1.0116  1.0094 1.0124 1.0166
(0.0006) (0.0004)  (0.0005) (0.0011) (0.0013)
w — 0.9104 1.00 0.9915 1.00
(0.2301) (0.0681)
Brhr - — —0.0690 —-0.5190
(0.0858) (0.0940)
Memo
IES 0.053 0.063 0.058 0.067 0.095
Ugs —2.273 —-1.670 —1.774 —1.561 —1.565
o3 —1466.0 —-70.89 -—13.36 —43.54 —14.12
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Table 2: Model Fit

All variables are expressed in annualized terms, except for log (¢g:/y:) and log hy.

No feedback With feedback
from long bonds from long bonds
Data Mo Mpp  MEBA | Mpp rayior M?ﬁf;amor
Means
Ac; x 100 2.439 2.350 2.378 2.337 2.424 2.271
Ay x 100 3.105 2.847 2.817 2.650 2.943 2.535
ey X 100 3.757 3.404 3.323 3.329 3.323 3.471
r¢ x 100 5.605 5.567 5.495 5.471 5.482 5.596
r¢,40 X 100 6.993 6.924 6.919 6.808 6.841 6.982
xhry 40 x 100 1.724 2.090 1.492 1.362 1.386 1.422
log (g¢/yt) —1.575 —1.578 —1.576 —1.576 —1.576 —1.577
log hy —1.084 —1.083 —1.083 —1.083 —1.083 —1.083
Stds (in pct)
Acy 2.685 2.701 2.668 2.633 2.687 2.714
Aty 8.914 8.687 8.938 8.747 8.873 8.889
e 2.481 2.669 2.709 2.509 2.709 2.640
T 2.701 2.520 2.547 2.450 2.510 2.572
T¢.40 2.401 2.282 2.057 2.171 2.052 2.193
xhri a0 22.978 12.930 12.683  9.167 12.322 7.977
log gt/ 8.546 8.264 9.300  10.449 9.438 9.663
log Iy 1.676 2.396 1.892 2.432 1.869 2.124
Auto-correlations
corr (Acy, Acy—1) 0.254 0.238 0.336 0.357 0.351 0.315
corr (Aig, Aiy_1) 0.506 0.355 0.132 0.171 0.138 0.185
corr (g, m—1) 0.859 0.824 0.878 0.932 0.865 0.849
corr (ry, mi—1) 0.942 0.966 0.989 0.972 0.988 0.976
corr (1,40, Tt—1,40) 0.963 0.989 0.988 0.994 0.988 0.996
corr (xhre a0, xhri—1.40) —0.024 —0.006 —0.005  0.003 —0.007 0.010
corr (log g¢/ye, log gi—1/y¢—1) | 0.9922 0.888 0.859 0.972 0.865 0.932
corr (log h,log hy—1) 0.792 0.543 0.549 0.611 0.535 0.477
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Table 2: Model Fit (continued)

No feedback With feedback
from long bonds from long bonds
Data My Mpp  MEEA | Mpg rayior M?%‘épaylor
corr (Acy, Aiy) 0.594 0.518 0.522 0.543 0.528 0.598
corr (Acy, ) —0.362 —0.313 —0.304 —0.229 —0.314 —0.285
corr (Acg, 1) —0.278 —0.212 —0.189 —0.218 —0.194 —0.173
corr (Acg, 1y 40) —0.178 —0.111 —0.135 —0.092 —0.141 —0.085
corr (Acy, xhry a0) 0.271 0.495 0.360 0.484 0.348 0.554
corr (Aiy, ) —0.242 —0.452 —0.337 —-0.237 —0.341 —0.374
corr (Nig, 1) —0.265 —0.151 —0.104 —0.123 —0.099 —0.094
corr (Aig, rt.40) —0.153 —0.057 —0.050 —0.038 —0.048 —0.032
corr (Aig, xhry 40) 0.021 0.706 0.254 0.691 0.254 0.831
corr (my,1t) 0.628 0.938 0.841 0.906 0.832 0.805
corr (T, 7¢.40) 0.479 0.822 0.890 0.932 0.876 0.879
corr (m, Thre a0) —0.249 —0.379 —0.190 —0.223 —0.182 —0.296
corr (14, 7¢,40) 0.861 0.847 0.830 0.805 0.832 0.789
corr (¢, xhry a0) —0.233 —0.150 —0.067 —0.161 —0.0596 —0.180
corr (4,40, threa0) | —0.121 —0.053 —0.111  —0.055 —0.106 —0.036

Wi = diag (s 1

mean

Table 3: Model Specification Test

The objective function in step 1, denoted Q**P!, is computed with the weighting matrix

) where Smean denotes the variance of the sample moments as computed by the

Newey-West estimator using 10 lags. The objective function in step 2, denoted Q**°P?, is computed using
the optimal weighting matrix with 10 lags in the Newey-West estimator. The P-value is for the J-test for

model misspecification based on the objective function in step 2.

No feedback With feedback
from long bonds from long bonds
Mo Mrp MEEY | MepTayior  MES rayior
Objective function: QP! 16.929 14.546 16.333 14.546 16.286
Objective function: Q*t¢P? 0.0887 0.0860 0.0835 0.0841 0.0874
Number of moments 39 39 39 39 39
Number of parameters 19 20 19 21 20
P-value 0.685 0.658 0.796 0.618 0.700
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Table 4: Decomposing the 10-year term premium
Moments for the 10-year term premium T'F; 49 are reported in annualized basis points, whereas moments

for the remaining variables are at a quarterly frequency and unscaled. Moments for the quantity of risk
cannot be computed directly by the perturbation method (because V; (M, ;41) and, hence, the market
price of risk are zero in the steady state), and we therefore compute these moments from simulated sample
paths of 1,000,000 observations for T'P; 40 and the market price of risk.

TPy Vi(Mpsy1) Market price of risk  Quantity of risk
Means (74, = 7SMM)
Mo 14520  0.0321 0.0327 0.2881
Mpp 150.19 8.12x 1074 8.29 x 107* 3.3701
MERA 139.82 2.46 x 107 2.51 x 1074 13.8306
MEB Tayior 142.96 3.08 x 1074 3.14 x 107* 11.0778
MEE G yior 14223 2.00 x 10~* 2.05 x 1074 21.9432
Means (7ss = 1.00)
Mo 32.19 0.0030 0.0030 0.2702
Mpp 42.72 233 x 107* 2.35 x 1074 4.5682
MEEA 88.01 1.25 x 1074 1.26 x 10~* 17.5490
MEB Tayior 52.42 1.04x 1074 1.05 x 1074 12.6119
MEES ior 93.26 7.17x 107° 7.23 x 107° 32.4587
Stds (mg, = #GMM)
Mo 115.88  0.0503 0.0515 137.86
Mpg 114.37 8.63 x 1074 8.85 x 107* 790.08
MHEEA 93.39 1.58 x 1074 1.62 x 1074 593.49
MEpB Taylor 110.06 3.04 x 1074 3.12x 1074 1076.32
MEE agior 131.56  1.92 x 107* 1.98 x 10~* 4084.97
Stds (mss = 1.00)
My 142  3.39x 1074 3.55 x 107* 0.0219
Mpp 0.88 2.04x107° 2.13x 107° 0.3379
MERA 10.11  1.16 x 107° 1.20 x 107° 1.6744
MEB Tayior 112 947 x107° 9.83 x 107° 1.1751
MEES ior 531  4.93 x 1076 5.10 x 1076 3.6225
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Figure 1: Simulated sample path
The capital stock, the price dispersion index, and the inflation rate are expressed in deviation from the

deterministic steady state, whereas consumption growth is de-meaned. Unless stated otherwise, all
parameters are from M. All variables are expressed at a quarterly level.
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Figure 2: GIRFs: Technology shock
GIRFs following a positive one-standard-deviation shock to technology. The GIRFs are computed at the

unconditional mean of the states using the estimated parameters for M?gépwlm,. All GIRFs are expressed
in deviation from the steady state, except for excess holding period return and term premium, which are
expressed in annualized basis points from their unconditional means.
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Figure 3: GIRFs: Government shock
GIRFs following a positive one-standard-deviation shock to government spending. The GIRF's are
computed at the unconditional mean of the states using the estimated parameters for Mggﬁ«aylor. All
GIRFs are expressed in deviation from the steady state, except for excess holding period return and term
premium, which are expressed in annualized basis points from their unconditional means.

—First order —&— Third order

x10° G % x10° By
o 8
6
2 -0.005
4
4 001
2
6 0015
[ 5 10 15 20 5 10 15 20 5 10 15 20
x10 T x10™ e x10™ 0
6 6 3
4
4 2
2
2 1
o 2
5 10 15 20 0 5 10 15 20 5 10 15 20
zhrian TP c10* ”
15 10 8
210 2 6
5 5
e e s 4
3 5 2
@ @ 2
5 10 15 20 5 10 15 20 5 10 15 20

70



Figure 4: GIRFs: Preference shock
GIRFs following a positive one-standard-deviation shock to preferences. The GIRFs are computed at the

unconditional mean of the states using the estimated parameters for M?gépwlm,. All GIRFs are expressed
in deviation from the steady state, except for excess holding period return and term premium, which are
expressed in annualized basis points from their unconditional means.
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Figure 5: Conditional GIRFs: Expansions vs. Recessions
GIRFs following a positive one-standard-deviation shock to technology using the estimated parameters for
M?gf‘mylw,. The state values representing recessions are defined from episodes in a simulated sample path
with detrended negative output in the current and the previous two periods; otherwise, the economy is
defined to be in expansion. The GIRFs are computed as the average across 500 draws from expansions and
recessions. All GIRF's are expressed in deviation from the steady state, except for excess holding period

return and term premium, which are expressed in annualized basis points from their unconditional means.
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Figure 6: Conditional GIRFs: High vs. low inflation
GIRFs following a positive one-standard-deviation shock to technology using the estimated parameters for
M?gf‘mylm,. The state values representing high inflation are defined from episodes with inflation larger
than one standard deviation of inflation in a simulated sample path; otherwise, the economy is defined to
be in a low inflation regime. The GIRFs are computed as the average across 500 draws from regimes of
high and low inflation. All GIRFs are expressed in deviation from the steady state, except for excess

holding period return and term premium, which are expressed in annualized basis points from their
unconditional means.
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This technical appendix explans in great detail the derivations carried out in relation to our paper. In addition to the
material reported in the paper, this technical appendix also provides some additional results - for instance alternative ways
of computing second moments (at second and third order) and how to directly implement pruning based on the Dynare
notation.

1 The class of DSGE model

We consider the class of DSGE models where the set of equilibrium conditions can be written as

By [f (Y1, Y6 Xe41,%¢)] = 0. (1)

Here, E; is the conditional expectation given information available at time ¢. The vector x; is the set of state variables

(pre-determined variables) and has dimension n, x 1. The vector y; contains the set of control variables (non pre-determined

variables) and has dimension n, x 1. We also let n = n, + n,.

X1,t

Xo.t

variables and x;; with dimension n,, x 1 contains the set of exogenous state variables. Note also that ng, + ng, = ng.
For the exogenous state variables we assume that

The state vector is partitioned as x; = [ ] , where x; » with dimension n,, x 1 contains the set of endogenous state

X241 =h (X2,t7 o)+ ON€L1 1, (2)

where €;41 has dimension n. x 1, and thus, 7 has dimension n,, X n.. We assume throughout that €;41 ~ ZZD (0,1),
that is the innovations are identical and independent distributed with mean zero and covariance matrix I. Further moment
requirements on €41 will be imposed later.

The general solution to this class of DSGE model is given by

v =g (x¢,0) (3)
Xt+1 = h (x4, 0) + one, (4)
e

where the functions g (-, ) and h (-, ) are unknown. We will therefore approximate these functions up to any desired order.
This is done around the non-stochastic steady state, i.e. x; = x45 and ¢ = 0. Formally, the expression for non-stochastic
steady state is given as the solution of (yss, Xss) to

f (YS87 YssyXsss Xss) =0. (6)

Note also that xss = h (x4s,0) and yss = g (Xss,0).

2 The pruning scheme:

2.1 Second order approximation

We start by partitioning the state vector using the approximated expression
Xy = x{ + %3,

where x{ denotes the first order terms and x; denotes the second order terms.
A second-order approximation of the state equation reads (for j =1,2,...,n;)



Tt41 (]a 1) = hx (]7 :) Xt + %Xghxx (.77 ) :)Xt + %hao' (J7 1) 02 + an (]7 :) €141
)
f i1 s i 1)=h . f s 1 f s /h s f s
Tiyq (4, )+xt+1 (Ja ) x(4y) (x{ +x7) + 5 (X +x{ xx (Jy550) (% +x3
+%hao‘ (Ja 1) o? +on (]7 :) €t4+1
)
/
ol Go) + o (G01) = ho (G, x] + i () %5 + ((x{ ) o (G5243) + (x2) B (G 5 :>> (x/ +xt)
+%h00 (.]a 1) o? +on (.]7 :) €t+1
)
w1 (1) + 2y (5,1) = ha (G, 1) %] + e (7, 2) X
! !
+3 ((x{) B (7,2 5) xf + (x{) hxx(j,a:)xf—%(xf)’hxx(j,a:)x{-+(xf)’hxx(j7a:)xf>
+%h00 (.7’ 1) o’ + an (.77 :) €t+1
)
w1 (1) + 2y (5,1) = ha (G, 1) x] + e (7, 2) X
! !/
+§((xf) B (G2,2) x] +2 (x] ) hxx<m:ﬁ)x5—+(xﬂ’hxx(mzﬁ)xf)

+%haa (ja 1) 02 + on (.77 :) €t+1
due to the symmetry of hyy (7,:, ).

A law of motion for the first order terms is thus

oliy (G:1) =y (3, ) x] +om (j,2) €1
A law of motion for the second order terms is thus

s ) s 1 ! ) 1 .
mkt$+1 (.77 1) = hx (jﬁ)x(t + 5 ((X{) hxx (]a 5 :) th> + §h00 (]7 1) 02

Inserting the decomposition of the state variables into the control variables we get (for ¢ = 1,2, ...n,)
yf (Z7 1) = 8x (Za :) Xt + %ngXX (Za 5 :) X + %gao (Za 1) o?

ys (i,1) = gx (4,:) (x{ + xf) + % (X{ + xf)/gxx (4,:,2) (xf + xf) + %ggg (i,1) o
(i
i (1) = g (i20) (X +x¢) + 4 ((xf)'gxx (i) + ()’ Bocx <>) (xf +x)
+%gga (i,1) 02
(i
yi (1) = g () (xf +x¢)
+% ((xf)/ Sxx (1,1,1) Xf +2 (xf)/ Zox (1,5, ) X5+ (x7) &xex (4,2, 2) xf)
+

Joo (i,1) 02



due to the symmetry of gy« (i,:,:)
We want to preserve terms up to second order, hence the pruned approximation is

s = e (i) (xf £ x5) 4 2 () e (i Vxd 4 2o (6 1) 02
y; (i, 1) = gx (4,0) (xi +x; +2 X gxx(27.7.)Xt+2900(271)0

/
because (x{) Exx (i,:,:) X is a third order term and (x§)' gxx (i, :,:) x{ is a fourth order term

2.2 Third order approximation

We decompose the state vector using the approximated exprresion
x = x| +x; +x7,

where the new term x}? denotes the third order term.
A third order approximation of the state equation reads (for j = 1,2,...,n,)
Ter1 (J,1) = hy (4, 1) x¢ + 0 (7, 1) €41
+ixihyx (4,1 0) X + 3hoo (4, 1) 02
Xy hexex (7, 1,25 1) Xy
—l—%)g’5 + %hoax (4,:) o%x; + éhggg (4,1) 03
Xghxxx(jv UZTRD :)xt

£
ol Go) 2t G+ apdy (G:1) = ha(G,9) (x4 %5 +x17) + om (G,2) €01
!/
3 (x4 x5 x0T e (G 2) (3] 45+ x07) + Shoo (1) 02
!
G x4+ 50) G 1,9) (] 4 x5+ 1)
+% (x{ +x; + xgd) /
(xf + x5 + x{d) Do (5, s 5, ) (xf + x5+ xgd)
3o (:3) 0% (xf 437 +307) + Shooo (1) 0
£
ol G+t G +apdy (1) = ha (G2) (3 +x5 +x1) +om (7,2) €
! > S > T / y S ' >
((x,f) oo (3,:2) - (63) o (7,5:2) + (37) i (y,:,:>) (xf x5 +x31) + $har (3,1 0
!

+3 (x{ + x5 +x{d) X

6
!/
((x{) Booc(7, 1 52) + (58) Boooc(s 1, 52) + (65 (G, 1, :)) (xf +x; +xp)

+

(SIS

—

! . . / .
((x{ ) o (7, 502) + (33 B 2 32) - (50) B (s 1 :>) (xf -+ +x77)
3o (5, 0% (x] 45 +377) + S oo (5, 1) 0%
¢
ol (G0 + 3t () + a2ty (1) = b () (5] 33 +x57) +om (5) e

+% ((X{)/ hoc (7,4,1) x{ + (X{)/ hyx (4,50 % + (X{)/ hyx (4,:,2) xfd)



i)

Tit1

+% ((Xf), hyx (]7 ) :) th + (Xf)/ hyx (]a 5 :) x; + (th)/ hyx (]a ) ) X€d>

! ! . s r - r
+% ((ng) hxx (]7 7') X{ + (X;d) hxx (]7:7:) Xt + (xtd) hxx (,77 7') xtd>
+3hoo (j,1) 0 /
+% (x{ + x7 +x{d> X

!/
((x{) Booc(7: 1 52) + (58) Boooe (s 1, 52) + (65 (G, 1, :)) (xf +x; +xp)

!
((x{) B (G 2) () T (1 2,5) + ()’ hxxxu,nx,:,:)) (xf -+ +x77)

30 (5, 0% (x] 435 +377) + S hooe (5,1) 0%

(j7 1) +x§+1 (.77 )+mt+1 (]7 1 hx( ) (Xt +Xt +X ) +U77 (]a :) €t+1

)=
! !/ !/
% ((X{) hxx .73 A Xt + 2 (X hxx .77 .y Xt + 2 (Xt) hxx (]7 °y )X:d>

/ > T
((Xf)/ hxx (.77 ©y ) Xt + 2 (Xf) hxx (j7 ) ) X:d + (X:d) hxx (.77 3] ) Xtd)
I
N (wf Y1) +af (7, 1) + 27 (7, 1) (xt) B (5,755, 2) (Xt +x7 +er)

5
Dl
ey (of (1) + 0 (1,1) + 24 (7,1) o (7 7507) (X1 4 x5+ x7)
+3hgox (4, :) 02 (X{erf +x§d)

W D= D= D= NI =

1 ))
(xiw,l)mf(m +xtd<v,1§ ) Baocx (7,7, 2) (] 4+ +7)
1
e

j.1)o?

due to symmetry in hyx (7,:,:)

)

f
Ty

)

(1) + w40 (1) + 23 (G51) =B () (3] x5+ x7%) + o () e

1 f/h C N oS 92 f/h R N 92 f/h ; rd
+3 Xt XX (.7"7')Xt + Xt XX (]7~7~)Xt + X3 XX (Ja 7')Xt
(065 B (51, 5) X 2 () T (G5 5) x50 (%) T (7, 2,1) X7
+1hoo (4, 1) 02
+5 30y (of (D) + a3 (1) + a1 (3,1))

/!

o () Do 9+ () Bl + ()
530 (of () +a (1,1) + 27 (1, 1))

x ((xn B (5,72 )%] 4 (%) B (3,75 %3 + (1) T (741,07
+5 3207, (of (0 D)+ (1) + 27 (3,1))

x ((xtd) B (725 0xE + (%59) e (7250 + (309) B (7,7, )1
3o (5, 0% (x] 435 +347) + S hoo (7, 1) 0°

hxxx(ja ERT :)X;d>

ol Go) 2t G+ opdy (1) = ha(G,2) (x4 %5 +x1) + om (G,2) €01



() hoe (e 0 xd 42 (xF) hoe (i x5+ 2 (30 has (4. ) x74
+3 | (X xx (Jy 5 0) % + 2 x; xx (J5 1) X§ +2 (%3 xx (J5 5, 1) X}
s S S ; T T / ; T
+% ((Xg)l hxx (]7:7 :) Xt + 2(Xt)/ hxx (.77 5 :) Xtd + (Xtd> hxx (]7:7:) Xtd)
+%hoa (.73 1) o?
1500 (2] (1) + @ (,1) + 2 (1)

/

/ !
X ((x{) Do (4,7 55 :)x{ +2 (xf) hocsex (3,7, 5 ) X5 + 2 (xf)
+e 20, (mf (v, 1)+ (v, 1) + 27 (v, 1))
) . R s . - ! . -
X ((Xi)/ hxxX(Jv Y :)Xt +2 (Xt>/ hxxx(]v Y :)Xtd + (Xtd) hoxex (4,75 5, :)Xtd)

30 (:3) 0% (xf 437 +307) + Shooo (1) 0
due to symmetries in hyyxx (4,7, :)

huoex (7,75 1, :)x:d>

A law of motion for z{ (j,1) is then (as before)

x{+1 (.77 1) = hx (.73 :) X{ + 077 (.]7 :) Et-‘rl

because we only keep first order terms
A law of motion for x§ (j,1) is then (as before)

: . 1 ! . 1 .
71 (1) = b ()X + 5 ((x{) B (3, :)x{) + 5hoo (. 1) o

because we only keep second order terms.
A law of motion for z}¢, (j,1) is then

i a2 / , L 1l / ,
7 (1) = B (x4 5 (x) B ()% + 2 0wl (101) (3 ) By, 9x]
y=1

3 ) 1 .
+6haox (.77 :) UQX{ + gha'aa (ja 1) 03

Note that o2 is in perturbation a variable and 0‘2X{ is therefore a third order effect.

Inserting the decomposition of the state variables into the control variables we get (for ¢ = 1,2, ...n,)
yrd (i,1) = gx (4,1) Xt + 53X, 8xx (1,1, 1) Xt + 2 o0 (i, 1) 02
X 8axx (15 1,1, 1)Xe
+4x} + 38oox (1,1) 0°%X¢ + £ 9000 (i, 1) 0°
X{ngxx (Za Ny, <, :)Xt

0
. . !/ .
g (i,1) = g (5) (xf 435+ x7) + 5 (] %3+ x1%) g (5,2) (%] 532 +%07) + 3900 (5,1) 02
!/
530y (of (D)t () + i (1) (% %3+ %07 gaonnis 750) (% x¢ -+ x7)

+%gaax (i, :) o? (X{ +x37 + X:d) + %gaaa (7;7 ]-) o3

)

. . ! . . N . .
yrd (i,1) = gy (4,:) (x{ + x5 + x{d) 4 % ((x{) G (1, 1,2) 4 (x3) oo (1, 5,2) + (Xtd) 8xx (7, 1 )> (Xf + x5+ Xtd)
+1 900 (i,1) 02



yid(i,1) =g

)

#25me (of (1) i (1) + 2 (1)
o () i)+ (60 i)+ () sl )
X (X{ + x5+ X:d)

2o (i) 02 (xf + %3 + x;d) + 0000 (i,1) 03

(i,)(xt +x7 +x; )

(K1) 3 ) e 5]+ 1) e 129
(K1) i 5150 )t 1590 + (1) e 50 )
(

X{)/gxx(7 7.)X;d+( ) gxx(7 7-)x€d+( ) gxx(’ ")x;d)

+ o+
N|—= N|—
e~ "

+ + +
@\»—' [T I
Q
q
—~
.

—_

S~—

s, (xt 1) + a3 (1, 1) + a5 (7,1))
() 5705+ ) 7509+ () 57059
X (xt + x5 —|—x:d>

+38o0x (i,:) 02 ( I 4 xs +x{d) + 9000 (i,1) 0®

it (i,1) = gx (i, )(Xt +x{ +de)

+% ((X{)ngX(7 7-)Xt +2(Xt) 8xx (1 : »‘)X{+2(X;d) B (1 ’:)X{)

5 (01 e (12201) X7+ 2 (55%) o (1527 %5 + (x0) e (1:3,2) X1
+%gw(z 1)o?
2500 (2] (1) + 0 (,1) + 2 (1)

! . . / .
X <(X{) Zxxx (4,7, 5,1) + (Xf)/ Exxx (1,7, 5,1) + (X;d) Sxxx (1575 5 ))
X (xf + x5 + x§d>
2800 (iy) 0% (xf + 3¢ +X77) + L9000 (i,1) 0°

10



We want to preserve terms up to third order, hence the pruned approximation is
) = gl (x] +xi+x7)
1 ! , )
+§ <(x{) Sxx (4y:,1) x{ +2(x5) gox (1,5 2) x{)

1
+§gaa (7'7 ]-) 02

1 ! .
w5 2l 000 () oclinis )
y=1
3
+6goax (27 :) O-QX{

1
~Yooo -al 3
+g9000 (i, 1)0

i=1,2,..n,

2.3 Summary: NO pruning up to third order

The approximation of the state variables (x;) is here

. . 1 .
Ti41 (.771) = hy (]7:)Xt+§x2hxx (j,Z,Z)Xt

X/thxxx(ja 1, ) :)Xt

/
+ =X .
X;hxxx(jv UZTRD :)Xt

2

1
+ hao’x (], :) ngt + ihaa (j, 1) o

+ haaa’ (]a 1) 0—3 + an (.77 :) €it1

D =W | =

for j=1,2,...,n,.
The approximation of the control variables (y;) is

Yt (iv ]-) = 8% (i, :) Xt
1 .
+§X;gxx (Zu ) :) Xt
1 ngxxx(ia 17 5 :)Xt
+6X2

X:&gxxx (Z, Ng,y :)Xt

3 . 1 .
+6gaax (Zv :) JQXt + igo’o’ (Zv 1) 02

1
+ggaaa (27 1) 03

11



2.4 Summary: pruning up to third order

The approximation of the state variables is

2741 (4, 1)

i (j,1) =

for j=1,2,...,n,.

The approximation of the control variables (y;) is

i (i,1)

fori=1,...,n,.

X{-s-l = hxx{ +one (11)
. s 1 / ) 1 .
B ()5 + 5 () B G29) (%) + Shoo (1) 02 (12)
) . 2 ! . s
B (:9) %+ 5 () B (,242) (60) (13)
7Y o (of
1 f , (Xt) hxxx(]717'7') (Xt)
“+—= (xt>
6 Y ) f
<Xt ) Dy (7, s 35 2) (Xt)
3 1
+7h00x (.7’ :) UQX{ + 7ho’o’a (Ja 1) 03
6 6
— s rd 14
Xi41 = Xppq T X T X (14)
gx (i,:) (x{ +x; + xgd) (15)

i
(x{) Exx (1,1,1) (x{ + 2x§)

(x{)lgxxx(i, 1,::) (x{)

) st (o)

1 ) 3 :

1 .
+égaoa (Zv 1) 0'3

2.5 Increasing efficiency for the simulation in FORTRAN

When simulating the pruned state space system, the efficency can be improved by re-expressing some of the sums in the
matrices and by using some of the symmetry in the second and third order terms (due to Young’s theorem). This is useful
in FORTRAN because we can reduce the number of summations. However, in MATLAB, this trick does not work as it

induces more loops.

First, to re-express some of the summations implied by the matrix notation, recall the following rules for the vec and

kronecker operators:

1. vec(A + B) = vec(A) + vec(B)

allB algB alan
2. A ® B- 0,21B a22B agnt
anmlB aanB anmnt

12



@

vec (ABC) = (C’ ® A) vec (B) hence x;Ax; = vec (xjAx;) = (X} ® x}) vec (A)

W

. (A®B)" = (A’ ® B’) and hence vec (A @ B) = vec (A’ @ B)
5. (A®B)(C®D)=AC®BD if AC and BD are defined
- )

(=)

A+B)®(C+D)=A®C+AD+B®C+B®Dif A+ B and C+ D are defined
7. [x, @ x}] = vec ([x:x})) = [x¢ ® x¢] = vee ([x:x}])
where x; has dimension n, x 1 and A, B, and C have dimension n, X n,. Hence, we may also write the terms of the
form x}hyx (4,:,:) x; in the following way
X (s 5 2) X1 = (%) &%) vee (e (7))
= vec (hxx (4,5, 3))/ (x¢ ®%y)
= vec (hxx (4, 1, :))/ vec ([x:x3))

To exploit the symmetry in the second and third order terms, we use the vech-operator which stacks all elements of a

a1

a
a1l a2 ais a21
matrix on or below the diagonal. For instance, if A = | a21 a2 a3 | then vech (A) = a31
az az  as3 >
a32
ass

It then holds that
vece (hyx (4, 1, ) vee ([x:x}]) = vech (2hxx (7, :) — diag (hxx (J, :)))/ vech (x;x}) (16)

Here, diag (hxx (4,:,:)) is an n, X n, with zeros except at the diagonal where the matrix has the diagonal elements of
hyx (J,:,:) for i =1, ...,n,. To realize the validity of the expression in (16), consider
vee (hax (4,3, 1)) vee ([xix]])
= Xihyx (7,1,1) X¢
= 2 ohi1 ptr B (7,5 1) @ () e (K)
= Snz B (G, o ) g (h)° 4 20520 002 4 s (55 2) e () e (K)
= xjdiag(hsec (4, 5,0))%e + 230321 3054 Do (4, 55) e (R) 2 (K)
= xidiag(hxx (4,1, :))x: + 2 ['vech (hyx (7, :,2)) vech (x¢x}) — xidiag(hyx (7, :, :))xt]
= 2vech (hyy (4,1, 1)) vech (x,x}) — X, diag(hxx (7, :,:))x;
= 2vech (hxx (j. 1, ) vech (x;x}) — vee (diag(hxx (7, 2))) vee (xix})
= 2uech (hyyx (4,1, 1)) vech (x,x}) — vech (diag(hxx (4,:,:))) vech (x:x})

= [2vech (hyx (j, 3, 1)) — vech (diag(hyx (4, 3, :)))] vech (x:x})

WITHOUT PRUNING:
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For the state variables in (7), we have

Tt+41 (.77 1) = hx (.77 :) Xt + I:‘Ixx (]7 :) vech (thi) (17)
Hoox (J,1,:) vech (x¢x})

!/

+
»

I:~Ixxx (], Ure 5) vech (thg)

1
ho’o’x (]7 :) U2Xt + ihao (]7 1) 02

+

+
D =D W

hooo (J» 1) 03 +on (]a :) €t+1
for 5 =1,2,...,n, where we define

vech (2hyy (1,:,:) — diag (hyx (1,:,2)))

~

Hyx (1:ny,1:n5(n, +1)/2) = = (18)

vech (2hyy (g, :, ) — diag (hyx (N, :,:)))’

L[ vech (ha (5,1, 0) — diag (haxx (4,1, ,2)))
Hywx (5,1 :nz,1:n(ne +1)/2) = = (19)
vech (2hyxx (J, g, 1, ) — diag (hysx (4, Mes 5 1))
for j =1,2,...,n,. The advantage of this formulation compared to one which use all the symmetry in the third order terms
is simply that we only need to compute vech (x;x}) once.

For the control variables in (9), we have

Yt (7/a 1) = 8x (Z, I) Xt (20)
+Gox (i,:) vech (x4x})
éxxx (17 1, :) vech (thg)
+x

Gxxx (4, g, 1) vech (x:x})

1 3 )
+§gUU (i7 1) 02 + ggaax (7’7 :) UQXt

1
~Jooo -71 3
+g9000 (1, 1)0

for i =1,2,...,n, where we define

!

vech (ngx (1; 5 :) - dzag (gxx (17 5 )))

Gxx(lzny,lznz(nx—&—l)ﬂ):i
vech (2gxx (ny; 1, 1) — diag (8xx (1y, 1, :)))I
vech (28xxx (i, 1,:,:) — diag (8xxx (%, 1,1, :)))/
Guxxx (1,1 :ng, 1 :ng(ng, +1)/2) = = (22)
vech (2gxxx (27 Ng,y 2y :) - dlag (gxxx (Za Ngy 2y :)))/

fori=1,2,...,ny.

WITH PRUNING:
For the state variables in (12) and (13), we have

. s 1 . 4 1 )
i1 (1) = o] + Floe (7 2) vech ((x{ ) (<) ) + 5hos (7,10 (23)

14



GG = b4 B ) (weeh () )+ veet (1) (1)) ) (24)

Bl 12 vect  (x]) (1))

Haooex (7, M 2) ve;iz <
1

3 ) 1 .
+6haax (]7 :) 0'2X{ + ghaaa' (], )U

For the control variables in (15), we have
d 1) = e (i) (xf x4 %) (25)
+Gx (1)) {vech ((xf) (x{)/> + vech ((Xf) (xf)/) + vech ((xf) (xf)/)]

] o
1

Goxx (i, ng, :) vech <(x{> (x{)/

1 . 3 . .
+§gaa ('Ly 1) o+ égaax (Za :) 0°Xy + ~9ooo (Za )0

2.6 Increasing efficiency for the simulation in MATLAB

In MATLAB the most important thing is to avoid for-loops. We therefore provide a representation based on the kronecker
product which does not require any loops. Even without using the symmetry in the non-linear terms, this greatly increases
the execution speed in MATLAB. Note first that

Xihyx (4,1, 1) x¢ = reshape(hyx, Ny, n2) (¢ @ x4)
where

2) _ By (2,1 : 14, 1) xx (2,1 :n,2) .. o (1,1 :ng,ny,)

hox (1,1 : 75, 1) hyy (1,1 :n,,2)
reshape(hxx, Nz, N h

hyx (ng, 1 : ng, 1)/ hyx (ng,1: nm,2)/ e hyy (ng, 1 nz,nz)'
And for the third order terms:

X;hxxx(ja ]-7 5 :)Xt
X; == Z?lm:l T (]171) Xihxxx(jajla:ﬂ)xt

X;hxxx(ja UZTRD :)Xt

=D > > we (G1s 1) g (G2, 1) 4 (35 1) hsex (4, 41, 52, )

= reshape(hyxx, Ng, n3) (X4 @ X @ X4)

WITHOUT PRUNING:
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For the state variables in (7), we have

Xep1 = hyexe + ﬁxx (xt @ %) + ﬁxxx (%t @ %t ® X¢)
1

GhMJU?’ +one

3 1
+6haax02xt + ihaao—z +

where we define

~ 1
Hxx = - h hxxa T 2
5 Teshape ( Ng,n2)
~ . 1 3
H,xx = éreshape (hxxx, N, ny)
For the control variables in (9), we have
Yy = 8xXt+ éxx (Xt & Xt) + éxxx (Xt QX ® Xt)

+3 2%, + Lgp00? + 1 s
= 8o0x0 X 58000 =~ 80000
63 t 2g 6g

where we define 1
_ 2
Gyx = §Teshape (gxx7 My HI)

~ 1
Gyxx = éTeshape (gxxx7 Ny, ni)

WITH PRUNING:
For the state variables in (12) and (13), we have

~ 1
X = hyxi + Hyx (X{ ® x{) + ih(mo2

xfjl_l = hex}?+ 2H,, <x{ ® xf) + Hyox (x{ ® x{ ® x{)

3 1
+6hoax02xf + 6h00003

For the control variables in (15), we have
yit = gy (x{ + x3 —|—x§d) + Gyx ((X{ ®x{) +2 (xf ®xf)) + Gyxx (x{ ®xf ®th>

1 3 1
+§g0002 + ggaa'xJQX{ + ggaaao—?)

16
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3 Stastical properties: Second-order approximation

3.1 Covariance-stationary

Proposition 1:
The pruned second-order approximation for X{ ,x7, and yj is covariance-stationary if

1. the DSGE model has a unique stable equilibrium, i.e. all eigenvalue of hy have modulus less than one

2. €441 has finite fourth moment

Proof
Note first that

!
2t G ) = b ()% + 5 (x]) e (20 (%) + Shoo (1) 0

~ !
xi 1 = hyx{ + Hyxvec ([(x{) (th) ]) + $h,e0?

reshape (hxx, N, ni)

where Hyx = 1

)

X?—&-l = hxxf + I:‘Ixx (X{ ® th) + %haaa2
!
because (x[ ® x{) = vec ({(x{) (x{) ])

We now form the extended state vector

Z; = Xy

We know the law of motion for x{ and x7, so we only need to find the law of motion for x{ ® x{ . Hence consider

X{H ® xtf+1 = (hxxgc + anetﬂ) ® (hxx{ + UnetJrl)

= hxx{ ® hxX{ + hxxzjsc Qone€ s +oNeE L © hxX{ +ONELL D ONEL,
using (A+B)® (C+D)=A®C+A®D+B®C+BoD

= (e @hy) (x] @x]) + (2 om) (x] @ e141)

+(on @ hy) (6t+1 ® X{) + (n®on) (€41 @ €141)
using (A ® B) (C® D) = AC ® BD

= (e @hy) (x] @x]) + (2 om) (x] @ €111

+(om ©B) (€10 @3] ) + (0m @ om) (€11 © €141) — vee (1,,) + (om @ om) vee (L,
Note that F [(€;41 ® €141)] = vec (I, ). Thus

X{+1 hy Onz X Mg On‘_l xn2 X{ OnT x1
X§+1 = Onz XNy hx Hxx Xf + %haao—z
th+1 & X{+1 Onz XMy Oni XNy h, ® hy th ® th (UT] ® 077) vec (Inc)

17



€t4+1

on 0 0 0 .
141 ® €41 —vec (Iy,)
+| o 0 0 0 o @l
0 (om®om) on®hxy hxy®on 7
X; @ €41
(i
zip1 = Az +c+ B, (36)

where Cov (£t+1,£t75) =0 for s =1,2,3,... because €41 is independent across time

The absolute value of the eigenvalues in hy are all strictly less then one by assumption. Accordingly, all eigenvalues of
A are also strictly less than one. To see this note first that

hy — AL, 0n, xn, 01, xn2
= Onm XNy h, — >\Inz Hyx
Oni XNy Oni XNy hy, ® hy — >‘In§
_ Bi: By
B2: Bz
where we let
_ | hx = AL, 0, xn, I
B = O, hy — AL, } which is 2n, x 2n,
[ On Xn2 . . 2
By = =% | which is 2n, x nj

Boi = [ 0p20n, 02y, | which is n2 x 2n,
Boas =h,®hy — )\Ing which is ni X ni

= [Bu1| By
using’ 0 S ‘:|U||Y| where Uism xmand Y isn xn

‘ |: hx - )\In,, Onxxnx

Onmxnm hx — >\I71T :| ’ |hx oY hx - )\Ing‘

= |hy — AL, | [hx — AL, | |hx ® hy — ALz |

Hence, the eigenvalue A solves the problem
p(A) =0
)

|hy — AL, | |hx — AL, |

)

|hy — AL, | =0or |hx Rhy — >\In§,| =0
The absolute value of all eigenvalues to the first problem are strictly less than one. That is |A\;| <14 =1,2,...,n,. This
is also the case for the second problem because the eigenvalues to hy ® hy are \;A; for i =1,2,...,n, and j =1,2,...,n,

hy ® hy — ALz | =0

Thus, the system in (36) is covariance stationary if £, ; has finite first and second moment. It follows directly that
E[&,,1] =0 and &, has finite second moments if €;41 has a finite fourth moment. The latter holds by assumption.

For the control variables we have

18



!/
7 (5,1) = g (0:9) (] +7) + 3 (%) e (6:5,2) %] + 900 (1,1) 0

)

Yi = 8x (X{ + X;?) + Gox (Xf ® X{) + $8000°

where Gyx = %Teshape (gxx, Ny, ni)

yf = DZt + %g600—2
where D= [ gy gx Gux |
That is y; is linear function of z; and y; is therefore also covariance-stationary.

Q.E.D.

3.2 Method 1: Formulas for the first and second moments

This section computes first and second moments using the representation of the second-order system stated above. This
method is fairly direct but has the computational disadvantage of requiring a lot of memory because we work directly with
the big B matrix.

The system
Ziy1 = C + AZt + B€t+1
1
yf = th + igaagz

The mean values are .
E [Zt] = (Ignm+ni — A) C.
1
By = DE 2] + 580007

For the variances we first have that ,
E[z412,,,| = E [(c + Az, + B¢, ) (c+ Az, + B¢, ) }

=FE|[(c+ Az, + B, ) (¢ +z, A’ + &, B)]

=Elc(c +zA +&,,B)]
+FE :Azt (c’ +z, A+ E;JFIB')]
+E :B€t+1 (C/ +z A" + 52+1BI>]

= FE [cc/ + czjA' + c&; B
+FE ;Aztc’ + Azz; A’ + Azt£;+1B’]
+E B, ¢ + Bz, A' + BE, & B

=cc' +cE[z}] A’
+AE[z]c + AE [z,;z]] A’ + AE [2,£,,,| B’
+BE [€t+1zﬂ A’ +BFE [£t+1£;+1} B’
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We then note that

x|
/ . /
Bz = E [ Xy ] [ €1 (€41 ® € —vee (o)) (€t+1 ®X{) (th ® 6“’1) }
x{ & Xf
/ /
x! €41 x! (€111 ® €41 — vee (Ine))' x{ (€t+1 ® X{) x] (X{ ® €t+1>
li /
=E Xj€i 41 X; (€141 @ €41 — vee ()’ x{ (€t+1 ® XZ) x{ (th ® €t+1>

!/ /
(X{ ® Xf) €it1 (X{ ® X{) (€141 ® €1 — vee (Tne)) (Xf ® X{) (€t+1 ® X{) (X{ ® Xf) (X{ ® €t+1)

0 0 0O
=0 0 0 O
0 0 0 O

Thus
E [z¢412,,,] = cc' + cE[z}] A’ + AE[z]c' + AE [z,z}] A’ + BE [£,,&,,,] B

=cE[z}]A'+ (c+ AE[z)])c + AE [z,z]] A’ + BE [£,,&,,,] B/

Note also that
Elz]| E [zt]/ =(c+ AFE[z]) (c+ AFE [zt])/

=(c+AE[z])c + (c+ AE[z)) E[z}] A’
=(c+AE[z])c +cE[z}] A’ + AE [z) E [z}] A’
So
E (21121 — E[z] Ez) = cE[z] A’ + (c+ AE[z]) ¢ + AE [zz}] A’ + BE [, ,£,,,] B
—(c+AFE[z])c —cE[z)|A' — AE [z;) E [z}] A/
= AEB[z2]) A’ +BE [§,,,§,,1]| B — AE[2,] E [z;] A’

' = A(Elzz] - Elz] E[z]) A"+ BE [§,,4141] B’

Var (zi41) = AVar (z,) A'+BVar (§,,,) B’
(i

%ec (Var (zi41)) = vec (AVar (z;) A') +vec (BVar (&,,1) B)

%ec (Var (zi41)) = (A ® A)vec (Var (z,)) +vec (BVar (&,,,) B')

vec (Var (z141)) <I(2n$+ni)2 - (A® A)) = vec (BVar (&) B)
)

vec(Var (ziy1)) = (I(an+n§,)2 - (A® A)) vec (BVar (&,,,) B')
Hence we only need to compute Var (&,,,).
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€41 €ti1

€11 ® €41 —vee(l,,) €111 ® €41 —vec (L)
Var =F ¢ ¢
(£t+1) €4+1® X{ €41 ® X{
x| ® €41 x! ® €41
i €t11
€t (24 €1 — vec (I e) / /
=F €rir ®x] ! €1 (€41 ® € —vee(Ly,)) (€t+1 ® th) (Xf ® €t+1)
L X{ @ €141
[ €111€0 1 €1 (€1 @ €1 —vee (L)) )
(€t+1 @ €rp1 —vec(Ly,)) €41 (€41 ® €1 —vee(Iy,)) (€141 ® €141 —vee (1))
=k €1 @] ) €, €110 x] ) (€141 ® €141 — vee (L))
x] ® €141 ) €4 x! @ €r1) (€41 ® €41 — vee (I,,,))
Y f !
€41 (6t+1 ® Xt> €tt1 (Xt ® 6t+1>
i
(€141 ® €141 —vec(1,,,)) (€t+1 ® x{) (€141 ® €141 — vec(I,,,)) (x{ ® 6t+1)
! !
(€t+1 ® X,{) (6t+1 ® X{) (Et-i-l ® X{) (X{ ® €t+1)
f Y f f '
oa(onad)  (ead) (o)
L., E [€t+1 (€141 ® €t+1)/] )
_ | Ellerr1 @e€r)€i1] E[(€r11 @ €1 —vee(In,)) (€41 @ €41 — vee(1,,))']
0 0
0 0
0 0
0 0
(€t+1 ® Xf) (6t+1 ® Xt) (€t+1 ® Xt) (Xt ® €f+1)
/
FE (Xt X 6t+1> (€t+1 (9 Xt) (Xt ® 6t+1) (Xt X 6t+1>

All elements in this matrix can be computed (and coded) directly as shown below. The variance of the control variables
is then given by
Var[y]] = DVar [z;] D’

3.2.1 Computing the variance of the innovations

1) for £ [€t+1 (€t+1 ® €t+1)/]

Ele1 (641 ®e41) ] =E [{Etﬂ (¢1, D}y, ({€t+1 (¢2, 1) {€r41 (93,1 )}¢3_1} _1>I]

Hence the quasi MATLAB codes are :
2
E _eps_eps2 = zeros(ne, (ne)”)
for phil =1: ne
index2 =0
for phi2 =1:ne
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for phi3 =1:ne
index2 = index2 + 1
if (phil = phi2 = phi3)

E_eps_eps2(phil,index2) = m3 (e;11 (phil))

end

end

end
end

Note also that F [(€t+1 ® €441) EQH] = (E [€t+l (€141 ® et+1)/])/

2) E [(€r41 ® €41 — vec (I,)) (€141 @ €41 — vee (I,))']
Here

E [(€r+1 ® €141 —vee (In,)) (€41 @ €1 — vee(I,,))']
= E (€141 ® €111) —vee(In,)) (€41 ® €41) — vec (1,)')]

=F [(Et-i-l ® €141) ((€t+1 ® Et-&-l)/ —vec (Ine)/)]
+E [—vec (In.) ((€t+1 ® €41) — vec (In)/)]

=F [((6t+1 ®€rr1) (€141 ® €r11) — (€141 @ €41) vec (Ine)/)}
+E [—vec(L,,) (€41 ® €41) +vec (I, ) vee (1,,)']

= E (€41 ® €41) (€141 ® €41)'] — vee (I, ) vee (I,,,)
—vec (I, ) vec (I, ) + vec (I,,) vec (I, )

= E [(€141 ® €141) (€141 ® €41)'] —vec (I, ) vee (I,,)

Here
E [(€t+1 ®€rr1) (€141 @ 5t+1)/]

- l{em (61 ) e (62 DY | <{€f+l (69:1) fevsn (60, D} ”

¢3:
Hence the quasi MATLAB codes are
E_eps2 eps2 = zeros(n?,n?)
indexl =0
for phil =1:n,
for phi2=1:n,
indexl = indexl 4 1
index2 =0
for phi3 =1:n,
for phid=1:n,
index2 = index2 + 1
% second moments
if (phil == phi2 && phi3 == phid && phil™ = phid)
E _eps2 _eps2(indexl,index2) = 1
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E _eps2_eps2(indexl,index2) = 1
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E _eps2 eps2(indexl,index2) =1
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% fourth moments
elseif(phil == phi2 && phil == phi3 && phil == phid)
E_eps2_eps2(indexl,index2) = m* (e;41 (phil))
end
end
end
end
end

!/
3) FE |:(€t+1 ®x{) (€t+1 ® x{) }
Here
E ! Y
€t+1 @ X; | | €141 @ X3

=F Het+1 (¢1,1) {x{ (7, 1)}:;1}”6

Hence the quasi MATLAB codes are
E epszf epsxf = zeros(neng,ngne)
indexl =0
for phil =1: ne
for gamal =1 : nx
indexl = indexl 4 1
index2 =0
for phi2 =1:ne
for gama2 =1: nx
index2 = index2 + 1
if phil = phi2
E _epszf epsxf (indexl,index2) = E_xf xf(gamal,gama2)

{6t+1 (é2,1) {x{ >, 1)}::—1}n8 ]

¢1=1 ¢y=1

end
end
end
end
end
where E_zf xf = reshape(E [x{ ® X{] , T, NT)

/
4) E |:(€t+1 ®X{> (X{ X €t+1) :l
Here
B N (x! '
€41 O X | (X © €441

Ny Ny

=B [{+ @0 el o0} b ol Cn D e (02101 ]
v1=1 $1=1 Y2=1
Hence the quasi MATLAB codes are
E _epsxf xfeps = zeros(neng,neng)
indexl =0
for phil =1 :ne
for gamal =1 : nx
indexl = indexl + 1
ndex2 =0
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for gama2 =1:nx
for phi2 =1:ne
index2 = index2 + 1
if phil = phi2
E epszf xzfeps(indexl,index2) = FE xf xf(gamal,gama2)
end
end
end
end
end

5) E [(x{ ® etﬂ) (et+1 ® x{')/}

B[ (c ) e )] - [ e ) ()|

so B _xfeps epsxf=FE epsvf xfeps

6) E [(x{ ®et+1) (x{ ® et+1)/}

Here

B (o) (e () )]

- l{xf (1, DAer+1 (90, 1) Zi:l}n:l ({6t+1 (¢9,1) {xf (72,1)}m— }ne— ) ]

71
Thus the quasi Matlab codes are
E xfeps _epsxf = zeros(ngne,ngne)
indexl =0
for gamal =1 : nx
for phil =1: ne
indexl = indexl + 1
index2 = (
for phi2 =1: ne
for gama2 =1:nx
index2 = index2 + 1
if phil = phi2
E xfeps _epsxf (indexl,index2) = E _xzf xf(gamal,gama2)
end
end
end
end
end
where E_zf xf =reshape(E [x{ ® x{] , T, NT)
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3.3 Method 2: Formulas for the first and second moments

This section computes first and second moments using a slightly different representation of the second-order system than
stated above. (Basically, this was the first representation we considered for computing these moments). The advantage of
this method is that it compared to Method 1 is less memory intensive because some of the matrix multiplications are done
by hand.

We start by deriving an alternative representation of the pruned state space system (the old representation). Hence
consider
xlp @x], = (hxxgc + U"?Qﬂ) ® (hxX{ + U77£t+1>

= hxx{ ® hxX{ + hxX{ Qone€ 1 +one; ® hxx{ T ONELL D OoNEL,
using (A+B)® (C+D)=A®C+A®D+B®C+BoD

= (hy ® hy) (x{ ®X{> + (hx ® om) (X{ & €t+1)

+ (on ® hy) (€t+1 ® th) + (on @ on) (€141 @ €441)
using (A ® B) (C® D) = AC®BD

= (@) (xf @x]) +v(t+1)
where
v(t+1) = (he@om) (xf @ e ) +(om @ h) (e @x] ) + (1@ om) (€101 @ €441)
Note that E [v (t + 1)] = (o ® on) vec(1,,,) because €;41 is independent across time and therefore also independent of
x!. Moreover, E {xﬂ =0 and E[e41] = 0.

Thus
th+1 hy Onm X Mg On_'z xn2 X{
X§+1 = Onl XNy hx Hxx X?
thJrl ® X{+1 Onzxnl Oni X Mg hy ® hy th & th
0n, x1 ONE€L1q
+ %h00-0'2 + On,, x1
(rn@omyvec(L,) | | v(t+1) = (0@ o) vee(L,,)
Zip1 =Cc+ Az + &, (37)

where C'ov (E‘tﬂ, EH) =0 for s =1,2,3,... because €1, is independent across time. The expression for the controls are
as above, i.e.

, 1
Y§ = th + §g0002

The mean values are .
E [Zt] = (IgnT_;'_ni — A) C

1
Ely: =DE[z] + 5&70—02

and the covariance matrix is _
Var (zi11) = AVar (z;) A'+Var (£t+1)

)
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vec (Var (z141)) = vec (AVar (z;) A') 4vec (Var (étﬂ))
(i

vec (Var (zi41)) = (A ® A)vec (Var (z)) +vec (Var (étﬂ))
I

vec (Var (z141)) <I(2nm+ng)2 - (A® A)) = vec (Var (Etﬂ))
)

vec (Var (ziy1)) = (I(Qnm-i-ni)z —(A® A)>_1 vec (Var (EH_l))

The variance of the control variables is then given by

Varly;] = DVar [z D’

Hence we only need to compute Var (Et +1)'

B OM€ttq OM€t 1
Var (£t+1) =F Onle Onle
v(t+1)— (on®@on)vec(l,,) v(t+1)— (on®@on)vec(l,,)
ON€ 11 , ,
=F 0., x1 [ o€, 1M Oixn, V' (t+1)—vec(l,,) (ecn®@on) ]
v(t+1) = (on®on)vec(l,,)
077€t+1062+171/ 0n,xn, OMEy (V/ (t+1) —vec (Ine)/ (on ® 077)/)
=K Onz XNy Onz X Ty Onl xn2
(v(t+1) = (om @ on)vec (Ine)) ‘762-',-1"7/ 0, xny Var [€t+1] 33
where

Var &) = (v(t+1) = (en@onyvec(L,,) (v (t+1) —vee(l,,) (on @ on)')

Recall that
v(t+1) = (he@on) (x] @ er) + (o0 @ hy) (€01 @x] ) + (o0 @ on) (€141 @ €111)

3.3.1 For Var [ém} .
Var [étﬂ} " = FElone, ., (v’ (t+1) — vec (Inﬂ)/ (o ® 0'77)/)]

_ E[Un€t+1(((hx ® on) (x{ ® €t+1) + (on ® hy) (6t+1 & X{) +(on®on) (€41 ® €t+1)) /
—vec(I,,) (on @ on)')]

! !
= E[UTI%H((X{ ® €t+1) (hy @ o) + (€t+1 ® X{) (on®@hy) + (€141 ® €41) (on @ on)’
—vec(L,,) (on® on)’))]

i i
= Elone,, (x] @ ev1) (e@om) + ome . (e @xf) (om @ 1) + ome, (€111 @ €01)' (om @ om)’
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—O0T€v€EC (Ine)/ (on® 0'77)/]

/ /
= e,y (x] @ 1) (he@om) +ome (e ©x] ) (0n @ 1)’ + omey (611 © €111) (m @ )|
because E [€;41] =0

= Blone, 1 (€141 © €141) (on'@01’)]
because €;1 is independent of xf and E [x{ ] = 0. Hence, for shocks with a symmetry distribution Var [£,,] 3=

For the implementation, consider:
Eler1 (€41 @ €141)]

= E €111 (€141 ® €141)’]

=F [{6t+1 (61, D)}y <{€t+1 (2, 1) {er+1 (03, Do 1} 1)/]

Hence the quasi MATLAB codes are :
E _eps_eps2 = zeros(ne, (ne)?)
for phil =1: ne
index2 =0
for phi2 =1:ne
for phi3 =1:ne
index2 = index2 + 1
if (phil = phi2 = phi3)
E_eps_eps2(phil,index2) = m> (e;41 (phil))
end
end
end
end

3.3.2 For Var [Etﬂ}%

Var [étﬁ-l} i =FE((v(t+1) — (on@on)vec(1,,)) (v’ (t+1) — vec (Ine)/ (on ® crn)')]

= Bl((hx @ om) (x{ @ erp) + (m @ h) (€110 @ x] ) + (1 © 0m) (€101 © €111) — vee(L,,) )

= Bl((hx @ om) (x] @ ei) + (n @ ho) (€110 @ x] ) + (1 © 0m) (€101 © €141) — vee (L) )

— El(hx 2 om) (x{ @ €111
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! !/
((xf ©ern) (hx@om) + (e1©x] ) (@ 1) + ((err1 ® era) —vee(L,,)) (m® an>’)
+ (om ® hy) (€t+1 ® x{) X

/ /
<(X{ ® Et+1) (hy ® on) + <et+1 ® x{) (on ®hy) + ((etJrl ® €141) — vee (Ine)/) (om ® Un)')
+(on®@on) ((er+1 ® €r41) —vec(L,,)) x
4 I
(X{ ® €t+1) (hxy ® om)' + (€t+l ® th> (on @ hy) + ((€t+1 @ €p1) — vec (Ine)/) (om® o-n)')]

!
= E[(hx ® o) (Xf®€t+1) (X{®€t+1) x®@an)

+ (hx ® om) (xt ® 6t+1) (6t+1 ®xt> (om @ hy)’

+ (hx 77)( ®€f+1)(€f+1®€f+ ) —wee(Ly,)") (on @ an)’

+ (om ® hy) (e . ®xt) ( ®et+1) (hyx ® on)’

+(0m ® hy) (em ®xt) (em ®xt) (om @ hy)’

+ (om @ hy) (em ® xt) ((€t41 @ €r41) —vec(I,,,)") (om @ om)’

o om) (e @ ernn) = vee (1) (<f @ ) (e on)

+(on @ om) (e © ) —vee(T,,)) (e @ x]) (m @ by

+(on@on) (€11 © 1) —vee (In,)) (€141 ® €r41) —vee(L,,)") (on @ an)’]

= E[(hx ® om) (X{ ® €t+1> <(X{)/ ® €Q+1> (hy ® om)’

/
x ®on) (X; @€t | €1 @ Xt ) (on ® hy)'
x ®on) (Xt ® €t+1 €t+1 ®€q1) — (X{ ® €t+1) vec (Ine)/) (on®@om)
x & crn

€141 ® Xt

\_/\_/

€11 ® Xt) €11 ® 6t+1 - (€t+1 & Xt

(x (
(
+ (om @ hy) (€t+1®xt ( ®5t+1
9 (emxd) (4
)
(

+(on®@on) (€141 @ €141) c(L,,)) 6t+1 ® Xt

+(on @ on) (€141 ® €141) — vec ( ( ® 6t+1) x @ omn)’

+(on®on) (€41 @ €11) —vee(In,)) (€111 ® €r41)

/
~ Bl on) (xf (/) @ etﬂezﬂ) (s om)
£ f ! /
+ (hx ® om) (Xt €11 @ €41 (Xt) ) (on ® hy)
+ (@ om) ((xf €l @ erviein) = (xf @ evi) vee(1,,)') (on @ om)’

!
#on i (e (xl) o xlel.y ) (he o any
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!
+ (om ® hy) <€t+1€2+1 ©x] (X{) ) (on ® hy)’

+(on @ hy) ( (€161 O %] €t+1) - (€t+1 ® X{) vece (Ing)/) (on®an)’

((
+(on® on) < €11 R €y1) <(X{)/ ® e;+1> —wvec(I,,) <(x{>/ ® e;+1>> (hyx ® om)’
)
(

! !
+(on®on) ( (€41 @ €141) (EQH ® (X{) > —vec(Iy, ) <€Q+1 ® (X{) )) (on ® hy)'
+(0n @ o) (€41 © €r41) —vee (I,)) (€41 @ €141) —vee(Ln,)') (on ® on)']

!
E {xf (th) ] ®Ine) (hy @ on)’
f f ! /
<Xt €111 @ €41 (Xt) ) (on ® hy)
x/ €., @ €€, ) — (xS L) !
1 €tr1 @ €141€44 x; ® €41 ) vee(ly,,) ) (on @ om)
Y fr ’
€1 (X ) ®x3€4 | (hx®omn)
!/
+(n@hy) (1,, ® E {xf (xtf) ]) (o @ hy)’
+(on @) B ((erer @ xfe,) = (e @xf ) vee (1)) (on @ on)’
!/ !/
B (e @ ) ((xf) @l ) = vee ) ((<f) @l ) ) e om)

(
+(on®on)E <(et+1 ® €141) <e;+1 ® (x{)/> —vec(I,,) <e;+1 ® (x{)/>> (on @ hy)’

+(on @ an) B ((er+1 @ €r1) —vee (In,)) (€11 ® €;11) —vee(Ly,)') (on @ on)’

/
note that €;1 is independent of X{ and E {xf (x{) is know and E [e;1€;,,] =I,,,

+ (hx ® om)

+(on®hy) E

+(on®on)

!
— (hy ® o) <E {x{ (x{> ] ® Ine> (hy @ o)’
/
+(hx®on)E (xtfeferl ® €141 (x{) ) (o @ hy)’
\' f /
+on o) E (e (xf) @xlel., ) (e om

+ (om @ hy) (Ine ®E [xf (x{)/D (on ® hy)’

+(on®on) B ((er+1 @ €r41) — vee (Ln,)) (€11 ® €141) —vee (L)) (on @ on)’
f

terms with three or one €;4; are zero because x; is independent of €;11 and E x{ } =0

= (hx® o) (E [Xf (Xf)/] ® Ine) (hx © on)’
+(hy®on) E <x{eg+1 ® €141 (xf)/> (on @ hy)’
+(on®hy) E <et+1 <x[)l ® x{e;H) (hy ® om)’
+(om ® hy) <Ine ®E [x{ (x{)lb (o ® hy)’

+(on ® on) x
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E (€141 @ €r11) (€141 @ €141) — (€41 @ €r41) vee (I,) — vee (In,) (€111 @ €)41) + vee (In,) vee (L,,)') (on @ on)’

i
= (hx ® om) <E [Xf (X{ ) ] ® Inﬁ) (hy ® o)’
/
#s o) E (xlely e (<)) mone)
!
+(on®he) E <€t+1 (x/) oxf e£+1) (he ® om)’

on @ hy) <Ine ®F {x{ (x{)lb (on ® hy)'

on ® on) X
(B (€141 ® €r+1) (€141 @ €)41) —vee (In, ) vee (I,,) — vee (I, ) vee (In,) + vec (I, ) vee (In,)') (om @ on)’

i
~ (o) (£ |x{ () | £1,.) (b on)
/
#hsan £ (xleloyw e (<)) mon)
!
o) B (e (xf) @xle,) (e on)

+ (om ® hy) <Ine QF {x{ (x{)l]> (on @ hy)’
+(on@on) (E(eri1 @ €rp1) (€41 @ €41) —vee (I, ) vee (I,)') (on @ on)’

Next consider (with dimensions nzne X neng)

E {Xfeiﬂ & €41 (X{ﬂ

—F :(Xf e (62“ ® (X{),ﬂ

> :(x{ @) (e @ (x{)ﬂ

| (s

=E {xtf (71, 1) etﬂ}nm
= F |1 aw D (e (¢1’1)}Zf:1}%=1 ({et-i-l (6,1) {f (72,1)}m— }ne— ) ]

Y11=
Y1

Thus the quasi Matlab codes are
E xfeps _epsxf = zeros(ngne,ngne)
indexl =0
for gamal =1 : nx
for phil =1:ne
indexl = indexl 4 1
index2 =0
for phi2 =1: ne
for gama2 =1:nx
index2 = index2 + 1
if phil = phi2
E xfeps _epsxf (indexl,index2) = E_xf xf(gamal,gama2)
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end
end
end
end
end
where E_zf xf = reshape(E [x{ ® xﬂ , NT, NT)

Note also that

| (et oen (1))
(xte) & (00 (1)) |

i
=F [etﬂ (xf) ® x{egﬂ}

=F

(E_xfeps _epsaf) = FE_epsxf xfeps

Finally consider the matrix (with dimension n? x n?)
E[(er1€h11 ® €rr1€r41)]

€1 (1, 1)
€ 2,1
—mp| D g (1) g (1) ey () ]
€t4+1 (na 1)
€i+1 (1, 1)
€ 2,1
o VN e 0D dn2) . by )]
€41 (e, 1)
e (LD ey (1,1 e (L1)e(1,2) o apr (1) 64 (1ne)
_ E[ €t+1 (27 1) 62+1 (1, 1) €t+1 (27 1) €;+1 (17 2) R R (2, 1) 62+1 (17 ne)
€t41 (e, 1 )€t+1 (L1 eq1(ne, a1 (1,2) oo g1 (Me, 1) €444 (1,7m¢)
€t+1 (1 1) 6t-‘,—l ( ) 1) €t+1 (la 1) E1/5-‘,-1 (17 2) ! (L 1) 6:‘,-{-1 (1,715)
o | € (2, €0 (L) e@1(2,1) €44 (1,2) €r+1(2,1) €444 (1,me) ]
€41 (e, 1) €1 (L, 1) e (e, 1) &1 (1,2) oo €gr (e, 1) €444 (1,me)
a1 (L, D) e (L) A e41(1,1) et+1 (L2)Aee .. a1 (1, 1)€, (1,ne) Ace
_ E[ €t+1 (271) €t+1 (1,1) Aee €t+1 (2, 1) €t+1 (172) AEE €t+1 (2,1) 6;_,’_1 (l,ne) Aee
€t+1 (Ne, 1 )Et 1 (L) A €41 (e, 1) 6§+1 (1,2)Aee oo €41 nev]- 6t+1 (1,ne) A
er1 (LD e (L1 e (L) e (1L,2) o e (L, 1) e (1,ne)
where A, = | T (2, €41 (L,1) e (2,D) g1 (1,2) o e (2,1) QH 1 M)
€41 (Me, 1 )€t+1 (1,1)  eq1 (ne, )5t+1 (1,2) oo €1 (ne, 1) 6t+1 (1,me)
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€1 (1, 1) €41 (1,1) {Aee (91, ¢2)}Z:£f,¢2=1 er1 (1, 1) €441 (1,2) {Aee (¢4, ¢2)}Z;£ﬁ¢2=1
€1 (2,1) €119 (1,1) {Aee (01, 02) o 05 5 21 €1 (2,1) €440 (1,2) {Aee (D1, 2) } 21 6,21

€r+1 (e, 1) €41 (1, 1) {Ace (¢4, ¢2)}Zf£f7¢2=1 €1 (ne, 1) €441 (1,2) {Aee (¢4, ¢2)}Zf£ﬂ¢2=1
€r+1(1,1) 624.1 (1,me) {Ace (1, ¢2)}Zf£f,¢2:1
€r+1 (2, 1) €41 (1, me) {Ace (61, ¢2)}¢f’:‘f,¢2:1

€t+1 (e, 1) 624_1 (1,me) {Ace (1, ¢2)}Z:£f,¢2=1

Ne

crer (11) {eb s (10) {Aee (01,020 2}

€41 (2,1) {62_,'_1 (1, 03) {Ace (¢4, ¢2)}Zi£f,¢2:1}¢e:1

Ne

€t41 (e, 1) {61/5+1 (1, ¢3) {Aec (¢4, ¢2)}ijf,¢2:1}¢ -

Hence the quasi MATLAB codes are
E_eps2 eps2 = zeros(n?,n?)
indexl =0
for phid=1:n,
for phil=1:n,
indexl = indexl + 1
index2 = 0
for phi3 =1 :n,
for phi2 =1:n,
index2 = index2 + 1
% second moments
if (phil == phi2 && phi3 == phid && phil™ = phid)
E eps2 eps2(indexl,index2) = 1
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E eps2 eps2(indexl,index2) =1
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E eps2 eps2(indexl,index2) = 1
% fourth moments
elseif(phil == phi2 && phil == phi3 && phil == phid)
E_eps2 eps2(indexl,index2) = m* (e;11 (phil))
end
end
end
end
end

3.4 Method 3: Simple formulas for first and second moments

This section computes first and second moments at second order using a more direct approach. The advantage of this
method is that we do not in a second-order approximation re-compute some of the moments already know from a first-order
approximation. A direct implication is that we in Method 3 only need to invert smaller matrices than in Method 1 and 2.
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3.4.1 First moments

Note first that
Elx]=FE [x{] + E[x]]

For the first order effects, we have due to stationary of the linear model
E {x{} =h.F [X{q] + onkFE [e]

1E {xtf} — hyE {x{_l} = Fle]

Y [xﬂ = Ele,]

For the second order effects we have
/

E [z (G, D)] = b (G, B 5] + 1B [(x{ ) B (G:5:3) (x{)} + Lo (5,1) 02

)

(I-hy) E[x}] = B E [vec ({(x{) (xf)/} )} + Lh,,0?

where Hyx = %reshape (hxx,nw,ni)

!/
To compute E {x{ (x{ > ], consider

Var (X{) = h,Var (X{) h;{ + O’an/
vec (Var (x{)) = vec (thar (x{) h;c) + vec (027777/)
(i

vec (Var (x{)) = (hx ® hy)vec (Var (x{)) + vee (a?nn’)
)

(Ing — (hx ® hx)) vec (Var (x{)) — vec (‘7277"7')
I

vec (Var (th)) = (Ing — (hx® hx))_1 vec (o*nn’)

Notice there that
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vee (B[l (xf) ] ) = vee (var (x1))

Exj] = (I—hy)" (I:IXXE {vec ({(x{) (x{)'D] + ;hmo—2>

The mean value of the control variables is given by
Elyi] = gx (E [xﬂ +FE [xf]) + G E [(xf ® th)] + 385007

Bly) = gxE ] + Gue | (xf ©x] )| + 8000

3.4.2 Second moments
We need to compute E {(x{ ® xf) (x{ ® x{)/}7 E {xf (xf ® x{')/}, Ex;(x})], E {x{ (x{ ® x{)l} and E [xf (xf)/} as
this will allow us to find Var (z;). This is because
Var (z:) = E [(z: — E [z1]) (2 — E [])']
= El(z — Elz]) (z; — Ez;])]
= Elzz, — 2.E 2] — Elzi] 7, + E ] E[2;]]

= B[22} — E 2] E [2]]

and ;
Xt / /
Elzz))=F x; [ x{) (x5) (x{ ® x{) }
x{ & x{
AN sy Fof ool
X (Xt) xi (x7) Xt (Xt ®Xt)
/ foof)
=B xix x; (x}) x; (x] @x])

!
Finding F {(xf ®th> (X{ ®xf) }
From above:
x/,1 @x] = (he ®hy) (x{@x{) +v(t+1)
where
V(t+1) = (e @on) (xf @ erp) +(on @ hy) (1 @x] ) + (on @ om) (€141 @ r41)

and E[v (t+1)] = (on ® on) vec(1,,). Note that (x{ ® x{) and v (t + 1)’ are uncorrelated

So
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E (th+1 ® X{H) (X{H ® th+1)/
= B{(hx @ ) (x{ @ x] ) +v ¢+ DHbe@h) (x] @x]) + v+ DY
)

B{(hy ©hy) (x] @xf ) + v+ DH(x] ©x]) (he @) +v (6 +1))

I
/N

(x{ ® x{)/ (hy ® hy)' + (hy ® hy) (x{ ® x{) v(t+ 1)’}

=(hy @hy) F [(xf ®x{> (X{@X{)/:l (hy ® hy)’

+(hy @ hy) E [(x{ ®x{)} E[v{t+1)]+EN({t+1)E [(x{ ®x{)'] (hy ® hy) + E[v(t+1)v(t+1)]
Letting
cz(hx®hx)E[(x{®x{)] E[v{t+1)]+EN(t+1)E [(x{@x{)l] (hy ® hy) + E[v(t+1)v(t+1)]

we therefore have (due to stationarity)
!/ !/
El(xl ox!) (xl ©xl)] = o n) Bl(x] @ x]) (x @x]) | (e @ h)' +c

vec (E[(x{ ®X{) (xic ®x{)/]) = vec ((hx®hx) E[(XZ ®x{) (x{ ®XZ)I] (hy ®hx)’> + vec (c)
(i

vec (E[(xtf ® xf) (x{ ® X{>/]> = ((hx ® hy) ® (hx ® hy)) vec (E[(X{ ® xf) (x{ ® x{)/]> + vec (c)
because vec (ABC) = (C' ® A)vec(B)

)

vec (E[(xtf ® x{) (x{ ® x{)l]> (Ina— (hy ® hy) © (hy @ hy)) = vec(c)
i)

vec (E[(x{ ® x[) (x{ ® x{)']) — vec (c) (L — (hx ® hy) ® (hy @ hy)) ™

/
Finding F |:Xf (X{ ® x{) }
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f FY T foof foof '
E {X‘;_H (xt_H ®xt+1) } =F [(hxxf 4+ Hyx (xt ®xt> + %h,waQ) ((hx ® hy) (xt ®Xt> +v(t+ 1)) ]

E [(hxx;? + Hy (x{ ®x{) + %hwaZ) <(x{ ®x{)/ (hy ® hy) + v (t + 1)’)}

I
=F [hxx;gS (x{ ® xf) (hx ® hx)/ + hyexiv (t+ 1)/}
- / -
+F {Hxx (x{ ® x{) (x{ ® xf) (hy ® hx)/ + Hy (xf ® x{) v(t+ 1)/}

/
+E {éhmoz (x{ ® x{) (he @ hy)' + th,p0?v (t + 1)’]

= h,E {xg (x{ ® x{)/} (hx @ hy) +h B [x{] E [v (t +1)']
+Bl | (] 0] (x] @ x] ) | (o) + Frocl? [ 0] B v 0417

+ih,,0°E [(x{ ® X{)/:| (hy ® hy) + ih,,0%FE [V (t+ 1)']
Letting
~ / ~
c=hyE[x) E[v(t+1)] + [(xf ox]) (x @x]) } (hy @ hy) + FcE [x] @ x| B[ (4 1)

!
+1ih,,0%E [(x{ ® x{) ] (he ® hy)' + $h,oo?E [v (t +1)]
we therefore have (due to stationarity)

! Y Foxl) '
E I:X?+1 (Xt+1 ®Xt+1) } =hyE [Xf (Xt ®Xt) ] (hy @ hy) +c

/ !/
E|xi,, (xtf+1 ® xfﬂ) }) = vec (th |:Xf (x{ ® x{) } (hx ® hx)/> + vec (c)

!/ !
E|xj (xtfH@x{H) }) = (hx ® hy ® hy)vec <E [xf (x{@x{) ]) + vec (c)

E |x§ (X{ ®xf)/}) (Ini — (hx ®hy ® hx)) = vec (c)

B [xi (xf ®xtf)'D — vec () (Ts — (hy ® hy @ hy))

Finding F [x] (Xf)/]
~ - /
E {X§+1 (Xf+1)l} =F [(hxxf + Hy« (x{ ® x{) + %hO.O.O'Q) (hfo + Hyx (XZ ® x{) + %ho.o.U'Q) }

- .
=F [(hxxf + Hyx (x{ ®x{) + %haa(ﬂ) <(x§)’h; + (x{ ®x{) H_ + %h;aa2)]
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r
= [ () i (] 0 x ) B+ 400,07 )|
- . , . N o~
8 B (x 0x]) (0 i+ (xf @] ) il + 07 |

I~
+8 [hano? () b+ (<] ) By + 0 )]

I -
=F [hxx;g (xf)/ h! + h,x§ (X{ ® x{) H,, + hxxféhfmgﬂ
~ . -~ . ! - - .
+E {Hxx (x{ ® x{) (x5) b + Hooe (x{ ®x{> (x,{ ® x{) )2 (A = (x{ @x{) ;hggaz]

.
+E |:éha'a(72 (Xf)/h;c + %haoo—z (X{ & XZ) H;(x + éhm’o—z%hiﬂ?az]

I~
=hyF [xtg (xf)/} h! +hyF {xf (X{ ® X{) } H., + hyF [x]] %h’aga2
- _ n - -
+H, < F thf ®x,{> (Xf)/:| h! + HyxFE |:(X{ ® x{) (x{ ®xf) } H  +HE {x{ ®xﬂ %h;aO'Q
M -
+1h,,02E [(x)'] W, + Lh,,02E [(x{ ® x{) ] ., + lh,,02Llh, o

200

Letting
s
c=hyF {xf (x{ ® x{) ] H, +hyE[x]] $h, o?

- - n - -
+H,F Kx{ ®xf) (X;)/} h! + Hy FE |:(X{ ®x{) (th ®Xf) } H,, + H.FE {th ®Xﬂ %h'ggo2

1~
+%h0002E [(xf)'] h! + %hUUO'QE [(x{ ® X{) ] H  + %hUUUQ%h:mUQ
we therefore have (due to stationarity)
S S / S S
E [Xt+1 (x541) } =hyE [x (xt)/} h! +c
0

E[x; (x5)] = vee(e) (Inz — (hy ® b))~

/
Finding E {x{ (x{ ® xf) }
/
E {X{H (X{H ®X{+1> }
i /
=F (hxx{ + anetﬂ) ((hx ® hy) (th ® x{) +v(t+ 1)) }

=F _(hxxf +O'7]€t+1) ((X{®xf),(hx®hx)/+v(t+1)/>}

[ /
= E |hyex! (x{ ® x,{) (hy ® hy) + hyx! v (¢ + 1)/}

/
+E |:(0"r]€t+1 (X{ & X[) (hx ® hx)/ + Jn€t+1v (t + 1)/>:|

Recall that v (t + 1) = (hx ® on) (x{ ® €t+1> + (om ® hy) (et+1 ® x{) + (on ® on) (€141 ® €141) so we get
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/
— hE {x,{ (xf @x]) } (hx @ hy)' + 0+ E [omey; (€141 @ €r41) (om @ om)]

!
= hyE {X{ (X{ ® X{) } (hy ® hy)'+ 0+ onE [er11 (€111 @ €41) ] (on @ o)’
)
!/ !/
vec (E |:X{+1 (xf+1 ®x{+1) }) = (hx ® hx ® hy) vec <E [x{ (x,{c ® x{) })

+vec (onE (€41 (€141 ® €41)] (om @ o))
because vec (ABC) = (C' ® A) vec(B)

(;
! -1
<E [X{H (X{-&-l ® X{+1) D = (Iis — (hx @ hx ® hy)) " vec (oNE [€r11 (€141 © er1) ] (om @ om)’)
Finding F [x{ (XZ)/:|
E f s " El(n f hox?® ﬁ f f 1y 2 !
Xit1 (Xt+1) xX; +ON€E xX; + Hyx (X} @ X3 | + 5ho60
_ f AN f f e 11/ -2
=F hXXt (Xt) hx + Xi ® X3 Hxx + 2haag

I o~
= hyE {x{ (xf)l} h, + hyeE {xf (x{ @ x] ) } 2 08

vee (B [xl11 (x341)']) = (e @ b vee (B [x] (x3)'] ) + vee (th [x{ (x/ @x] )/} ﬁ;x)
(i

vee (B [ ()]) = (L = e ) vee (b [+ (] o) | 1)

3.5 Decomposition: The total variance of the state variables

The previous subsection have computed Var (z;) and Var (y§). We next discuss how the total variance of the state variables
should be computed. Starting from our decomposition, we have

— s
X = X; +X;

Hence, it is natural to compute moments of x; based on this decomposition. Hence, for the variance we get

Var (x¢) = Var (xtf + xf)

= Var (x{) + Var (xi) + Cov (X{,Xf) + Cov (Xf,xf)

Note that this procedure is fully consistent with the one adopted for the control variables. To realize that, let us consider
the case where one element in y; simply reproduces one state variable. Then gx = 0 except gx (k,j) = 1 if we want to have
the k’th control variable to reproduce the j’th state variable, while all remaining derivatives of g are zero. Hence, we have

y (k), :X{+Xf-
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Hence, Var (y (k),) = Var (x){c + xf).

One potential short-coming of this procedure for computing the moments of x; might be that we do not include all

higher order terms. In the case of the variance, one could believe that we omit the fourth order term Cov (xf, Xf ® x{ ) in

our expression of Var (X{ + xf) However, this is not the case. To realize this, recall

X{+1 = hxx{ +one 4

1 1
X; 1 = hyxi + inx (x{ ® X{) + ihMOQ
The law of motion for the total state variable is
X{Jrl + X7
1 1
= hy (xf + x{) + §Hxx (x{ ® x{) + §h0002 +one

We compute second moments of xj + X{ based on the first line in this expression. But, of course, we could equally well
have computed the moments based on the second line in this expression. Adopting this alternative approach, we obtain

1
Var <xf+1 + xfﬂ) = hyVar (Xf + x{) hy + ZHxxVar <xf ® th) H,, +o’nn’
1
—|—§th01} (xtq +x! x/ ® x{) H.

1
+§HXXCO’U (x{ ® xf, x; + xf) h!

It is evident that this expression for Var (x{ 11 tx¢ +1) includes the term Cov (xf,x{ ® x{ ) Using this expression to

solve directly for Var (Xf + x{ ) gives exactly the same expression for Var (xf + X{ ) as the one we first suggested (which

we obtain without solving more equations!)

3.6 The auto-correlations

This section derives the auto-correlations for the states and the control variables.

3.6.1 The innovations

We start by showing that &;,; and &, , are uncorrelated for s = 1,2, .... To see this note that
!
E [ét-{-lét-{-l-{-s] =

€141
€141 ® €141 — vee (I,) Y '
E €141 ® xf € 11s (€ir14s @ €145 —veC (L,.)) (€t+1+s ® x{+s) (X{+s ® €t+1+s)
x] ® €41
€1+1€1 1145 €1 (€rs14s @ €ryrps — vee(Iy,))
(€41 @ €111 —vec(Iy,)) €riqy s (€41 @ €41 —vec(In,)) (€r414s @ €414 — vee (In,))

=E €1 @] ) €141y, €41 @ X] ) (€r4145 @ €r4145 —vee(I,,))

xf ® €11) €114y x{ ® €t+1) (€14+145 ® €145 — VEC (Inc))/
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!/ !
f f
€41 (€t+1+s & Xt+s> €111 (XtJrs X €t+1+s)
/ !

(€t+1 ® €141 —vee(Ln,)) (€t+1+s ® X{—i—s) (€t+1 ® €11 —vee (L)) (X{-&-s ® €t+1+s)

I !/

(€t+1 ® X{) (€t+1+s ® X{+s) (€t+1 ® X{) (X{+s ® €t+1+s)

li !/

(X{ ® €t+1> (6t+1+s ® X{-Q—s) (Xf ® €t+1) (Xi:rs ® 6t+1+s)
00 00
o o0 o0 o0
10 0 0 O
00 0O

3.6.2 The auto-covariances

Recall that we have ;

Xt

Z; = X3
f f
X; ®X;

zZi11 = c+ Az + BE,

1
yf = th + §g0002

To find the one period auto-correlation, i.e. Cov (z41,2:), we have

Cov (z441,2¢) = Cov (¢ + Az, + BE,,1,2;) = ACov (z4,2,) = AVar (z;)

because Cov (z¢,€,,,) = 0 as shown above. And for two periods
Cov (zt42,21) = Cov (c + Az + BE, o, zt)

=Cov (A (c+ Az + B¢, ) + B o, %)

=Cov (AQZt +B&; 1o, zt)

= Cov (A%z,2;)

= A%Cov (2, 2)

= A?Var (z)
Here, we use the fact that Cov (Et 129 zt) = (. This follows from the same arguements as above, that is consider
! th~ 1 f ! f !
E[z:&,,] = E X7 [ €42 (€112 ® €y —vec(Ine)) (€t+2 ® Xt+1) (Xt+1 ® €t+2> ]
@ x!
1 1
/ ! ' / Y - '
X; €119 X; (€t42 @ €142 — vec (Lne)) X} (6t+2 ® Xt+1> X (xtJrl ® €t+2)
/ /
=F X[ €10 i (€142 ® €0 — vee (Ine)) X3 (€t+2 ® X{+1) x; (X{H ® €t+2>

/
(X{ ® X{) €111 (X{ ® Xf) (€142 @ €12 — vee (Lne)) (Xf ® Xf) (€t+2 ® X{+1> (Xf ® X{) (X{H ® €t+2)
=0

Hence, in the general case
Cov (z¢11,2:) = AV ar (z;)

For the control variables:
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Cov (yf.l,-la yf) = Cov (th+l + %gaaa27 th + %g0002)
= COU (DZt+l, DZ[;)
= DCov (Zt+l) Zt) D/

= DA'Var (z,) D’

4 Stastical properties: Third order approximation

4.1 Covariance-stationary

Proposition 1:
The pruned third order approximation for xtf , x5, %74 and yi? is covariance-stationary if

1. the DSGE model has a unique stable equilibrium, i.e. all eigenvalue of hy have modulus less than 1

2. €441 has finite sixth moment

Proof
Note first that

!
21 Go1) = b () x50 4 3 ()]) e (G5, 2) (x2)
!/
) (xf) hasx (7, 1,5, 1) (x{)
++ (x) o + 8hoax (4,2) %%/ + §hooo (7.1) 0°

X;-Cﬁl—l = h,x}4 + OH,x (X{ ® xf) + Hyex (xf ® X{ ® xf) + %haaxO'QX{ + %haaga3

where fIxx = %reshape (hxx,nw,ni) and ﬁxxx = %reshape (hxxx,nw,n,i). So we need to find the law of motion of

(x{ ®x§) and (x{ ®x{ ®x{).
Hence,
(x{+1 ®xf+1) - (hxx{ + U?76t+1) ® (hxxf + Hox (x{ ®x{) + %h(mg?)
= hxxf ® hyxi + hxxf ® ﬁxx (x{ ® x{) + hxxgc Q %hgaaz

+omne; @ hyxi +one, ® Hyx (x{@x{) —|—O'7’]€t+1®%h000-2
using (A+B)®(C+D)=A®C+A®D+B®C+B®D

= (hy ® hy) (x{ ®x§‘) + (hx ® ﬁxx> (x{ ®xi® x{) + (hx ® 3hyy) (xtf ® 02)

+ (01 @ hy) (€441 @ x3) + (Un ® ﬁxx) (em ®xi® x{) + (o @ h,,) (€011 ® 0?)
using (A ® B) (C® D) = AC ® BD
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= (hx ® hy) (x{ ®x§) + (hx ® ﬁxx> (xt ®xt ®xt> + (h %h(m(r?) x{

+ (UT’ ® hx) (€t+1 ® X?) + (077 ® ﬁxx) (etJrl ® Xt & Xt 0""] ® %hgg’o-2) €tt1

Recall from above
st @xfiy = (e @by (x] @x]) + (2 om) (x] @ 141
)

+ (on ® hy) (€t+1 ® X{) +(on @ on) (€141 @ €141
So
X{—&-l ® X{+1 ® X{+1 = (hxx{ + ‘777€t+1> ® ((hx ® hx) (X{ ® X{) + (hx ® om) <X{ ® €t+1>

+(on @hs) (er1 @x] ) + (m @ on) (6111 @ €141)

= hyx! @ (hy ® hy) (x{ ® x{) +hyx! @ (hy @ on) (x{ ® em)

+h,x] ® (on @ hy) (em @x] ) +hyx! ® (on @ on) (€141 @ €141)

b (meer) ® (e 0 ) (<] 557 + (0mer0) © e ©9m) (<] 5 1)

+ (ome1) © (1 @ h) (€1 O x] ) + (om€yn) © (o0 © o) (€141 @ €111)

— (hy ® hy ® hy) (x{@x{@x{)+(hx®hx®an)(x{®x{®et+1>

+ (hx ® o ® hy) (x ® €141 ®X{) + (hy ® on @ on) (X{®6t+1®6t+1)

+ (0 @ hy ® hy) (et+1 ® x; ®Xt) + (on @ hx ® on) (€t+1 ® x{ ® €t+1)
+(on@on@hy) (e @ ey @] ) + (o0 @ oN@ M) (€141 @ €111 B €141)

= (hy ® hy ® hy) (x ®Xt®xt)+(h ® hy ® om) (xt®x{®et+1>

+ (b @ 0m @ hye) (x] ®et+1®xt) + (e on @ on) (xf @ €1 @ e
+ (o1 ® hy ® hy) (€t+1 ® X ®Xt) + (on @ hx ® o) (€t+1 x| ® 6t+1)
+(on®on @ hy) <€t+1 ® €141 @ Xt) +(m@on@on) (€41 @ €111 @ €141) — E (€141 @ €141 ® €141)])
+(n@on®on) Ef(€41 @ €111 ® €141)]
Thus we can construct the following extended system
X{-ﬁ-l 0nw><1
X{i sho,0?
xl @] _ (on & o) vec (I,,)
xi$ B shoooo?
X1 @ X34, 0,2 x1
i x{H ®Xf+1 ® xtf+1 | (en®@on®@on) E[(€41 ® €141 ® €141)]
i hy 0, xny On_;,_, xn2 01, xn, 0,, xn2 0,, xnd 1T X{ |
O, wm, h, Hoo  Opxn,  Onsn2 On, xns X3
0n2 xn, Onzxn, Bx®hx Onzun,  Onzxnz 002 3 x| ® x|
+ ESV— Onuxne  Opoxnz by 2H,x Hooox x4
(hx ® %hggUZ) 0n2xn,  Onzxnz  Opzxa, (hy ® hy) (hx ® ﬁxx) X{ ® x3
L 013 xn, 0n3xn,  Onzxnz  Opsxn, 003 xn2 (hx @hx®hy) | | X{ ® X{ Y X{ i
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on 0 0 0 0 0
0 0 0 0 0 0
0 (on®@omn) on®hy hy®on 0 0
+ 0 0 0 0 0 0
on ® thyeo? 0 0 0 on ® hy on @ Hyx
0 0 0 0 0 on @ hy ® hy
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
hy ®hy®on hy®om®hy hyR®om®on mAIhy®on mRondhy MRonRon
- . _
€11 ® €41 —vec(L,,)
€11 ® X{
X{ ® €41
€41 QX
€ & Xf (39 xf
t+1 ¢ t
8 X{ ® X{ ® €41
X{ ® €1 ® X{
X{ Q€1 D €441
€41 ® X{ @ €141
€1 ® €r41 DX
L (€141 ® €141 @ €141) — E (€141 @ €141 @ €441)]
(i
zi41 =c+ Az, + BE, (38)

The absolute value of the eigenvalues in hy are all strictly less then one by assumption. Accordingly, all eigenvalues of A
are also strictly less than one. To see this note first that

p(A) = [A=AI|
I hx_>\I Onzxnz Onjxng OnIXnI OnTXnE OnTxng
Onm XN g hx_AI Hxx Onm XMy OnL xn2 OmC xnd
_ On% XNy Oni XNy hx ® hx_>\I Ong XNy Onixni 011326 xnd
%hoox02 OnJC X Ng Onx xn?2 hx_)\I 2Hxx Hxx_?(
hy ® %hoagz Oni XNy Onfc xn2 Oni X Mg hy ® hy—AI hy @ Hyx
L On% X Mg Oni X Ty Ong xn?2 Oni XNy Oni xn2 hx & hx ® hx_)\I
— [ Bll B12
B21 Ba

where we let
hy—AI 0, xn, 0y, 5n2

B11 = Onmxnm hx_>\I Hxx
Oni XNy Oni XNy hx X hx*>\I

Onz XNy OnT xn2 Onr xn3

Bix = Onwxnz Onani Onrxni
L Ong XNy Oni xn2 Ong xn3
%haaxo—2 Onz XNg Onr xn2
By = (hx by %h0002) Ong XNy Ona xn?2
L Oni XNy Oni XNy Oni xXn2
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hy—AI 2H,, Hioxx
Bas = | Op2un,  (hy @hy) —AT (hx ® ﬁxx)

Onixnz Onixnz (hx ®@hy ® hx) =l
= [B11| By
. U C . .
using | o =|U||Y| where Uism xmand Y isn xn

= |hx — MI| |hyx — AI| |hy ® hy — AI| |Bas|
using the results from the second order approximation

= |hyx — M| |hyx — AI| |hy ® hy — AI| |hyx — AI||(hx ® hy) —AI| |(hx ® hy @ hy) — ]|
using the rule on block determinants repeately on Bao

Hence, the eigenvalue X solves the problem
p(A) =0

lhy — M| |hy — M| |hy ® hy — AI| by — AI| | (hy ® hy) —AI| |(hy ® hy @ hy) —AI| = 0

|hx—AI| =0 or |hy @ hy—AI| =0 or |(hx ® hy @ hy) —AI| =0

The absolute value of all eigenvalues to the first problem are strictly less than one. That is |A\;| <14 =1,2,...,n,. This
is also the case for the second problem because the eigenvalues to hy ® hy are A;A; for ¢ = 1,2,...,n, and j = 1,2,...,ng.
The same arguement ensures that this is also the case for the third problem.

Thus, the system in (38) is covariance stationary if £;,, has finite first and second moment. It follows directly that
E [ﬁ't +1] = 0 and &, has finite second moments if €;11 has a sixth moment. The latter holds by assumption.

For the control variables we have ,
U 1) = g (50) (x] x4 x70) + 5 (x]) g (5000) (x] + 2x5)
(x{)/ Sxxx (i, 1,:,1) (x{)
+3 (x{ / + 3900 (1,1) 02 + 28oox (4,:) azx{ + $9ooo (i,1) 0®
(X{) Sxexexc (B Ny 2y ) (x{)
(i

yz’d = 8x (X{ +X§ +X§d> + éxx ((X{ ®X,{> + 2 (X{ ®Xf)) + éxxx (X{ ®X{ ®X,{>
where Gyx = %reshape (gxx, Ty, ng) and Gyxx = %reshape (gxxx, Ty, ni’)

)

~ ~ ~ X; ®x;

y{d = [ 8x + %gaax02 8x G"xx 8x 2C’"xx c7"xxx ] rd + %gUUUQ + %ggaags
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1 2,1 3
= Dz; + 58000 + 680000
That is y;¢ is linear function of z; and y}¢ is therefore also covariance-stationary.

Q.E.D.

4.2 Method 1: Formulas for the first and second moments

This section computes first and second moments using the representation of the second-order system stated above. This
method is fairly direct but has the computational disadvantage of requiring a lot of memory because we work directly with
the big B matrix.

The system
Ziy1 = C + AZt + B£t+1
rd 1 2 1 3
yi = DZt + igaoa + égaaaa

The mean values are .
Elz] = (IBnm—&-Qni—&-ng - A) C.
1 1
E[y{] = DE[z] + igaoa—z - éga'ocra_g

For the variances we first have as above that ,
E[zi017,,] = B[ (c+ Az + BE,..) (c+ Az + BE,..)'|

= E [cc/ + czjA' + c&; B
+E [Aztc’ + Az z; A’ + Azt£;+1B’]
+E [BE,, ¢ + Bz, A' + BE, & B

=cc +cE[z,] A’
+AF [z ¢+ AE [z;z;) A’ + AFE [ztfiﬂ] B’
+BE [£t+lzﬂ A'+BE [£t+1£2+1} B’

and
Elz] E [Zt], =(c+ AE[z])(c+ AE [zt])/

=(c+AE[z])c +cE[z}] A’ + AE [z) E [z}] A’

Hence,

Els2,,] - Eln) Bl o + cE 2] A’
+AE[z]c + AE [z,z}] A’ + AE [z,£,,,| B/
+BE [&,,12i) A’ + BE [£,,,&, ]| B
—(c+AE[z))c —cE[z,]A' — AE [z E [z,] A

= A (F[zz}) — E[z:] E [z}]) A’
+AE (2,8, B + BE [§,,,2]] A’
+BE [€,,1&,,1] B’

)

Var(ziy1] = AVar|z A’
+A (E (28| —E[z] E[€,1]) B+ B (E [£,,,2]] — E[€,,,] Ez)]) A
+BE [€t+1€;+1] B’
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Notice that F [z;] E

)

Var [Zt+1]

Moreover,

Var [y;’{d

[€,1] = 0 because E [&;,,] =0

| =DVar [z, D’

=AVar[zy| A"+ BVar [€,,] B + ACov [z, €&, 1] B' + BCov [§,, |, 2;| A’

Contrary to a second-order approximation, we have that Cov [Zt, & +1] 2 0. This is seen as follows

E [Zt€;+1] =F

/ A
x| e (e oan-—ve®,)) (anoxf) (doean) (anox)
F oo of ! f 7\’ f ! f
(Xt XX ® €t+1) (Xt X €11 ® Xt) (Xt X €1 ® €t+1) (€t+1 XX ® €t+1)

f /
(€t+1 @ €141 O Xy )

Onm XM OnT xn?2
Onz XTe Onl xn2
_ Oni XMe Ong xn?2
Onm XMNe Onz xXn?2
Oni XMNe Oni xn?2
Oni XMNe Oni xXn?2
—[0 R 0]

(€141 ® €141 ® €141) — E[(€141 ® €41 @ €41)]) }

Onm XMNeNg
Onz XMeNg
Oni XMNeNg
Onw XNeNg
Oni X NNy

Oni XNeNg

Onm XNgMe
Onz XNgNe
Oni XNgNe
Onm XNgMe
Oni XNgNe

Oni XNgNe

Onm XNgMe
Onz XNgNe
Ong XNgNe
Onm XNgMe
Oni XNgNe

Oni XNgNe

We now compute the non-zero elements in this matrix

1) The value of ry g

!
T =E {X{ (X{ @ €41 ® 6t+1> }

Onw Xnen?
OnI Xnen?
Ong Xnen?
Onz Xnen?
Oni Xnen?

0 3 2
ny XTLC”L‘_E

Onm Xn2ne
OnI Xn2ne
0,2 xn2
n2xn2n,
On Xn2n
z XNZNe
Oni Xn2ne

0 3 2
nmxnxnc

= [{ (V1 1)}:;1 {m{ (72,1) {6t+1 (@1, 1) {ets1 (02, )}¢2—1} b 1}%_1]

Thus, the quasi Matlab codes are
E xf xzfeps2 = zeros(nz,nx x ne X ne)
for gamal =1 : nx

index2 =0

for gama2 =1:nx

for phil =1: ne

for phi2 =1: ne

end

index2 = index2 + 1
if phil == phi2
E xf xfeps2(phil,index2) =

46

E zf xzf(gamal,gama2)

/

Onm Xn2ne
Onz Xn2ne
0,2 xn2
nZxn2n,
On xn2n
z XNZNe
Oni Xn2ne

0 3 2
nanmnc

1,9
72,9
73,9
74,9
75,9
76,9

/
(€t+1 ®x] ® Xf)

71,10
72,10
73,10
74,10
75,10
76,10

1,11
2,11
3,11
T4,11
5,1
T6,11

Onac xn2
Onm xn3
Oni xn2
OnI xn3
Oni xn2



end
end
end
end

2) The value of 71 19

f f !
ri0=F [Xt (€t+1 XX © €t+1> ]

{ef 0}

1=

=F {6t+1 (¢1,1) {x{ (Y2, 1) {et41 (@5 )}452—1}7 _l}ne 1

¢1=1

3) The value of 71,11

/
T1,11 = FE |:th (€t+1 ® €t+1 ® XZ) :|

=FE {a:{ (71,1)}::1 {6t+1 (¢1,1) {€t+1 (¢2,1) {35{ (72, 1)}::}" }n

1 2=1) o =1

4) The value of 759

/
o9 =L {xf (th ® €141 & €t+1) }

=F
Y2=1

{zF (74, 1)}:1’:1 {37{ (72, 1) {€t+1 (61, 1) {€r41 (P2, 1 )};:—1} 1}% ]

5) The value of r1 19

/
r2,00 = E [Xf (€t+1 x| ® €t+1) }

=FE [{z} (74, 1)}:1121 {€t+1 (¢1,1) {37{ (Y2, 1) {er41 (9,1 )};:_1} 1}% ]

$1=1

6) The value of ro 11

/
roa1 = E [Xf (€t+1 ® €41 ®Xf) }
= B |{ai (n. DY, {+ @0 {en @0 (o ()} ) }
Y2 ¢2:1

7) The value of r3 g

/
3,9 = B {(th ®Xf) (X{ ® €1 @ Et+1) }

=F

Yo=1 v,=1

47

{toun{efean}” } {d o0 foneontan e

Mg

v3=1

|



8) The value of 73 19

/
73,10 = E |:(X{ & X{) (6t+1 & X{ ® €t+1> :|

_E {xml,l){x{%n}”’ } {qﬂwl,l){ (73, 1) {er41 (62, >}¢2_1} _} ]

v2=1 v,=1 $=1

9) The value of 7311

X !
rg11=FE [(x{ ® X{) (€t+1 Q€41 & X{) ]

—FE {x{ (v1,1) {xf (Yos 1)}%_ }"1 {6t+1 (¢1,1) {6t+1 (¢2,1) {x{ (73> 1)}::_1}% } .

Yo=1 - =
2 v,=1 ¢2_1 ¢1:1

10) The value of rq 9

!/
T4,9 = E |:ng (X{ ® €tt1 ® Et—i—l) :|

=B (s Dk {f (s 1) {41 (00, 1) {evsn (n, )}%_1}%_1}% ]

Yo=1

11) The value of 74 19

!
410 =L [de (€t+1 & X,{ ® €t+1) ]

=1

12) The value of 7411

I
4,11 = E[ rd (€t+1 ® €141 ®Xt) ]

= {I:d (71’ 1)}310:1 {6t+1 (¢1’ 1) {et—H (¢2, 1) {l'{ (72, 1)}:: }m }ne

$y=1 ¢,=1

13) The value of 7359

/
r59 =FE {(X{ ®Xf) (th ®e€41® €t+1) }

—B {xtf (v, 1) {25 (7, 1)}:'::1}:;1 {x{ (v3,1) {6t+1 (61,1) {er41 (a5 >}¢2_1} 1}% 1

v3=1

14) The value of 75 10

li
75,10 = E |:(X{ & X?) (€t+1 by th by €t+1) :|
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=F

{of (u, ) {5 (s 1>}:;;1}:;1 {+ (61, 1) {2f (3. 1) {ers1 (62, 1>}$:_1}::_1}% ]

=1
15) The value of rs5 11

!
rsi = E [(x{ ® Xf) <€t+1 @ €141 ®X{> }

- B {x{ (71, 1) {25 (79, 1)}:::1}:;1 {6t+1 (¢1,1) {€t+1 (¢2,1) {m{ (735 1)}% }"e } .

=1
73 $a=1 ¢,=1

16) The value of rg 9
/
Te9 = I {(x{ ®x,{ (29 x{) (x{ @ €141 @ €t+1> ]

Ny

= {xf (71, 1) {m,{ (v4,1) {xf (v, 1)}% }"w } {xf (74, 1) {€t+1 (61, 1) {er11 (f3, 1)}22:1}% }nz

-1 _ P1=1 _
73 v2=1 v.=1 ' 4=t

17) The value of r¢ 10
F oo o of f '
re10 =& [(Xt ® X ®Xt) (€t+1 X @ Et+1> }

Ne

_ {x{(%,n{xtfml){x{(%,l)}”‘” } } {etH(qsl,l){m{ m,l){em<¢2,1>};§;_1}:Z_1}

=1 _ =
T =1) fr=t

18) The value of rg 11
I
re1 =FE [(xf ® x{ ®Xf> (6t+1 ® €41 ®X{) }

=F {x{ (74,1) {xf (7v9,1) {x{ (73, 1)}:1_1}”1 }nm {€t+1 (¢1,1) {€t+1 (¢2,1) {m{ (V4o 1)}7%_1}”6 }ne
\ - Ya

V2= by=1 ¢1=1

Notice that all the required moments needed to compute these 18 terms are available from the covariance matrix at

second order. Hence we only need to compute Var ({t +1). This is done below.

4.2.1 Efficient computing of BCov [, |, 7]

The matrix B is very big and we therefore by hand try to simplify the summations BCov [St +1,Zt]. Note that such a
simplified expression is also useful when computing auto-correlations. We first note that

BCO'U I:£t+1, zt] - BE [ét«}»lz;]

0
=B| R
0
because FE [ztEQ_H] = [ 0 R O ]
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on 0 0 0 0 0
0 0 0 0 0 0
B 0 (om®omn) onm®hxy hy®on 0 0
- 0 0 0 0 0 0
on ® ih,,0? 0 0 0 on@hy  on® Hyx
0 0 0 0 0 on ® hyx ® hy
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
hy ®hy®on hy®om®hy hyR®om®on mAIhy®on mRondhy MRonRon
0
x| R
0

o oo oo

| [hx®@on©@on on@hy®on on@oen®hy |R’

Onm X (3ngz+2n2+4n2)
OnI X (3nz+2n2+n3)
Oni X (3ngz+2n2+n3)
Onm X (3nz+2n2+4+n3)
0n2 x (3n,+2n2+n3)
| [ hx®on®on on@hy®on on®@on®hyx |R |

We see that [ hy @on®on om@hy®on onRonhy ] has dimensions n? x 3 (nxng) and R has dimensions
(3nm +2n2 + ng) X (Bnine) Thus
[ hy o m®on om3hy®on on®Ronhy ] R’ has dimensions n3 x (3nw +2n2 + ng)

Hence,
Cov [zy,€,,,| B’

/
= (BCOU [Et-{-lvzt])
= [ Onnxnm Onnxnw Onnxng Onnxnm Onnxng R [ hx @on®on N hx @on omRION hx ]/ }

where nn = (?mm +2n2 + ni)

4.2.2 Computing Var [§,, ]
We start by noticing that
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€41
€41 ® €41 —vee(l,,)
€41 R X{
x! ® €41
€41 @ X}
erp1 ®x] ®x]
x{ ©x] ® ey
X{ & €1 @ X{
X{ Q€1 @ €441
€141 OXp @ €141
€41 Q€41 ® X{
LL (€141 ® €41 @ €41) — Ef(€141 ® €141 @ €141)] |

E [€t+1€;+1} =E

/

!/ /
X [ €11 (€41 ® €1 —vee(Ly,)) (€t+1 ® th) (X{ ® €t+1) (er41®x7) (€t+1 ox{ ® X{)
!/ ! li !/
(X{ ox{ ® €t+1) (X{ @ €41 @ X{) (Xf ® €41 @ €t+1> (€t+1 ox{ ® €t+1)
/
(€t+1 ® €41 @ X{) (€141 @ €41 @ €141) — E (€141 ® €41 @ €141)]) }

P11 pi2 O 0 pis5 pe P17 pP1g O 0 0 P1,12
p22 O 0 p25 p2s P27 pP2sg O 0 0 D2,12
P33 P34 P35 P36 P37 P38 P39 P30 P311 P3,12
Pa4 P45 Pae Par P48 P49  P4,10  P4,11 P42

Pss5 Pse P57 P58 P59 P50 P51l Psi2

P66 P67 P68 DP6,9 D610 Pe1l  Ps,12

pr7r Prg Pr9 DPrio Priir Pri2

P88 P89 P80 P81 Ps,12

Poy9 P9,i0  P9,11 P9, 12

P10,10 P1o,11  P10,12

P11,11 0

P12,12

Only stating the elements on and above the diagonal. We first notice that E [(€;41 ® €11 ® €:41)] can be computed as:
E _eps3 = zeros(ne x ne X ne, 1)
index =0
for phil =1:ne
for phi2 =1 :ne
for phi3 =1:ne
index = index + 1
if phil == phi2 && phil == phi3
E_eps3(index,1) = m? (€41 (phil))
end
end
end
end

We next compute all the elements in this matrix. The method is illustrated below
1) for py 1

FE [€t+1€;+1] =1
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2) for p1 2
E [€141 (€141 ® €141 — vec (Ine))/] =FE €141 (€141 ® €t+1),}

—FE [{6t+1 (¢1, D}y, <{€t+1 (¢, 1) {ers1 (s, 1)}2221}28 )/1

,=1
Hence the quasi MATLAB codes are :
E_eps_eps2 = zeros(ne, (ne)?)
for phil =1: ne
index2 = (
for phi2 =1: ne
for phi3 =1:ne
index2 = index2 + 1
if (phil = phi2 = phi3)
E_eps_eps2(phil,index2) = m3 (e;11 (phil))
end
end
end
end

3) for pi1 s
E e (6111 ©%])] = E[er1 (€111 @ x7)']

=F [(6t+1 & 1) (eft-i-l ® (X;)l)]
=F [6t+162+1 ® (Xf)l]
=I0F [(x})']

4) fOI' pl,G
F oot F o of)
E {Gt-&-l (6t+1 ® x; ®Xt> } =F [(€t+1 ®1) <€i+1 ® (Xt ®Xt> )]

!
— E |:6t+1€:§+1 ® (X{ ®X{) :|

:I®E[(XZ®X{)/]

5) for p1 7
f oo ! AN
E {et_i'_l (xt ® X3 ®et+1> } =F [1 ® €411 ((Xt ®xt) ®e;+1>}

!
=F [(x{ ®X{) ®et+1e;+1}

:E[(x{@x{)'] o1

6) for p1 g

!
E |:€t+1 (X{ ® €441 ®X,{) } =
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E |{et+1 (91, 1)}2::1 {1“{ (71,1) {Et—i-l (¢5,1) {z{ (o, 1)}% }ne }m

vo=1 $y=1 -
Thus, the quasi Matlab codes are
E _eps_zfepsxf = zeros(ne,nx X ne X nx)
for phil =1 :ne
index2 = 0
for phi2 =1: ne
for gamal =1 : nx
for phi2 =1:ne
for gama2 =1:nx
index2 = index2 + 1
if phil == phi2
E eps_xfepsxf(phil,index2) = FE_xzf xzf(gamal,gama2)
end
end
end
end
end

4.3 Method 2: Formulas for the first and second moments

This section computes first and second moments using a slightly different representation of the third-order system than
stated above. (Basically, this was the first representation we considered for computing these moments). The advantage of
this method is that it compared to Method 1 is less memory intensive because some of the matrix multiplications are done

by hand.
We first recall that _
(%l @xip) = (he o) (x] @x7) + (b @A) (x] @ x] @ x] ) + (B @ Ihooo?) x{

+(on @ hy) (€141 @ %7) + (an ® fIxx> (€t+1 ®xi ® x{) + (on ® thyeo?) €141
We also know that
X{-H ® X{+1 = (hx ® hy) (X{ ® X{) + (hy ® om) (X{ 0 €t+1)

+(on@hy) (€1 @x]) + (on @ on) (€11 @ er11)
SO
X{+1 ® th+1 ® X{H = (hxX{ + Un€t+1> ® ((hx ® hy) (X{ ® XZ) + (hx ® om) (X{ @ €t+1>

+ (o @ hy) (€t+1 ® X{) +(on®@on) (€141 ® €111))

= hyx! ® (hy ® hy) (x{ ® x{) + hyx! @ (hy ® om) (x{ ® et+1)

thax! @ (o @ i) (1 @ x] ) + hax] @ (on @ o) (€111 @ €441)

+ (omera) @ (hx @ ho) (x] @ x] ) + (ome, 1) @ (e @ om) (x] @ €11

+ (omera) @ (on @ o) (e @ x] ) + (ome,41) @ (on @ om) (€41 @ €r4)

= (hy ® hy ® hy) (x{@x{@x{) + (hy ® hy ® o) (x{@xf@etﬂ)
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+ (hx ® on @ hy) < ®€t+1®X{>+(hx®J7I®U7I) (X{®6t+l®€t+1>
+ (om @ hy @ hy (€t+1 ® X3 ®Xt) + (o ® hy ® on) (€t+1 x| ® €t+1)
+ (‘777 Kon & h (€t+1 ® €t41 ®Xt) + (O"I’] ®on & 0"’7) (€t+1 ® €41 @ 6t+1)

:(hx®hx®h (X ®Xf ®Xt)+ut+1

where u;41 = (hx ® hy ® om) (x{ ® X,{ ® €t+1)
+ (b @ on @ hy) (x] @ €1 @xf ) + (e @ on @ om) (xf @ e @ e
+ (o @ hx ® hy) (€t+1 ®x] ®X{) + (on ® hx ® om) (€t+1 ®x| ® €t+1)
+(on ® on @ hy) (6t+1 @ €41 ®X1{) +(n®@on®@on) (€41 ® €141 ® €41)

Thus we can construct the following extended system

X{+1 hx O'rbz X Mg 0n~z xn2 Onm XNy OnL xn2 Onl xng
Xf—&-l Onxxnx hx Hxx OnI XN Onang Onang
X{+1 ® X{Jrl . Oni XNy Oni XNy h, @ hy Oni XNy Onixni Oﬁi xn3
x7d) = Shooxo? O, xn,  On,xn2 hy 2H, H,x
<l @, (he ® 1h,00%) Op2n. Opzunz  Op2sn. (B ®hy) (hx ® ﬁxx)
X1 ® X{-‘rl ® X1 L Ong,xnz O'rngnz Oni xn2 Ong XNy O'rngni (hx @ hx ® hx) J
x! ]
Xj
| xlex
xid
x] ©x;
x| ©x] ©x]
[ 0,, x1 ON€rtq
%hoaUQ On, x1
(om @ om)vec (1,,,) v(t+1) = (on®on)vec(Ly,)
+ +ihgoe0® + o Onpa
0,2 x1 (o @ hy) (6141 ® x5) + (Jn ® Hxx) (et+1 ®xi ® x{) + (o0 ® th,p0?) €11
0p3x1 + E [uzyq] i1 — E[ug]

Zit1 = C+ Az + Et+1

Hence, ét+1 = B¢, . The expression for the controls are as before, i.e.

1 1
Yt = th + igoUUQ + ggaoaag,

The mean values are .
E [Zt] = (Ian+2n§+n2 - A) C.

1 1
E [yt] = DE [Zt] + 5g0002 + ggoado—s
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We showed above that
Var [z¢41] = AVar(zg) A+ BVar [€,,,| B’ + ACov [z¢,€,,,]| B’ + BCov [§,,,,2:] A’

which is equivalent to
Var[zii1] = AVarzg A"+ Var [étﬂ} + ACov [z,,&,,,| B + BCov [€,,,2] A

We have already known how to compute the ACov [zt, §t+1] B’ and BCov [£t+1, zt} A’. Hence we only need to compute
Var [E’t +1]' Recall from above that

[ ON€Lq |
Onle

~ v(t+1)— (on®on)vec(I,,)

€t+1 = 07LT,><1

(on @ hy) (€141 @ x5) + (O'T] ® ﬁxx) (€t+1 ® X{ ® x{) + (on ® thye0?) €141

U1 — E [ut+1]

where
v(t+1)=(hx®on) (X{ ® €t+1) + (om ® hy) (€t+1 ®X{) + (on®@on) (€141 @ €41)
and
w1 = (hx®hx®on) (X{ x| ® €t+1)

+ (@ on@h) (x] @ e @xf ) + (e @on@on) (x{ @ e @)

+(on@hy @ hy) (€1 @xf @xf )+ (n @@ on) (e @x] B

+ (o ® on @ hy) (6t+1 ® €41 ® X{) +(m@on@on) (€111 ® €41 @ €41)
Note that

Elu]=(on®@on®@on) Ef(€41 @ €141 @ €141)]

because €11 is iid, E [€;41] = 0, and E {xﬂ = 0. Note also that F [uy1] can be coded directly as:

E _eps3 = zeros(ne x ne X ne, 1)
index =0
for phil =1 :ne
for phi2 =1: ne
for phi3 =1:ne
index = index + 1
if phil == phi2 && phil == phi3
E_eps3(index,1) = m3 (e;41 (phil))
end
end
end
end

Hence,

Var [éHl} = E[ét+1 (ét+1)/}
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ON€i11
Onle
v(t+1)—(on®on)vec(l,,)
Onle
(O’T] [ hx) (6t+1 [ Xf) —+ (O’T] & Hxx) (6t+1 X X{ X X{) —+ (O'T] X %haoa2) €ry1
1 — Efugg]

x[ o€ 1M Oixpn, V(E+ 1) — vec (Ine)’ (on ® on)’ O1xn,
/ - I
(€11 ®%5) (on @ hy) + (€t+1 ® th ® Xf) (O”l’] ® Hxx> + €, (on® %hMUQ)/ u,,, — Euj,,] |

:E[

077€t+1‘762+177/ 0p,xn, Var [£t+1 13 0n,xn, Var {§t+1 - Var {§t+1 16
Onanm Onwxnr Oanni OTLL XMy OnIXni Onw><n3
- Var [étﬂ] 0,2x,, Var [étﬂ 0,,xn, Var [Etﬂ Var [étﬂ
Var (.1,) = Bl wo w 5 5 ]

OnIXnI Onzxnz Onmxn2 Onzxngg On,Xn%

Onx X Mg Var {St-&-l

Var [EH_J o 0,2 51, Var [£t+1
0,,xn, Var [étﬂ

A R

where we have defined:
pd ! Vi !
Var &1 = Elone, (v(t+1) —vee(L,,) (on @ on)’)]

Var (&), = Blv (t+ 1) — (m @ om) vee (1)) (v (¢ + 1) = vee (L, ) (on ® om))]

~ !/ - !/
Var (€. = Elone,., <(€t+1 ©x3) (on @) + (€1 ©x] @x]) (o0 @ Hux) + ey (& %haaog)')]

Var | [ t+1:| 16 = J77£t+1 (u;5+1 —-F [u£+1])}

Var (&), = Bl(v(t+1) = (7 @ om) vee I,.)

’ _ /
X (€41 ®@x5) (o @ hy) + (€t+1 ®x{®x{) (Un®Hxx> + €4 (077® ;hggoi)/>]

E((v(t+1) = (on® on)vec(Ly,)) (w1, — B [uj,4])]

Var [ét-s-lLG

Var [étﬂ}ss = E[((an ® hy) (€41 @ x5) + (an ® fIxx) (€t+1 ® th ® X{) + (O"I’] ® %hwg?) 6t+1)

X

’ _ /
(err1@x3) (on@he) + (e @xf @x{ ) (on® ) + €4y (m @ ;hwa?)’>}

Var {§t+1}56 E[((Un ® hy) (€141 @ x7) + (0’?7 ® ﬁxx) (€t+1 ® x{ ® xf) + (077 ® %hwg?) €t+1) (u;_‘_1 - F [uiHD]
Var (€] = Bl — Blur]) (0, — 2 [u,,])]

We have already derived the expressions for Var [Et +1] and Var {Et +1} , and we will now compute the remaining
13 33
terms.
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4.3.1 For Var [étﬂ} s

Note first that Var [Et +1} has dimensions n, x n2.
15

Var {étﬂ} LT Elone, ((et+1 @x3) (on @ hy) + (et+1 ® x{ ® x{)l (017 ® I;Ixx)/ + €4 (an ® %hgg(ﬂ)’)]
= Elonerss (1 ©x1) (0 h)/ +omersy (e @xf ©xf) (o1 ) + omeprelys (0@ Shoso?)]
— Elome,,, (41 ® (5)) (0n ® hy)' + ome,, (e;+1 o(xf) @ (x{)') (on® Fix) +om (om © thpo?)’
= E[on (€41 ® 1) (€11 ® (x7)") (on @ hy) +0m (€141 @ 1) (GQH ® (x{)/ ® (X{)l) (Jn ® I:Ixx)/—kan (on® %hMJQ)/]

’ / _ ’
= Blon (e @ 0)) (on @ ) + o (ersct @ (x1) @ (x]) ) (o018 Fic) -+ 0m (019 d1r00?)'

1) on(L, ®E[x]") (on @ hy)’

2) +om (Ine ® (E {x{ ® X{D/) (on ® flxx)/

3) +on (on @ %h(maz)/
Checking the dimensions:

Term 1: (ng X ne) (Me X Neng) (Ngng X nengﬁ)/ ok
Term 2: (ng X ne) (Ne X Nengng) (Npng X nenznm)/ ok
Term 3: (ng X ne) (ngng X ne)/ ok

4.3.2 For Var [Etﬂ} 6

Note first that Var [Et +1} has dimensions n, x n3.
16

Var [&..] = Elone, s (uhyy — B [w,,])]
= E[Urlet+1u2+1]

[0n6t+1((xt 2x{ ® €t+1>/ (hx ® hy ® o)’

+ (X ® €141 @ X} )l (hy ® o ® hy)' + (x{ ® €41 ® et+1)/ (hy ®on @ o)’
+ (e 1@x] ® xt) (on ® hy ® hy) + (em ®x] ® €t+1)/ (on @ hy @ o)’
+

!
€1 @ et @x] ) (0@ on @ hy) + (€11 @ €1 @ ea) (@ o @ om))]

li
=onk (€t+1 (X{ ®x{ ® €t+1) ) (hy ® hy ® on)’
/

li
+onE [€t+1 (x{ ® €141 ® xf) } (hy ® on ® hx)l +onk |:€t+1 (x{ ® €141 et+1> (hx ®on ® 0-,7)/
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/

/
+onk [€t+1 (6t+1 x| ® Xz{) } (on ® hx ® hy)' + onE |:€t+1 (€t+1 x| ® €t+1> (on @ hy @ o)’

/
+onk [€t+1 <6t+1 ® €41 ® X{) } (on®on @ hy)' + onE [€11 (€141 @ €11 @ €141)' ] (n @ o @ on)’]

=onkE ((1 ® €141) ((x{ @x!

/
+onk [€t+1 (Xf ® €41 ® Xf) } (hx ®on®hy)’ +0

!/
+onE [(etﬂ ®1) <e,’5+1 ® (xf ® xf) )} (on ® hy @ hy)' 4+ 0
+0+0nE [e141 (€141 @ €141 @ €11) ] (o @ on @ on)']
!/

=onk {(Xf ® X{) ® €t+1€;+1] (hy ® hy @ on)’

/
+onk [€t+1 (X{ ® €41 ® X{) } (hx ® on ® hy)’

I
+onkE [etHEQH ® (x{ ® x{) } (om ® hy ® hy)’
+0nE (€111 (€111 @ €41 ® €111) | (tm @ o @ on)']

foxt) '

=on <E [(Xt ®Xt) :| ®Ine) (hx ® hx ® om)

i
+onkE |:€t+1 (x{ ® €141 ® x{) } (hy ® o1 @ hy)’

!

+on (Inﬁ ®E [(x{ ®x{) D (om @ hy @ hy)

+onE [e11 (€141 @ €11 @ €r41) ] (om @ on @ on)']

/
Hence we only need to compute directly the terms E [€t+1 (xf R €1 ® xf) ] and E [€t+1 (€t+1 R €141 ® Et+1)/]'
We first note that
li
FE |:€t+1 (X{ ® €141 ®X{) :|

And
E (€1 (€41 @ €1 @ €11) | = E (€41 (€1, @ €], @ €fyy)]

—F |er (61/5+1 ® {{6t+1 (L @3) b= o (L, ¢4)}:C—1>}
€41 ((1517 1) Ne
—p| 9t (¢, 1) <{€t+1 (1,65) {{€t+1 (1 @3) g5 €41 (1L, ¢4)} e } >
’ 9= 9,1
€t+1 (¢47 1)

Thus, the quasi Matlab codes are
E_eps_eps3 = zeros(ne, (ne)”)
for phil =1 : ne
index2 =0
for phi2 =1 :ne
for phi3 =1:ne
for phid =1 :ne
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% second moments

if (phil == phi2 && phi3 == phid && phil™ = phid)
E eps_eps3(phil,index2) =1

elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E eps_eps3(phil,index2) =1

elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E _eps_eps3(phil,index2) =1

% fourth moments

elseif(phil == phi2 && phil == phi3 && phil == phid)
E_eps_eps3(phil,index2) = m* (e;41 (phil))

end

end
end
end
end

4.3.3 For Var {étﬂ}&%

Note first that Var [Etﬂ} . has dimensions n2 x n?2.

Var |:ét+1:| 35

/ - /
= E[(v(t +1) - (on @ o) vee (L)) ((et+l®x:>’<an®hx>’+ (e ox] @x!) (mo ) +e (an®§hwo2)/)]

= E[((h ®on) (Xt & €t+1) + (om ® hy) (6t+1 ® x{) + (o ®on) (€111 ® €41) — (0N ® on) vec (In)>

’ _ /
< ((er1@x)) (n@be) + (e @x] @x!) (@ Ha) +elp (me ;hwa“‘)'>}

= E[

(hy ® on) (x{ ® et+1> (er41 ® x3)' (0 @ hy)’
+ (hx ® om) (X{ ® €t+1) (€t+1 ® x,{ ® x{)l (JT[ ® fIxx>/
+ (hx ® om) (xic ® et+1) €1 (on® %hggoz)/

+(om ® hy) (€01 @ ) (€111 9 x3)' (om @ )
+ (on ® hy) (€t+1 ®X{) (€t+1 ®x] ®Xt>/( )
+ (om @ hy) (€t+1 ® x{) €. (on® hwa2)'

+(on®@on) (€11 © €11 (€41 @ %;)’ (077®h )/ ,
+(n®@on) (€41 @ €41) (€t+1 ® Xt ® Xt) (Un ® ﬁxx)

(
(€t11 ® €141) 6t+1 (on ® 3heeo )/
—(om®@on)vec(l,,) (€t41 ® xt) (cn®h )

’ _ ’
— (on @ omn)vec(I,,,) (em ®x] ®X{) (0n®Hxx)
—(on @ on)vec (Ly,) €4, (o1 ® $hyp0?)’

+(on®@on)
(
)
)
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(B @ om) (X @ €141 (€11 @ %)’ (01 @ he)’
’ _ ’
+ (hx ® om) (x{ ® €t+1) (EtJrl ® x,{ ® xtf) (an ® Hxx)
+ (hx ® UT’) (XIJ: ® €t+1€;+1) (UT’ Y %hoaaz)/
+(om © ) (1€ ©xf (7)) (o © h)
’ _ /
+(om © ) (emezﬂ @x{ (xf ®x/) ) (om © )
+ (077 ® hx) (6t+16t+1 ® Xy ) (0’1’] ® h000'2)/
+(on @ on) (11 @ €r41) (€141 @ %;)’ (077®hx): /
+ (O”I] & 0"17) (€t+1 ® €t+1) (€t+1 X X{ ® X{) (0'17 X ﬁxx)
+(on®on) (€11€;, 1 @ €r11) (o @ %hoaU2)/
-0
—0
-0
]
(by @ om) (%] @ er1) (eri1 @x7) (o @ 1)’
’ _ ’
+ (hx ® om) (xt ® €t+1) (EtJrl ® x,{ ® x{) (J’I’] ® Hxx)
40
+ (01 @ 1) (vl xf (x1)') (om @ )’

! ~ /
+ (om ® hy) <€t+162+1 02y X{ (x{ ® x{) ) (an ® Hxx)

+0
+(on @ on) (€11 @ €41) (€141 ©%;) (0 @ hy)’

’ ~ /
+(on®@omn) (€111 ® €:41) (€t+1 ®x] ® Xf) <077 ® Hxx)
+(on @ on) (er+1€41 @ €41) (00 @ Lthyeo?)’

]
= E[
(hx ® om) (X{ ® €t+1) (er+1 ©%;)" (on ® hy)’
tgwon) (xf ©en) (e exf oxf) (one Fe)
+ (o1 @ 1) (T, @xf (7)) (om @ )
+ (om @ hy) <Ine ® x{ (x{ ® x,{)/) (on ® flxx)/
+(on @ on) (€11 © €11) (€41 ©%;) (01 @ hy)’
+(on @ on) (€141 @ €r41) (€t+1 ®x{ ® Xf)/ (017 ® I:Ixx)/
+(on®on) (€161, ®€p1) (oM ® %hwg2)/

]

Note that
(on®@ on) (€141 ® €141) <€t+1 ® X{ ® Xf> (077 ® Hx )

/
=(n®@on) (€41 ® €41) ® 1) <€t+1 ® (Xt ®xt) ) ( )
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’ - ’
= (on @ on) <(€t+1 ® €141) €141 @ (Xz{ ®X{) ) (UW@Hxx)
. / - ’
= (on®@on) <(€t+1 ®err1) (€41 ®1) @ (th ®X{) > (077 ® Hxx)
’ _ ’
= (om®on) <(€t+162+1 ®€rp1) ® (X{ ®X{) ) (U"l ® Hxx)

So
Var [§,11]4; =

1) (hy ® on) E [(xf ® €t+1> (€141 ® Xf)l} (on @ hy)'

2)  +(hy®on)E {(x{ ® et+1> (et+1 ox! ® x{ﬂ (077 ® ﬁxx)/

3)  +(om®hy )(Ine ®E [xt (x5) D (om @ hy)'

4)  +(om®hy )(I 6®E[x{ (x{@xf)?)(an@flxx),

5 +(m@on)E (€41 ® €41) (€141 @%5) ] (on @ hy )’

6) +(om®@on) <E [(ers1€0 @ €1)] @ F [(xt ® x{)/D (crn ® fIxx>/

7) +(on@on) (E (41611 @ €41]) (on @ %haaaz)
Checking the dimensions:

Term 1: (ngng X ngne) (ngne X nenw) (Neng X Nzpng) ok
Term 2: (ngng X ngne) (nine X NN ) (neni X ni) ok
Term 3: (ngng X NeNg) (NeMy X Nge) (Meng X Ngng) ok
Term 4: ( 2 x nenm) (NeNy X NeMgNy) (MeNgNg X Ngnyg) ok
Term 5: ( 2 x ng) (ng X nenz) (neng X ngnyg) ok

Term 6: (n2 x n?) (n2 x nen?) (nengng X ngng) ok

Term 7: (n? x n?) (n2 x ne) (ne X ngyny) ok

We then need to show how to compute the following matrices

E [(X{ ®€t+1) (€141 ®Xf)/} =F [{xf (71 1)€t+1}:;1 ({6t+1 (62, )X} }5e _1>l]

=F

CACIRONCHSECHED) ey S <{€t+1 (02, DAz (72’”}”5—1}:—1)/]

Thus the quasi Matlab codes are
E _xfeps epsrs = zeros(ngne,neny)
indexl =0
for gamal =1 :nx
for phil =1: ne
indexl = indexl + 1
index2 =0
for phi2 =1:ne
for gama2 =1:nx
index2 = index2 + 1
if phil = phi2
E _zfeps epsxs(indexl,index2) = E _xf xs(gamal,gama2)
end
end
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end
end
end

where E_zf xs=F [x{ (xf)/] = reshape((E [x{ ® XfDI,n:L',n:c). This is so because
Bt oxt] = B[ {af ) (a1 G012} ]
x{ (ve, D Ai (02, 1)}:;1
| el e e (Y
o (ne 1) (o (12, D)
So simply doing (for a 2 by 2 matrix)

o/ (1,1 2% (1,1) 2 (2,1)2%(1,1)
o (1L, 2% (2,1) 2 (2,1)2%(2,1)

and we therefore need to transpose E [x{ ® Xf} in the expression above.

reshape(E [x{ ® xf} ,nr,nx)=F {

And )
E [(X{ ®€t+1) (€t+1 ®X{ ®x{) }

=FE { (71, 1) {ery1 (&4, )}¢1_1} - <{€t+1 (¢2,1) {(X{ ®X{> (72»1)}33_1}”6 1) ‘|

r !/

S LACRICICHIE) {etﬂwz,n{xml){xtfm,n}"i ' }

Thus the quasi Matlab codes are:
E zfeps epsxfrxf = zeros(naxne,ne (mz)2)
indexl =0
for gamal =1: nx
for phil =1 :ne
indexl = indexl + 1
index2 =0
for phi2 =1:ne
for gama2 =1:nx
for gama3d =1 :nx
index2 = index2 + 1
if phil == phi2
E zfeps epsxfxf(indexl,index2) = E xf xf xf(gamal,gama2,gama3)
end
end
end
end
end
end
where E_zf af zf = reshape((E [x{ oxi® X{D , VT, NT, NT)
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And
E [(€r+1 ® €r41) (€141 @ x7)']

- l{6t+1 (@1, 1) {€t41 (2, )}¢z—1} -1 <{€t“ (63,1) {=t (71’1)}:f—1}22—1)/]

Thus the quasi Matlab codes are:
E eps2 _epsxs = zeros(Nene, NeNy)
indexl =0
for phil =1: ne
for phi2 =1: ne
index]l = indexl + 1
index2 =0
for phi3 =1:ne
for gamal =1 : nx
index2 = index2 + 1
if phil = phi2 && phil == phi3
E_eps2 _epsws (indexl,index2) = E_xs(gamal, 1) x m? (e;41 (phil))
end
end
end
end
end

Finally:
E[(€r11€4, ® €11)] = E [({Gtﬂ (¢1,1) {€l1 (1, 09) Z::l};_l ® 6t+1)]
=

=F l{{etﬂ (¢1,1) {€Q+1 (1, ¢9) Z::l} €t41 (B3, 1)} ]
b1=1 $5=1
Thus the quasi Matlab codes are:
E eps2 eps = zeros((ne)® , ne)
for phi2 =1:ne
indexl =0
for phil =1: ne
for phi3 =1:ne
indexl = indexl 4 1
if phil == phi2 && phil == phi3
E_eps2_eps(indexl,phi2) = m?> (e;41 (phil))
end
end
end
end

4.3.4 For Var |:ét+1:|36

Note first that Var [Et +1} 26 has dimensions n2 x n3.

Var [§] = BIv(t+1) = (on @ omvee (1,,)) (w4, — B [u;,1])]
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= E[((hx ®on) (X{ ® €t+1) + (om ® hy) (€t+1 ® x{) +(on®on) (€1 R €v1) — (0m ® on) vee (In)>

x (ufy — B [ugyq])]
<( ®on) ( ® Et+1) + (on @ hy) (et+1 ® xf) + (@ om) (€141 ® €141) — (o ® oM) vec (Ine)> u)_ ]
( x ®on) (xf ® €t+1> + (om ® hy) (6t+1 ® x{) + (on®on) (€41 R €41) — (o ® on) vec (Inﬂ)) E [u}4]]

= ( @ o) (x] @ i)+ (on @) (€1 @x] ) + (@ on) (€41 @ €11) — (on @ o) vee (T, ) ) ul.]
E[0+0+0)F [ut+1]]
= E[(hx ® on) (Xf ® €t+1) u;
+ (0'7’ & hx) (€t+1 & X{) 11;_’_1
+(on®on) (€141 ® €r41) Uy
— (on ® o) vec(I,,,) uj, ]
= E[(hx ® om) (Xf ® €t+1) u

+ (om @ hy) (€t+1 ® X{) u
+(on®@omn) (€11 ® €r41) Uy ]
—(on®@on)vec(l,, ) E [uéﬂ]

= |
(hx ® on) (xt ® et+1) (( ®xi ® etH)/ «@hy, ®on)
+ (Xt R €41 @ xt) x ®on  hy ) (x{ R €41 ® €t+1)/ (hx ®om® an)'
+ (6t+1 ® X; ®Xt>/ (01 © hy ® hy)' + (€t+1 ®x{ ® €t+1)/ (on @ hy ® o)’

/
+ (€t+1 D €41 ® x{) (en®@on @ hy) + (€41 @ €141 @ €41) (on @ o @ on)’)

(mn@hy) (e ©x] ) ((x] ©x] @ er11) (e ® by @ om)
/ ’
+(xd @enex) eomend + (x @ e @en) (hewomson)
/ /
+ (€t+1 & X{ ® XZ) (cn®hxy ® hx)/ + (€t+1 ® x{ ® et+1) (on®@hy @ on)’

/!
+ (€t+1 ® €41 @ X{) (en@on@hy) + (€41 Q€41 ® €41) (o ® on @ on)’)

(on @ om) (€141 @ €141) ((X{ ®x{ ® €t+1)/ (hx ® hy ® on)’
+ (Xf R €41 @ x{>l (hy ®on ® hx)' + (x{ ® €441 ® et+1)/ (hy @ o ® an)’
t(anex oxf) mohen) + (anox{ ©ean) (nohoon)
+ (6t+1 R €41 @ th)' (cm®on® hx)’ + (€141 D €141 ® 6t+1)/ (en®on ® 071)/)]
—(en®@on)vec(1,,) E [u) 4]

!
(@ om) (x] @ v ) ((xf @x{ @ er11) (hx @b om)’
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/
+ (xt ® €441 ®Xt> (hy ® on ® hy)" + (x{ ® €111 ®€t+1) (hx ® on ®@ o)’
/
+ (€t+1 ®x{ ®Xt) (on ®@ hy ® hy)' + (€t+1 ®x{ ® €t+1) (on @ hy ® o)’
+(

e ® e @x!) (n©on©he) +0)

(om ® hy) (€t+1 ®Xt) ((X ®x{ ® €t+1) (hx ® hy ® on)’
li !
+(xf e oxf) eomon + (xf ©enven) (hoomoon)
! !
+ (€t+1 ®Xt ®Xt> (on®hy @ hy)' + (€t+1 ®X{ ® €t+1) (on @ hy ® on)’

!
+ (e @e@x]) (@ on@he) +0)

(on ®@ on) (€141 ® €r41) ( (Xt ®x] ®€t+1)/(hx ® hy ® om)’
+(Xt @ €441 ®Xt> (h
+(€t+1®xt ®Xf) (on@hy @ hy) +0
+0+ (€111 @ €41 D €r41) (on@ o @ o))

x@on®@hy) +0

!/

—(en ® on)vec (I,,) E [uy, 4]

(hy ® om) xt®et+1 ((x ®x{ ®et+1) (hy ® hy ® o)’

/
+ (hx ® om) (Xt ®et+1) (xf®et+1 ®Xt> (hx®o7]®hx)/

/

O"l”®h €tt1 ®Xt (€t+1 ®Xt ®€t+1 an®hx®0'n)

x ®on) (Xt ®€t+1) ( (€141 ®€t+1)/> (hy ® on © on)’
x ®0on) (X ®€t+1) <€t+1 @ | x3 ®Xt),) (077®hx®h>c)/
x®omn) (Xf ®et+1) (€t+1 ®Xt ®et+1> (an@hx@)an)/
x ®on) (xf ®e,+1) < €41 D€41) ® (xf>/> (on @ on @ hy)'
+ (om @ hy) (€f+1 ®xt) (x{ @ xJ ®et+1>l(hx @ hy ® on)’
+ (om @ hy) (etH ®xt) (x{®6t+1 ®xt>/(h ®on ®hy)’
+ (om ® hy) (€t+1 ® X} ) (X{®€t+1 ®€t+1) «@oneon)
+ (on ® hy) (etH ® x; ) <€t+1® (xt ®xt>/> (on ® hy ® hy)’
(00 0])
(e ©])

+ (on @ hy) (€141 ® X{ <€t+1 ® €141) '® (x ) ) 0n®an®hx)/

/

+(on@ o) (e @ en) (x] @x] @ ei) (he @by on)
i

+(on @ on) (€141 @ €r41) (X{ Q€41 @ X{) (hy ® o1 @ hy)'
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+(on @ on) (€41
+(on @ on) (€141

/
® €t41) (€t+1 ®x| ® X{) (on @ hy ® hy)’
® €141) (€141 ® €141 ® €141) (on @ o ® )]

— (on @ o) vee (L,) E [u),,]

= B

(h ®omn) ( (Xt & Xt) ® €2+1€t+1> (hx ®@hx ® 077)/

/
+ (hx ® om) (x,{c ® 6t+1) (xtf Q€1 ® x{) (hy ® on ® hy)’

+ (hy ® o) <x{

x ® o) (X ® 61t+1) <€t+1 ® (Xt ®x;
x ®omn) (Xf ® 6t+1)

x ® an) (Xf ® €t+1)

+(on @ hs) (e
+ (on ® hy) (et+1
+(om @ ) (en
o (e

+ (on ® hy) (€t+1

+ (om @ hy) (€t+1

N/
X{) ® €141 (€141 ® €t+1)/> (hx ® om @ o)’
f li

) (om @ hy, @ hy)’

>/
X

/N

€11 @ Xt X €141 on X h, ® UT’)

/—\

et+1 ®et+1 ® (X ) ) ‘777®0'77®hx)’

!
®x Iox! ®€t+1> (hy ® hy ® on)’

t
!
®Xt ®6t+1 ®X{> (hx ®gn®hx)/
!
1 Xt ® €41 ® €t+1> (hx ® on @ on)’

I
{(x{®x{)>(an®hx®hx)’

R x

AAA

€141

D (x
) (x
/)
®
® xt) (et+1 ®x{ ® €t+1> (on®hy @ on)’

/
€1 @ €r1) ®x] (X{> ) (on ® on @ hy)’

li
+(on®on) (1 (€141 @ €141)) <(x{ ® x,{) ® eQH) (hy ® hy ® o)’

+(on ® on) (€141

!
@en) (x/ @ e @xf) (hewon@hy)

/
o on (e @ e @) (e o (xf @ x) ) (on ey

+(on @ on) (€41

® €r41) (€41 © (€111 ®€44)) (on@on @ on)’]

—(en ® on)vee (In,) E [ 4]

(hyx ® om) (E {x

+(hxy®on)E
+ (hy ® om) <E
+(hx®077)E

+(hx®on)E

i
L oxd) | o1, ) (o us on)
f f 7\ ’
(Xf ® 6t+1) (Xt ® €141 ® Xt) } (hx ® on @ hx)
[ ! ( f) } QF [6t+1 (€41 ® 6t+1)/]> (hx ® o ® a'n)/
/
Xt ® 6t+1 (€t+1 ® Xt ®Xt> )} (om @ hy ®hx)l

/
(Xt ® €t+1) (€t+1 ®x] ® €t+1) } (on @ hy ® on)’
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6) + (@ on) B | (x{ @ 1) <(€t+1 @en) @ (x) )} on © on ® hy)'

[ Y (of
7) +(on@b) E | (e ox!) (x @xf @ e } x @ hy @ o)’

i Y (of
8) +(on®@hy) E (et+1®xt)(xt®et+1®xt } @ on@hy)
9) +(om®@hy) B (€t+1 ® Xf) (X{ ® €41 @ €t+1) } (hxy ® on @ on)’

i /
10) + (o ® hy) <In‘e ®F {x{ (xf ® x{) ] ) (om @ hy @ hy)’

f f ' '
11) +(on ®hy) E [(€t+1 ox]) (1 @xf @) } (01 ® hy ® o)
' [N /
12) +(on @ hy) [ B [er41 (€41 @ €41)'] © E |x (Xt> (on ® on @ hy)
/
13) +(oneon) (E {(xf ®x] ) } ®E [(er+1 ® €141) e;H]) (hx ® hy @ om)’
/
14) +(om®on)E [(€t+1 ® €t41) (X{ Q€41 ® X{) ] (hy ® o @ hy)’
/

15) +(on ® o) (E (€141 @ €r1) €4] ® F [(xt @x]) ] ) (01 ® hy ® hiy)’
16 +(om®@on) £ [(€t+1 ® €t41) (€t+1 ® (€t+1 & €t+1))] (cm@on® 0'77)’
17) —(on®@ on)vec(L,,) E [uy,,]

Hence, we need to compute the remaining matrices directly. This is done below where the number relates to the row in
the expression for Var [Et +1}
36
1) None

2)
I
E [(xtf ®et+1) (xf ® €141 ®x{) }

_ 5 ({xg(%’l){em(¢1,1)}g;_1}:j_1> {CU{(’Yz,l){6t+1(¢2,1){xtf('Yg,l)}::_l}"e }

b2=1) =1
Thus the quasi Matlab codes are: ’
E xfeps _xfepsxzf = zeros(nx X ne,nx X ne X nx)
indexl =0
for gamal =1 : nx
for phil =1: ne
indexl = indexl 4 1
index2 = 0
for gama2 =1: nx
for phi2 =1: ne
for gama3 =1:nx
index2 = index2 + 1
if phil == phi2
E xfeps_xzfepsxzf(indexl,index2) = E xf zf xf(gamal, gama2,gama3)
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end
end
end
end
end
end
where E_zf xf af =reshape(E [X{ ® x{ ® Xﬂ , NT, NET, NT)

3)

E €1 (€41 ® €141) ] = E [€111€, 1 @ €)1] = (E [(et41€/41 @ €t+1)])/

but E [(€;41€1 ® €41)] is already computed

4)

E {(x{ ®€t+1) (€?+1 © (X{ ®X{)/>}

/
=F [(x{ ®et+1) <et+1 ®xtf ®X{) }

—F ({xf (71, 1) {et+1 (P15 )}¢1_1} 1_1> {€t+1 (¢2,1) {l’{ (72, 1) {x{ (73,1)}::_1}7% }ne_

Thus the quasi Matlab codes are:
E xfeps _epsxfxf = zeros(nx X ne,ne X nx X nx)
indexl =0
for gamal =1 : nx
for phil =1:ne
indexl = indexl 4 1
index2 =0
for phi2 =1: ne
for gama2 =1:nx
for gama3 =1: nx
index2 = index2 4 1
if phil == phi2
E xfeps_epsxfxf(indexl,index2)
end
end
end
end
end
end _
where E_zf xf af =reshape(E x{ ® x{ ® X{ , T, NT, NT)

5)
li
E {(X{ & €t+1> (€t+1 ® X{ & €t+1>

=F
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Pa=1
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Thus the quasi Matlab codes are:
E _xzfeps epsxfeps = zeros(nx X ne,ne X nx X ne)
indexl =0
for gamal =1: nx
for phil =1: ne
index]l = indexl + 1
index2 =0
for phi2 =1:ne
for gama2 =1:nx
for phi3 =1:ne
index2 = index2 + 1
if phil == phi2 && phil == phi3
E_xzfeps_epsxfeps(indexl,index2) = E_xf xf(gamal,gama2) x m? (€41 (phil))
end
end
end
end
end
end .
where E_zf xf =reshape(E [x{ ® Xﬂ , T, NT)

6)

E {(x{ ® et+1) ((€t+1 @ e€q1) @ (X{)lﬂ

!
=F |:(th ® 6t+1) <€t+1 (9 €41 & X{) :|

=L ({xf (71, 1) {et+1 (¢4, 1)}ij1} > {€t+1 (¢2,1) {€t+1 (¢3,1) {55{ (72, 1)} } }
v1=1 Y2=1) 4,=1 o=1
Thus the quasi Matlab codes are:
E _zfeps eps2xf = zeros(nx X ne,ne x ne X nx)
indexl =0
for gamal =1: nx
for phil =1 : ne
index]l = indexl + 1
index2 =0
for phi2 =1:ne
for phi3 =1:ne
for gama2 =1:nx
index2 = index2 + 1
if phil == phi2 && phil == phi3
E_xzfeps eps2xf(indexl,index2) = E_xf xf(gamal,gama2) x m? (€41 (phil))
end
end
end
end
end
end
where E_zf xf = reshape(E [x{ ® X{] , T, NT)
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7)
/
E {(et_,_l ®xf) (xf ®X{ ®et+1> }

:E[({etﬂwl,n{x;‘m,n}:;l}”e )({x{mn{x{wg,n{em<¢2,1>}g:_1}:::1}% H

¢1=1 v2=1
Thus the quasi Matlab codes are:
E epszf xfxfeps = zeros(ne X nx,nx X nx X ne)
indexl =0
for phil =1: ne
for gamal =1: nx
indexl = indexl + 1
index2 =0
for gama2 =1: nx
for gama3 =1: nx
for phi2 =1:ne
index2 = index2 + 1
if phil == phi2
E epszf xzfxfeps(indexl,index2) =FE xzf zf xf(gamal, gama2,gama3)
end
end
end
end
end
end

8)
. N\
E {(et_,_l ®x{) (xg ® €141 ®xg) }

_ & <{€t+l<¢1,1>{w{ml)}:?—l}% ) {m{(%’”{““(%’”{mf o)) }

=1 2=1) =1
Thus the quasi Matlab codes are:
E epszf xzfepsxzf = zeros(ne x nx,nz X ne X nx)
indexl =0
for phil =1:ne
for gamal =1: nx
indexl = indexl + 1
index2 =0
for gama2 =1:nx
for phi2 =1:ne
for gama3 =1:nx
index2 = index2 + 1
if phil == phi2
E epsxf xfepsxf(indexl,index2) =E xzf xf xf(gamal,gama2,gama3)
end
end
end
end
end
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end

9)

I
E |:(€t+l ® X{) (X{ X Er1 ® 6t+1) :|

—E[<{+ @0 {ef e} 1 )({f (o) {ers @D e G0t ) )]

$=1
Thus the quasi Matlab codes are: '
E epsxf xfeps2 = zeros(ne X nx,nx X ne X ne)
indexl =0
for phil =1:ne
for gamal =1: nx
indexl = indexl + 1
index2 =0
for gama2 =1:nx
for phi2 =1:ne
for phid =1:ne
index2 = index2 + 1
if phil == phi2 && phil == phi3
E_epsxf xfeps2(indexl,index2) = E_xf xf(gamal,gama2) x m? (€41 (phil))
end
end
end
end
end
end

10)
(Inﬁ ®E [x{ (x{ ®x{)']>

/
where E {x{ (xf ® x{) ] = reshape(E [th ®xi® xﬂ ,nx, (nz)?)

11)
/
E |:(€t+1 ® X{) (€t+1 ® X{ & €t+1> }

_E K{em (61,1) {af (wl,n}:f_l}ne_l) ({em (62:1) {of (9, 1) evsn (65, Dy | 2_1}%_1) ]

#1
Thus the quasi Matlab codes are:

E epsxf epsxfeps = zeros(ne X nz,ne X nx X ne)
indexl =0
for phil =1 :ne
for gamal =1 : nx

indexl = indexl + 1

index2 =0

for phi2 =1:ne

for gama2 =1:nx
for phi3 =1:ne
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index2 = index2 + 1
if phil == phi2 && phil == phi3
E _epszf xfeps2(indexl,index2) = E_xf xf(gamal,gama2) x m3 (e;41 (phil))
end
end
end
end
end
end

12) none

13)
(E [(xff ® x{)l] @ E [(er+1® €41) €2+1]>

Here we only need to compute

E (€41 ® €41) €441 ] = E [{EtJrl (#1, 1) {€r+1 (9o, )}¢2_1} {€t+1 , $3) }¢3_1

Thus the quasi Matlab codes are:
E _eps2 _eps = zeros(ne X ne,ne)
indexl =0
for phil =1: ne
for phi2 =1: ne
indexl = indexl 4 1
index2 =0
for phi3 =1:ne
index2 = index2 + 1
if phil == phi2 && phil == phi3
E_eps2 _eps(indexl,index2) = m3 (e;41 (phil))
end
end
end
end
end
But we already know E__eps2 eps from previous derivations.
14)

i
E {(ewl ® €141) (X{ ® €41 ® X{) ]

=FE <{€t+1 (@1, 1) {ersa (o, )}¢2_1} 1) {x{ (v1,1) {€t+1 (63.1) {x{ (72’1)},1:_1}% }nz

$s=1) ., _,
Thus the quasi Matlab codes are: B
E eps2 xfepsxf = zeros(ne x ne,nx X ne X nx)
indexl =0
for phil =1:ne
for phi2 =1: ne

indexl = indexl + 1

index2 =0

for gamal =1: nx

for phi3 =1:ne
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for gama2 =1:nx
index2 = index2 + 1
if phil == phi2 && phil == phi3

E_eps2_xfepsxf(indexl,index2) = E_xf xf(gamal,gama2) x m3 (e;41 (phil))

end

end

end
end
end
end

15)
(E (€41 @ €41) €11 O F [(X{ ® X{)/D

None since we know E [(€441 ® €141) €] ]

16)
E (€41 @ €r11) (€141 @ (€)1 @ €144))]

=FE[(er11 @ €r41) (€141 @ €41 @ 6t+1)l]

=FE l({etﬂ (h1,1) {er41 (99,1 )}¢2,1} _1) ({6t+1 (3,1) {€t+1 (¢4, 1) {€r41 (5, )}¢5_1} 4_1}% > ]

by=1
Thus the quasi Matlab codes are: ’
E_eps2 eps3 = zeros(ne*ne,ne*ne*ne);
index1 = 0;
for phil=1:ne
for phi2=1:ne
index1 = index1 + 1;
index2 = 0;
for phi3=1:ne
for phid=1:ne
for phi5=1:ne
index2 = index2 + 1;
% Second order moments times third order moments
if phil == phi2 & & phi2 == phi3 & & phi4d == phib & & phil “= phi4
E_eps2 eps3(indexl,index2) = vectorMom3(1,phil);
elseif phil == phi3 & & phi3 == phi4 & & phi2 == phi5 & & phil “= phi2
E eps2 eps3(indexl,index2) = vectorMom3(1,phil);
elseif phil == phi4 & & phi4 == phib & & phi2 == phi3 & & phil “= phi2
E eps2 eps3(indexl,index2) = vectorMom3(1,phil);
elseif phi3 == phi4 & & phid == phid & & phil == phi2 & & phil “= phi3
E_eps2 eps3(indexl,index2) = vectorMom3(1,phi3);
elseif phi2 == phi3 & & phi3 == phi4 & & phil == phi5 & & phil “= phi2
E eps2 eps3(indexl,index2) = vectorMom3(1,phi2);
elseif phil == phi3 & & phi3 == phib & & phi2 == phi4 & & phil "= phi2
E eps2 eps3(indexl,index2) = vectorMom3(1,phil);
elseif phil == phi2 & & phil == phid & & phi3 == phib & & phil “= phi3
E_eps2_eps3(indexl,index2) = vectorMom3(1,phil);
elseif phil == phi2 & & phil == phib & & phi3 == phi4 & & phil “= phi3
E eps2 eps3(indexl,index2) = vectorMom3(1,phil);
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elseif phi2 == phi4 & & phi2 == phib & & phil == phi3 & & phil ~= phi2
E_eps2 eps3(indexl,index2) = vectorMom3(1,phi2);
elseif phi2 == phi3 & & phi2 == phib & & phil == phi4 & & phil “= phi2
E eps2 eps3(indexl,index2) = vectorMom3(1,phi2);
% Fifth order moments
elseif phil == phi2 & & phi2 == phi3 & & phi3 == phi4 & & phi4 == phib
E_eps2 eps3(indexl,index2) = vectorMom5(1,phil);
end
end
end
end
end
end

17) none

4.3.5 For Var [EMLE)

Note first that Var [&t +1} has dimensions n2 x n?2.
Var [‘EHJ = ( on ® hy) (€41 ® x5) + (CTT) ® ﬁxx) (€t+1 ® X{ ® X{) + (07] ® %hgaﬂz) €t+1)

’ _ /
( €41 ®Xt 0'77®h ) (et—i-l ®th®xf> (0'77®Hxx> +€£+1 (0'77® %hO'O'UQ)/>}

/ _ /
(on @ hy) (€141 ® xF) ((estJrl @x5) (on@hy) + (€t+1 ®xi® th) (077 ® Hxx) + €4 (on® ;hwgz)/)

- ’ _ /
+ (077 ® Hxx) (€t+1 ox! ® X{) ((€t+1 ®x5) (on @ hy) + (€t+1 @x! ® Xf) (on ® Hxx) + €4, (me éhoagz)/>

+ (on ® $hye0?) €141 <(€t+1 ®x35) (on@hy) + (€t+1 oxi® x{>/ (an ® fIxx)l + €. (on® ;hm,aQ)/)
]
= E[
(o1 @ hy) (€141 @ x7) (€141 @ x7) (01 @ b’
+(on @) (e @) (er1 @ xf ©xt) (o @ Flae)
+ (01 @ hy) (€141 @ X5) €, (0n ® Jhye0?)

+ (077 ® I~{xx) (€t+1 ®x{ ® X{) (er+1@%;) (01 @ hy)'
~ / - /
+ (077 ® Hxx) (6t+1 ® x{ ® x{) (€t+1 ® x{ ® x{) (Un ® Hxx>
+ (077 ® ﬁxx) (€t+1 ® x{ ® x{) €1 (017 ® %hWUQ)’

+ (o ® thyo0?) €141 (€141 © %) (0n @ hy)’
’ _ /
+ (Un ® %hwa2) €111 (€t+1 ® X{ ® xf) (an ® Hxx)

+ (O"I’] (9 %ho’aaz) €t+16;+1 (0'77 [029] %ha‘a-o-2)/
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]

= E[
(on @ hy) (€141 ©x5) (€)1 ® (x§)') (0m @ hy)’

/ _ /
om0t (e ) (el & (x] @) ) (om 5 P

+ (on @ hy) (€141 ® x3) (e;H ® 1) (017 ® %hwog)/

+(on @ ) (€1 @ (xf @x])) (ehyr @ (%)) (o @ 1)
T Foof) (o Foof) S
+ (oM@ Hyx | (€141 @ X3 @ X5 ) | €441 @ (X} @ Xy o1 @ Hyx

+ (O’T] ® ﬁxx) (6t+1 ® x{ ® x{) (efH_l ® 1) (on ® %hwoz)’

+ (on ® $heeo?) (€141 ®1) (€], @ (%)) (on @ hy)’
. Ny - !
+ (U"? @ %haaa2) (€r41®1) (62-&-1 ® (X{ ® X{) > (‘777 ® HXX)

+ (on @ $hye0?) €416, (oM @ %h0602)/

(0n @ he) (ers1€141 @ x5 (x7)') (01 @ hy)'

/ _ /
+ (o ® hy) <et+1e;+1 @x; (x] @x]) ) (on @ )

+(on @ hy) (er11€}4, ®%F) (07 ® 3hoo?)’

+ (on @ ) (€rrern @ (xf @x] ) (1)) (om @ 1)
T / F o) («f ol 1)
+ o @Hxx ) | €161 @ (X3 @5 ) (x5 x5 on @ Hxx

+ (O’T] ® ﬁxx) (etﬂegﬂ ® (X,{c ® x{)) (Jn ® %hMJ2)’

+ (‘77’ b2 %hUUUQ) (€t+1€7/5+1 ® (Xf)/) (077 ® hx)/
. / - ’
+ (017 ® %h(,-00'2) <€t+1€;+1 ® (x{ ® X{) > (Jn ® Hxx)

+ (077 ® %hgaaz) €141€14, (an ® %hggch)/

= (e ®@hy) (I, ® E [x} (x7)']) (o0 @ hy) /
+ (om @ hy) <Ine ®F {x ( ®xt) }) (Uﬂ@ﬁxx)
+(on @ hy) (I, @ E[x}]) (on ® th,p0?)’

+ (an®ﬁxx) (Ine QF [(x{ ®xf) (x;)/D (on@h )/

+ (an®f{xx) (Ine ®FE [(x{@x{) x] ®xt) D (an®flxx)/

(xd
+ (on®f{xx) (In QF th ® x] )D on ® th,,0?)
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+ (on ® $hyeo?) (I, ® E [(xf)/]) (o @ hy)
+ (Un ® %hgag2) (Ine QF [(x{ ® X{)/:|) (U’I’] ® IjIxx)/

+ (o1 $00?) (07 @ Lhoro?)

1) (om®hy) (I, ® E[x (x5)]) (on @ hy)’

2)  +(on®hy) (Ine ®E [x;? (x{ ® x[) D (a—n ® ﬁxx)

3)  +(on®hy) (I, ® E[x]) (on ® thye0?))

1)+ (Un ® f{xx) (In ®E [(x{ ® x{) (xg)’D (on @ hy)’

5+ (an ® ﬁxx> <In ®QFE {(x{ ®x{) (x{ ®x{)/D (crn ® Hxx>
6) + (on ® f{xx) (Ine ®E [(x{ ® x[)D (on ® 1h,,0?)

7 +(om®ih,e0?) (I, ® E[(x{)']) (on ® hy)’

8) +(on @ heeo?) (I,, @ E {(x{ ® Xf)?) (077 ® I:Ixx>

9)  +(on® 3hye0?) (o ® thye0?)

! !/
Note here that we already know E [xf (xf)'], E {Xf (x{ ® X,{) } and [(xtf ® X,{) (X{ ® x{) ] from the variance of

the states using a second order approximation. This is because
s s s s s1y/
Var[x{] = E [(Xt - Exj]) (xj — E[x{]) }

= E[(x - EX]) (%) - E[x])]
=E[xj (x}) - xE[x}] — E[x{] (x}) + E [x{] E [x]]']
= E[x; (x})] - E[x;] E[x]]

)

Var [x;] + E [x;] E[x}] = E [x] (x3)’]

and

Var (xt. (x{ @ x{)) = B [<xf ~B) (( oxd) - E[(xf @x{)])/}
=6t~ o) (o o) B[ o) ])]
— ixi (] wxl) x| (xl @ xl) | - Blxil (] oxf) + Bl B[ (<] ox) |
~ 2l (doxd) | - B |(x o)

ﬁar (3. (xf ox)) + Exi1 B [(xi‘ ®x{)/] =E [X? (! Wf”

and
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Var [(xf & xf)] = 8 [((sf o x0) - B[ (] o0 )]) (< o) £ [(<L = x])] )|
(st oxt) (st ox)]) (o 0t) - (x 00)])

_ E[(xf ®th) (Xg“@x[)/ — (xf@x{) E [(x{ ®x{)/]

5 [(xf o xl)] (xf o) + B[ (xf o xf)] & [ (< o) )

= Bl(x] oxt) (st ox) 1 E[(f o) 2 | (xf o)
B[ ox))] 2| (< exd) | + B [(xf ox!)] B | (< o) |

ﬁ:dw4®ﬁﬂﬁ®ﬁﬁ—EK4®ﬁﬂERﬁ®ﬁﬂ
Var Kx{@xf)} +E [(x{ ®x{)] E [(x{ ®x{)/] - E[(x{@x{) (x{ ®x{)/]

4.3.6 For Var |:ét+1:|56

3

Note first that Var [Et +1} w6 has dimensions n2 x n3.

Var {étﬂ} 56

= E[((an ® hy) (€141 @ %) + (an & fIxx> (et+1 ® th ® x{) + (an ® %haaaz) €t+1) (u;s+1 - B [UQH])}

= E[((UU ® hy) (€141 ® x}) + (UTI ® ﬁxx) (€t+1 ®x| ® X{) + (om ® 3hye0?) €t+1) Wy
— ((017 ® hy) (€141 @ x5) + (on ® ﬁxx) (€t+l ® xtf ® xf) + (077 ® %hgaUQ) €t+1> E [u2+1]]

= E[(on ® hy) (€141 @ x§) w g + (077 ® ﬁ"x) (€t+1 ox{ ® x{) Wy + (01 ® 3hooo?) ey,

—(on®@hy) (6141 @%]) E [uj 4] — (077 ® ﬁx") (6t+1 ox| ® X{) E )] — (o1 ® 5hoeo?) €1 B [u) 4]
= El(on @ hy) (€41 ® x§) uj, + (Jn & ﬁxx) (Et+1 ® X{ ® X{) ui, + (077 ® %haaUz) €117 ]
= E[(on ® hy) (€141 ® x§) uj, 4

+ (UT’ ® Hxx) (et+1 & X{ ® th) u1/5+1

+ (O'T’ & %ha'o'a-Q) Et-‘rlui—i—l]

!
= Ellon @ hy) (eri1 @ x3) ((xf @x{ @ er41) (@ b @ o)

7 /
+ (x{ ® €141 ® X{) (hy ® on @ hy)' + (X{ ® €41 ® €t+1) (hx ® o @ om)’
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]

! !/
e @x{ @xf) (n@bhe@h) + (e @x{ @ eir) (on@hy o on)’

li
€11 Q€41 ® x{) (cn®@on® hx)/ + (€141 D €141 ® €t+1)/ (en®on ® 0'77)/)

~ !
on X Hxx) (6t+1 & X{ ® th) ( (3(,{c & X{ ® 6t+1) (hx ®hy ® 077)/
I /
x/ ©e ® x{) (hy ® o @ hy)" + (x{ ® €141 ® em) (hy ® on ® o)’
! !
€1 ® %] ® XZ) (on ® hy ® hy) + (€t+1 ®x{ ® €t+1) (on @ hy ® o)’
!

€141 ® €141 ® X{) (on®on @ hy) + (€111 @ €141 @ €41) (on @ o @ o))
1 2 ! 4

+(U77®*ho—aa )€t+1( (Xt ®Xt ®€t+1> ®hx®077)

/ li

+ ( ® €141 ®Xt> (hx ® on ® hy) (Xt ® €141 ®€t+1) (hx ® om @ om)’

t(anex oxf) mohen) + (anox/ ©ean) (noheon)

/
+(€t+1®6t+1 ®X{> (om ® o @ hy ) (€t+1®€t+1®6t+1) (077®0'77®0'77)/)

using the definition of u;y; where

!
g = (Xf x| ® 6t+1) (hx ® hy ® o)’

/ i
+ (Xf D €41 ® X{) (hy ® on @ hy)" + (x{ ® €141 ® et+1> (hy ® on @ o)’

! /
(e @xf @xl) (n@bhe@hd + (e @xf @ er) (on@hy 2 on)’

li
+ (€t+1 ® €41 ® x{) (@ on@hy) + (€141 ® €141 @ €141) (on @ o @ on)’

= E[(on @ hy) (€141 ® x7)

/
X X{ ® €t+1> (hx @ hy ® 077)/

!
+ (o1 @ hy) (€41 @ xF) (x] @ €141 ®x{) (hy ® 01 @ hy)’

/
on ® hy ®€t+1 ®€t+1) (hx®07l®0'77)/
€11 0X]) (€41 ® xt ® x; ) (on @ hy ® hx)/

€1 @) (€1 @x] ® 6t+1) (on®@hy @ on)’

AAAAA

(on ® on @ hy)'
€11 ® €11 ®€q1) ((n@on @ on)

€11 9%;) (€ 1®et+1®x{)

(xl e
) (x
€41 @ X7) (x
7)
7)
)
i)

~—~ o~ o~ o~

—~

€141 ® Xj

!
€11 ®xt ® x; x ® €141 ®xt) (hx®an®hx)/
i

€11 ®xt ®@x; ) (€1 @%; ®xt) (0n®hx®hx)/

(

( )
(ccn ol xd)
( )
( )

/
(X ® €41 ® €t+1) (hy ® on ® on)’
~ ( , |
Hxx ) (€141 ® Xt ® Xi <€t+1 ® Xt ® 6t+1) (en ® hy ® o)
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+

on @ Hxx

/NN

~ /
on® HxX) (€t+1 ®x| ® Xf) (€t+1 ® €141 @ Xf) (on ® on @ hy)’
) (€t+1 ®x{ ® X{) (€111 @ €1 ®€ri1) (om@on @ on)

!/
on © 5hee07) €141 x{ ® x| ®6H—1) (hy ® hy @ o)’

/
e ;5 lh,o0?) €41 x ® €441 ®x{) (hx®an®hx)/

/
€11 ( R €1 ® €t+1) (hxy @ on ® 0'77)/
(e ox] exf) (moheehy

€141 (€t+1 ®x{ ® 6t+1) (on ® hy ® o)’

€1 (€141 @ €141 @ X{) (on ® on ® hy)’
€1 (€141 @ €41 @ €r41) (oM@ o @ o))

. !
= Ellon @ by) (11 @ x7) (x] ©xf @ er41) (@ by @ om)

+(on @ hy) (€141 @ XF) [X] @ €141 @ €141 ®U77®077)

!

+(on@hy) (1 ©x3) (x] @ e @xf ) (@ on @by
) (! )
!

+ (om ® hy) et+1®xt)<et+1® xt®xt)) (01 ® hy ® hi)’
!

+(on @ hy) (ers1 @ x7) (€01 @ x] ®et+1) (o ® hy ® o)’

)> (on ® on @ hy)’

+ (o1 @ hy) (€141 @ X}) (€141 @ €141 @ €441) (o0 @ o © o)’

+(on ® hy) (€141 ® x7) ( €111 ® €)'

mt

f

mx

i
e @x] @x]) (xf ©x] @ €ri1) (he @ hy @ om)

!
€141 ® X x ® €141 @ X ) (hy ®on ® hx)/

€41 & x{

XX

3 3 3
mz

xx x®on®an)

) (X @ €141 @ €141

=)

) (e o/ @ xd

ot o .

) (et+1®xf®xt)(et+1® Xt®xt)) on ® hy @ hy)’
)( @ x}

)( @ x}

=)

+ o+ o+ o+

!

ml

XX

€41 @ X{ (€t+1 ® Xt ®e€r1) (on®@hyx ® o)’

6t+1 [ X{

ml

XX

TR /q\/‘\/\/\
® ® ® ® ® & &
mx

+ o+ o+

)
3 < €1 @ €t1) ( ) ) (0 ® o @ hy)

(€441 @ €141 ® €t+1) (en®on® on)’

mx

err1 ®x] @x]

/
+ (on ® $heeo?) (1® €141) ((x{ ® x{) ® e;H) (hx ® hy ® om)’

!/
+(om® Ihoo0?) e (X @ €11 @x{ ) (@ on @by
+0

/
+ (077 ® %haaUZ) (et41®1) (GQH ® (xf ® X{) ) (o ® hy ® hy)’
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+0
+0
+ (on @ 3hee0?) €141 (€141 ® €41 @ €41) (om@on ® on)")

i
= Bl(on @ hy) (e @ x7) (x] @ xf @ e41) (he @ by @ om)’

/
x{ @ ey @x{ ) (B © on @ )

+ (o @ hy) (€141 ® X

Af\

) (xl &

+ (01 ® hy) (€141 @ x§) (x
£) X ® €141 ®€f+1) ®U77®0'77)
: )

+(0m @ hy) (€41 @ x;

/N

/
€t+1®(xt ® X ) (o1 ® hy @ hy)’
/

+(on @ hy) (€41 @ x]) (€141 @ X! @ €111) (om @ hy @ o)’

/N

o (e @) (e @) @ (x]) ) (om0 om o ey
+ (om ® hy) (€141 ® x37)

—~

(11 @ €1 ®er1) ©1) (om@ on® an)’

+ (077 ® I:Ixx) (6t+1 ®x] ® Xt) (Xt ®x| ® 6t+1) (hy ® hy ® o)’

+ (077 ® I~ixx) (€t+1 ®x]® Xt) (X ® €141 @ Xy )/ (hy ® on @ hy)’

+ (077 ® ﬁxx) (6t+1 ® xt ® xt) (x ® €11 ® 6t+1)/ (hxy ®on ® U"I’])/

+ (077 ® ﬁxx) (€t+1 @x] ®x ) (etﬂ ® (x ® xt> ) (on @ hy ® hy)’
t(me ) (anexfoxf) (anox ean) (moheon)

+ (O”I’] ® ﬁxx) (et+1 ® (xt ® X3 )) <(et+1 ®€t1) ® (xf)/) (on ® en @ hy)'
+ (077 ® ﬁxx) (€t+1 & (Xic b2 X{)) ((€t+1 ® €41 ® €t+1)/ & 1) (cm®on®@on)
+(on ® 5hy 2)( [(x{@x{)/] ®Ing)(hx®hx®an)’

+ (on @ hye0?) €14 xt ® €141 @ X} >/ (hy ® on ® hy)’

+(on® ih,e0?) (1, ® FE { x/ ® x{)ID (on @ hy @ hy)'

+ (0N ® $hee0?) €141 (€111 ® €141 @ €41) (on @ o @ 0M)’)

/
+(0n ® hy) (€141 @ x (xt @€ @x{ ) (he®on@hy)
/

® €1+1 ® €t+1) (hx @ on ®@ on)’

. !/
= FEl(on ®@ hy) (€141 @ x7) (x ox! ® et+1> (hy ® hy ® on)’
7
) (%

+ (o ® hy) (€141 ® X}
/
+ (om ® hy) <In€ ® X3 (x{ ® x{) ) (om@hy ® hx)/
/
+ (om ® hy) (€141 ®@ x7) (€t+1 % ® €t+1) (on ® hy © o)’

!
+ (om @ hy) <€t+1 (€41 @ €141) @ X} (X{) ) (on ® on @ hy)’
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7) + (om ® hy) (€t+1 (€141 ® €141 @ €t+1)l by Xf) (en®on® ‘777)/

8) + (an ® ﬁxx> (et+1 oxi® xt> (xt oxi® et+1)/ (hy @ hy ® o)’

9) + (017 ® f{xx) (em 2 xf ® xt) (xt D €1 @ X] )/ (hy ® o ® hy)’

10) + (077 ® Hy ) (€t+1 ® Xt ® Xt) (Xt X €141 ® 6t+1) (hx ® on ® on)’
11) +(Jn®fl x) (Inp® xt ®xt> (xt ®xt>/> (o ® hy ® hy)’

12) + (on ©H x) (€t+1 ®xi ® x{) (€t+1 oxi ® eH_l)l (cn @ hy @ o)’
13) + (om @ ) <€t+1 e @en) @ (xf @xf) (xf )) (o ® on ® hie)’
14) + (077 ® Hy ) (€t+1 €141 ® €41 ®€41) ® (X{ ® XZ)) (on®@on®on)
15) + (o0 ® Lh,yo?) ( {(xt ® xt) } ® Ine> (hx ® hy ® o)’

16) + (o0 ® $heeo?) €41 (xt ® €41 ® x{)/ (hy ® on @ hy)’

17) +(on ® 3hoeo?) ( ne ®E [(x{ ® x{)/] ) (o1 ® hy @ hy)’

18) + (0N ® 3heeo?) €141 (€111 ® €141 @ €41) (on @ o @ 0M)’)

]

We thus need to explain how to compute each of these terms

1)
li
E [(et+1 ®x}) (th ox{ ® €t+1) }

ZEK{QH ORIEICH) IS ({f (o) {of (D s @0} 1 )]

Thus the quasi Matlab codes are:
E epszs_xfxfeps = zeros(ne X nx,nx X nx X ne)
indexl =0
for phil =1: ne
for gamal =1 : nx
indexl = indexl + 1
index2 =0
for gama2 =1:nx
for gama3 =1 :nx
for phi2 =1: ne
index2 = index2 + 1
if phil == phi2
E epszs_xfxfeps(indexl,index2) = E_xs_xf xf(gamal, gama2, gama3)
end
end
end
end
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end
end

/
where E_zs_af xf = reshape(E |:Xf (xtf ®X{) } , T, NT, NT)

2)

li
E {(Et-&-l ® x;) (X{ ® €41 ® X{) }

_ 5 ({Em(¢1,1){mg(71,1)}:;_1}:_) {CU{(%J){et+1(¢2,1){x{(7371)}::_1}"e }

$2=1 vo=1
Thus the quasi Matlab codes are:
E epszs_xfepsxf = zeros(ne X nx,nx X ne X nx)
indexl =0
for phil =1: ne
for gamal =1: nx
indexl = indexl + 1
index2 = (
for gama2 =1: nx
for phi2 =1:ne
for gama3 =1:nx
index2 = index2 + 1
if phil == phi2
E epszs_xfepszf(indexl,index2) = E_xs_xf xf(gamal, gama2, gama3)
end
end
end
end
end
end

3)
) /
E {(eH_l ® x3) (x{ ® €41 ® 6t+1) }

-F [<{€t+1 (61, DAt (1, 1)}:f_1}:j—1> <{I{ (72,1) {€t+1 (dg, 1) {er41 (g, 1)}22—1}:—1}?% ) ]

vo=1
Thus the quasi Matlab codes are: ’
E epsxzs_xfeps2 = zeros(ne X nx,nx X ne X ne)
indexl =0
for phil =1:ne
for gamal =1: nx
indexl = indexl + 1
index2 =0
for gama2 =1:nx
for phi2 =1:ne
for phi3d =1:ne
index2 = index2 + 1
if phil == phi2 && phil == phi3
E_epsxs_xfeps2(indexl,index2) = E_xs_xf(gamal, gama2) x m? (e;41 (phil))
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end
end
end
end
end
end

4)
None

5)
!
E {(ftﬂ ®x7) (€t+1 ®x{ ® €t+1) }

= F [({Gﬁ-l (61, 1) {zf (71, 1)}:;1}:_1) <{€t+1 (¢2,1) {~T{ (72, 1) {€t41 (93, 1)}2;:1}::_1}% ) ]

Thus the quasi Matlab codes are:
E _epsxzs_epsxfeps = zeros(ne X nx,ne X nx X ne)
indexl =0
for phil =1:ne
for gamal =1: nx
indexl = indexl + 1
index2 =0
for phi2 =1:ne
for gama2 =1:nx
for phi3 =1:ne
index2 = index2 + 1
if phil == phi2 && phil == phi3
E_epsxs_epswfeps(indexl,index2) = E_xs_xf(gamal, gama2) x m3 (e;11 (phil))
end
end
end
end
end
end

6)

/ /
E |:<€t+1 (€t+1 X 6t+1)/ X Xf (X{) >:| =F [6t+1 (€t+1 ® 6t+1)/:| QR F |:Xf (X{) :|
Note that we already know E [€;41 (€41 ® €t+1)/]

7)
E [(€rr1 (€041 © €41 @ €141) @ xF)] = E [er41 (€141 @ €111 @ €441)'] @ E[x]
Note that we already know F [€t+1 (€141 ® €141 ® 6t+1)/]

8)
/
E [(6t+1 ®Xf ®th> (x{ ®xf ®et+1) ]

—E {€t+1 (¢4,1) {xf (v1,1) {x{ (72,1)}::_1}% } ‘ ({xtf (73, 1) {ﬂc{ (74, 1) {er (ﬁbz,l)}z:_l}i:_l}"m 1)

V3=



Thus the quasi Matlab codes are:
E epsxfxf xfxfeps= zeros(ne X nx X nr,nx X nx X ne)
indexl =0
for phil =1:ne
for gamal =1 : nx
for gama2 =1:nx
indexl = indexl + 1
index2 =0
for gama3 =1:nx
for gamad =1 : nx
for phi2 =1: ne
index2 = index2 + 1
if phil == phi2
E epszfrf xfxfeps(indexl,index2) =F zf xf xf xf(gamal,gama2,gama3, gamad)
end
end
end
end
end
end
end

i
where E_zf af xf xf = reshape(E [(X,{ ® x{) (X{ ® xf) } L, T, NT, NT, NT)

9)
/
E [(€t+1 ®Xf ®th) (x{@eHl ®xtf) ]

B {€t+1 (¢4,1) {:c{ (71,1) {m{ (v, 1)}::_1}% }”e {x{ (73 1) {6t+1 (¢9,1) {56{ (Va5 1)}::_1}% }nz

M=l ¢1=1 $2=1 v3=1
Thus the quasi Matlab codes are:
E epszfxf xfepsxzf = zeros(ne X nx X nr,nx X ne X nx)
indexl =0
for phil =1: ne
for gamal =1: nx
for gama2 =1:nx
indexl = indexl + 1
index2 = 0
for gama3 =1 :nx
for phi2 =1:ne
for gamad =1: nx
index2 = index2 + 1
if phil == phi2
E epszfef xfepszf(indexl,index2) =F zf zf xf xf(gamal,gama2,gama3,gamad)
end
end
end
end
end
end
end
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10)
B F o) (! '
€41 DX WX ) (X D €1 @ €4y

=F {€t+1 (¢1,1) {m{ (71, 1) {mtf (Vs 1)}::_1}% }nﬁ ({l‘tf (73, 1) {€t+1 (Pg,1) {€r11 (0, 1)}221}:_1}7“6_1)

M=l ¢1=1
Thus the quasi Matlab codes are:
E epszfef xfeps2 = zeros(ne x nx X nr,nx X ne X ne)
indexl =0
for phil =1:ne
for gamal =1 :nx
for gama2 =1 : nx
index]l = indexl + 1
index2 =0
for gama3 =1:nx
for phi2 =1:ne
for phi3 =1:ne
index2 = index2 + 1
if phil == phi2 && phil == phi3
E_epsxfaf xzfeps2(indexl,index2) = E xf xf xf(gamal,gama2,gama3d)xm? (e;11 (phil))
end
end
end
end
end
end
end

11)
/!
None as E {(x{ ®x{> (x{ ®x{) ] is known

12)
B f o ! ! '
€41 X WX ) | €141 O X} @ €41

=F {€t+1 (¢1,1) {:c{ (71,1) {x{ (Vs 1)}:_1}% }”e ({QH (¢2,1) {90{ (73, 1) {et+1 (@3, 1)}22_1}::_1}%_1)

v1=1 ¢,=1 $a=
Thus the quasi Matlab codes are:
E _epszfxf epszfeps = zeros(ne X nx X nx,ne X nx X ne)
indexl =0
for phil =1: ne
for gamal =1: nx
for gama2 =1:nx

indexl = indexl + 1

index2 = (

for phi2 =1: ne

for gama3 =1:nx
for phi3 =1:ne
index2 = index2 + 1
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if phil == phi2 && phil == phi3
E epsxzfxf epsxfeps(indexl,index2)
=F af zf xf(gamal,gama2,gama3d) x m3 (e;41 (phil))

end

end
end
end
end
end
end

)
Jj’KGtH (€111 @ €41) ® (X{ ® Xf) (Xf))] =Ele(e1®en) | @ F {(X{ ® X{) (X{”

I
Note that we already know E [€;41 (€141 ® €:41)'] and E {(x{ ® x{) (xf> } = reshape(E [x{ ®xi ® xf] , (nz)* ,nx)

14)
E {(Gtﬂ (€41 ® €141 ® €141) @ (X{ ® th))} =FE €141 (€111 Q€11 D €41) | O F [X{ ® X{]
Note that we already know E [€t+1 (€141 Q €141 ® et+1)/]

15) None

16)
B ! 1Y
€141 (X; @ €141 @ Xy

= E |(levsr (00, 01521) {x{(ryl’l){6t+1(¢2;1){${(r}/2’1)}n1_ } }n

Thus the quasi Matlab codes are:
E eps_xfepsxf = zeros(ne,nx X ne x nx)
indexl =0
for phil =1 :ne
indexl = indexl + 1
index2 =0
for gamal =1 : nx
for phi2 =1:ne
for gama2 =1:nx
index2 = index2 + 1
if phil == phi2
E _eps_xzfepsxf(indexl,index2) = FE _xzf xf(gamal,gama2)
end
end
end
end
end

17)
None
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18)
None

4.3.7 For Var [étﬂ} N

Note first that Var [étﬂ} o has dimensions n2 x n3.

Var & = Bl = Bluea) (w0 — B [w),,])]
= Eluspiu) —wn B [upy, ]| — Efuga]ul + Euga] B [up ]

=B [upupy, | — Elun] B u),]
We already know F [uz41] so we only need to compute the first term. Hence
E[uup ] = E|
(hxy ® hy ® om) <x[ ®xi ® €t+1)
+ (hx ® on ® hy) (Xf ® €41 ®Xf)
+ (e @on@on) (xf @ e e
(0n®hx®h <€ 1®Xt ®Xt>
(on@hye @ on) (€41 @x] ® €t+1)
(
(

on ® on @ hy) <€t+1 ® €141 ®X{)
on®on®on) (€1 ® €1 @ €rv1))

+
+
+
+
((Xt ®x] ®€t+1> (hx @ hy ® om)’

!
xf @ et @x] ) (hy @ o @ h)

i
® €41 ® 6t+1) (hxy ® on ® on)’

(€t+1 @x{ ©x]) (on©hy® hy)
(6t+1 ®x] ® €t+1> (on ® hy ® o)’

.
N
N
N
t(an@eanox!) (moonehy
N

(€41 ® €141 ® €141) (on @ on @ o))

(B @ b @ o) (x] @ x] @ €141

I
((xt ® Xt ® 6t+1> (hx ® hy ® on)’
li
(X{ Q€1 ® X{) (hy ® om @ hy)’
!

X; ® €41 @ €t+1> (hy ® on @ on)’

+
+(xd

+ (et+1 ox! ® x{) (om @ hy @ hy)’
+ (€t+1 ®x| ® €t+1> (on ® hy ® on)’
+(

/!
€141 ® €41 DXy ) (cn®@on® hx)/
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+ (€141 ® €41 @ €t+1)/ (cm®on® 0'77)/)

+ (hy ® 0n © hy) (x{ ® €1 ® x{)

((X{ ®x] ® €t+1)/ (hy ® hy ® o)’

+ (x{ ® €41 ® x{)/ (hy ® on @ hy)’
(xt Q€1 ® €t+1)/ (hy ® on @ o)’
(em 2x] ® xt> (01 ® hy @ hy)’
(6t+1 ®x] @ €t+1) (on ®@ hy @ o)’
(

€141 ® €441 ® Xt) (on ® on @ hy)'
(€41 ® €141 ® €141) (on @ on @ o))

+
+
+
+
+ (hx ® o @ o) (X{ ® €41 @ €t+1)
((x{ oxi ® em)/ (hy ® hy @ om)’
t(d @enox!) heoomehy
(Xt X €41 ® 6t+1)/ (hy ® on @ o)’
(e 1®xt ®Xt> (on ® hy ® hy)’
(€t+1 ® Xt ® €t+1) (on @ hy @ on)’
(

€41 V€41 ® Xt> (on ® on @ hy)’
(€141 ® €41 ® €41) (o @ o @ oN)')

n

n

n

n
+ (01 ® hy @ hy) <et+1 ®x{ ® x{)

((x{ oxf ® em)/ (hy ® hy ® on)’

+ (x{ ® €41 ® x{)/ (hy ® on ® hy)’
(Xt Q€41 & €t+1)/ (hx ® on ® on)’
(em oxi ® x{) (om @ hy @ hy)’
(€t+1 ®x] ® €t+1) (on®@hy @ on)’
(

+
+
+ (€41 ®@ €41 ® Xt) (on ® on @ hy)’
+ (€141 ® €41 ® €t+1>l (cn®on® 0'77)/)
+(on@hyx ® om) (€t+1 ® x{ ® €t+1)

((x{ ®x] ® em)/ (hy ® hy ® on)’

+ (X{ Q€41 ® x{)/ (hy ® on @ hy)’

!
+ (ngc ® €41 ® €t+1> (hy ® on @ o)’
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+ (€t+1 & X{ ® X{>l (on ® hx ® hy)’
+ (€t+1 ® X{ ® €t+1)/ (on @ hy @ on)’
+ (e @ean® x{)/ (on ® on ® hy)'
+ (€11 ® €11 @ 1) (on @ an @ o))
+(on®on ® hy) (€t+1 Q€41 ® XZ)
(xf ex{ et+1)/ (hy © by ® om)’
+ (Xf ® €41 ® X{)/ (hy ® on @ hy)’
(Xt X €41 @ €t+1>/ (hy ® on @ o)’
t(enox] ox!) (mehohy
+ (€t+1 ® Xt ® €t+1> (on @ hy @ on)’
t(an@eanox!) (moonehy)
+ (€141 @ €441 ® 5t+1)/ (n®on® 0'17)/)

+(on®@oen @ on) (€t+} ® €141 @ €141)
((ch & X{ & €t+1) (hy ® hy ® (J"I")/
/
+ (x{ ® €41 ® x{) (hy ® on ® hy)’
/
Xf Q€41 @ €t+1) (hx ® on @ on)’

(€t+1 oxf ©x{) (n©heohy)
(e ®x/ @) (o heeon)

_l’_
_l’_
+ (e @ e ® xt) (on ® on @ hy)’
_l’_

(€41 ® €141 ® €t+1)l (on®on® 0"'7)/)
]

(hx ® hy ® om)

/ f f f ! /
((Xt ® X3 ®6t+1) (Xt @ X3 ®€t+1) (hx®hx ®o”r]>
/
+ (x{ (9 x{ Q€41 ) | X; ® €41 ®Xt) (hx ®on @ hx)/

!

+(x{ o x{ @ €11 ®€t+1®€t+1) (hyx ® om @ o)’

(xf
(xt
(€t+1 & Xt ® Xt) (on ® hy ® hxy
(
(

Xl ox{ @e) (€11 @€ ®Xt) (on ® on @ hy)'
€11 @ €1 D€r1) (on@an@on))

)
)
x{ @ x{ ® em)
)
)
)¢

(X{ ® X{ Q€41 ) | €441 @ Xt & €t+1) (on®@hx ® 0"’7)/
(X{ ®x] @ €41
&
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f £\ («f & <f ! /
((Xt ® €141 ®Xt> (Xt ® X ®€t+1> (hy ® hy ® om)
!
x{ @en@x!) (xf @ e @x!) (e@on@hy)

!

® €t ®X ® €41 ® 6t+1) (hx ® om ® o)’

+(xd /)
+(d /)
+(x ®et+1®x)
+( @ €41 ® Xy ) €111 Xy ®€t+1) (on®@hy @ on)’
+(d /)
+( /)

(xt
(xt
(€t+1 X X3 ®X{) (om @ hy ®hx)/
(
R €41 X3 (

€11 Q€41 ® Xt) (on ® on @ hy)’
® €41 QX)) (€141 ® €141 ® €t+1)l (cm®@on® 0”'7)/)
+(hx ® on @ on)
I
((X{ Q€1 €t+1) (X{ ® X{ ® €t+1) (hy ® hy ® 077)/

!
xf @ et @x] ) (hy @ o @ h)

!

+ (X{ & €141 @ €441
f /
x| @ ey ®es) (X! @1 ®e) (hx@on@on)
(X R €141 Q €441

(croxf ©x]) (onoheehy
(€t+1 ®x] ® €t+1) (on @ hy ® o)’

A e e N g

_l’_
+ (x ® €41 ® €141
_l’_

/
Xl @e1@er) (€1 @ean ®Xt) (on ® on @ hy)'

0)

+

+ (‘777 ®hy ® hX)
I
(e @xf @x]) (x @x] @ eri1) (he @by om)

!
+ (e @xf @x]) (x{ @ e @x]) (he@on@hy)’

!
v ©x] @x] (Xt ® €41 ® €t+1) (hx @ on @ on)’

(€t+1 ® Xt ® X{) (on®hyx ® hX)/
(€t+1 ®x{ ® 6t+1) (on®hy @ on)’
(€t+1 ® €141 @ Xy ) (on ® on @ hy)’
(€141 ® €141 ® €141) (on @ on @ o))

)
)
)
)
)
)

+(om @ hye ® o)
!
((6t+1 ®x] @ €t+1) (X{ x| ® €t+1) (hy ® hy ® o)’

!
+ (€t+1 @x] @e) (xf @ e @x]) (hew on @ hy)
!

€141 @ Xt & €141 Q€1 ® €t+1) (hy ® on ® 0'77)/

!

€41 O X} ®€t+1) (on @ hy ® on)’
i

[) (on@on@hy)

€141 @ Xt Q€11 ) | €41 ® €141 VO Xy

) (xd
) (xd
€41 ® xt ® et+1> (€t+1 ® xt ® x; ) (om ® hy @ hy)’
) (
)(

+ (
+ (6t+1 & Xt & €141
+(
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+0)

+(on®on ® hy)
!
((€t+1 X €41 @ Xf) (X{ ® X{ ® €t+1) (hy ® hy ® o)’
!
+ (€t+1 @er@xf) (x{ @ e @x]) (hewon @y

/
€111 ® €41 DXy ® €141 ®€t+1) (hy ® on ® om)’

!

€1 0% ® €t+1) (on ® by @ on)’

€41 Q€41 Xy ) | €141 R €41 R X{ (077 Kon & hx)/

0)

(xf
(xf
(6t+1 & Xt @ x3 ) (on®@hx ® hX)/
(
(

)
)
€11 ®E1 VX )
)
)

+(
+ (€t+1 XK €rp1 Xy
+(

+

+(n@on®on)
/
(€41 ® €141 ® €441) (th ox{ ® €t+1> (hx @ hy @ o)’
/

+ (€141 @ €141 @ €141) (X{ @ €141 & Xf) (hx ® on ® hy)’

+0 .

+ (€141 ® €141 ® €41) (6t+1 ®x] ® Xf) (o @ hy ® hy)’

+0

+0

+ (€41 @ €141 @ €r41) (€141 @ €41 @ €141) (om @ o @ o))

]

(hx ® hy ® om)

/

1) ((x{ ® x{ ® €t+1> (xf ® x{ ® €t+1) (hy ® hy ® on)’

2) t(dex oean) (X oanox) (heoomoh

3) (xf @x! ® €t+1) ( ® €41 ® €f+1)/ (hy ® on @ on)’

4) + (X ®xi ® 6t+1) (6t+1 oxi ® xt> (on ® hy ® hy)’

5) + (Xt ®x! ® €t+1) (€t+1 ®x] ® €t+1) (on®@hy ® on)’

6) t(dex oen) (anveanox) noomohy

7) + (Xt ®x] ® €t+1) €141 @ €41 @ €41) (on@on @ on)’)
+ (hx ® o1 ® hy)

8) ((X{®€t+l ®X{> (xf@x{ ®€t+1>l(hx®hx®m7)l

9) + (X{®€t+1 ®x{) (x{@em ®X{)/(hx®an®hx)’

10) + (th @ €141 ®X{) (th @ €141 ®6t+1>/(hx®0n®0n)’

11) + (X{®€t+1 ®x{) (et+1 @x] ®x{)/(an®hx®hx)/
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12)
13)
14)

34)
35)
36)

i

+ (X{ Q€141 @ X{) (6t+1 ®x| ® €t+1) (on @ hy ® on)’
!

x{ @ e @x!) (e @ e @xf) (@ on @by

+(
+ (th Q€41 @ X,{) (€t41 ® €141 ® €t+1)/ (en®on® 0'77)I)

+(hx ® on® on)

((x{ ® €111 ® et+1) (x{ ® x{ ® et+1>/ (hx ® hy ® an)’
+ (x{ ® €41 @ €141 xt ® €141 @ X} )/ (hy ® o ® hy)’
+(x] @ et @ e ) (X @ € ®€t+1)/(hx®077®077)/
+
+
+

(e @xf ©x{) (onoheehy)
® €41 ® €141 (

)
) (>
X ® €41 @ 6t+1)
)
)

( ® €1 @ €1 ) (€11 @] ® €t+1> (on®@ hy ® on)’

!/
€141 Q€41 DXy ) (cn®on® hx)/)

+ (on ®@ hy ® hy)

((€t+1 ® x] ®X{) (X{ ® x] ®€t+1>/(hx ®hy ® om)’
(nexfox) (X oanox) (eomeh

(6t+1 ® x| ®Xt) ( ® €141 ®€t+1>/(hx®077®0'77)/
(€t+1 ®x] ®Xt) (€t+1 ®x] ®Xt) (01 ® hy @ hy)’

(Et+1 ®Xt ®Xt) (€t+1 ®Xt ®‘5t+1> (on®@hy @ on)’
( )(6 +1 @ €441 ®X{>I(U7I®U77®hx)/
( /)

€1 @x] @x] ) (€111 ® €141 @ €41) (o ® o @ o))

+(0n @ hy @ o)

/
((€t+1 % ® €f+1) (X{ x| @ €t+1> (hx @ hy @ o)’
/
(€t+1 ox{ ®e) (X ® e ® Xt) (hy ® on @ hy)’

!
€41 ® Xt ® €141 ® €41 ® 6t+1) (hx @ on ®@ on)’

(€t+1 ® Xt ® X3 ) (077 ® hx ® hx)/
€41 ® Xt ® €41 (

)
) (x
€11 ® Xt & €t+1)
)
)

!
(€t+1 Dx] @ e€r1) (€41 @x] ® €t+1> (on @ hy ® o)’

€14+1 D €141 DXy ) (cm®on® hx)’)

+(on®on ® hy)

!
((6t+1 Q€41 @ X{) (th Rx] ® €t+1> (hx ® hy ® on)’
!
+(en@eanox!) (xl @enoxf) (heoomohy

/
+ (€t+1 Q€41 ® X{) (X{ Q€41 ® €t+1> (hy ® o © o)’
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i
37) + (€t+1 ® €1 ® x{) (6t+1 ® X{ ® x{) (cn®@hy ® hx)/
!
38) +(en@enex]) (e @xf @en) (mebewon)
!
39) + (€t+1 ® €41 ® X,{) (6t+1 ® €41 ® X{) (on ® on @ hy))

+(on®@on @ on)

/
40) ((€t+1 ® €141 @ €141) (X x| @ €t+1) (hy ® hy @ o)’
/
41) + (€t41 ® €441 @ €441) ( ® €41 Q@ X{) (hy ® o1 @ hy)'
42) + (€141 ® €141 ® €141) (€t+1 ®x{ ® Xt) (on ® hy @ hy)'
43) + (€41 ® €141 @ €111) (€041 © €41 @ €141) (o @ o @ 0N)')

We next derive how to compute the moments in these terms.

1)
/!
E {(x{ ®xf ®et+1) (X{ ®x,{c ®et+1> ]

Ny

=F [({xf (71, 1) {x,{ (V95 1) {€r41 (&4, )}¢1—1} 2_1}71’_1> ({z{ (73, 1) {x{ (74, 1) {€t41 (2, )}¢2—1} 4_1}:_1> 1

Thus the quasi Matlab codes are:
E xfxfeps xfxfeps = zeros(nx X nx X ne,nx X nx X ne)
indexl =0
for gamal =1: nx
for gama2 =1:nx
for phil =1 :ne
indexl = indexl + 1
index2 =0
for gama3 =1: nx
for gamad =1: nx
for phi2 =1:ne
index2 = index2 + 1
if phil == phi2
E zfxfeps xfxfeps(indexl,index2) =FE zf xf af xf(gamal,gama2,gama3,gamad)
end
end
end
end
end
end
end

2)
/
E {(x{ ®X{ ® 6t+1> (x{ ® €141 ®x{) ]
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2=1

=FE ({x{(%,n{z{'(yg,n{etﬂ(¢1,1)}g;_1}:w }n > {x{(vg,l){et+1(¢2,1){x{(v4,1)}

71=1
Thus the quasi Matlab codes are:
E xfxfeps xfepsxf = zeros(nxr X nx X ne,nx X ne X nx)
indexl =0
for gamal =1 : nx
for gama2 =1:nx
for phil =1: ne
indexl = indexl 4+ 1
index2 =0
for gama3 =1 :nx
for phi2 =1: ne
for gamad =1: nx
index2 = index2 + 1
if phil == phi2
E xfxfeps_xfepsxf(indexl,index?2)
=F zf xf xf xf(gamal,gama2,gama3,gamad)
end
end
end
end
end
end
end

3)
/
E {(X{ by X{ ® 6t+1) (X{ R €41 @ 6t+1> ]

—E l({zf a0 {of o s 0B} 1

Thus the quasi Matlab codes are:
E xzfxfeps xfeps2 = zeros(nx X nx X ne,nx X ne X ne)
indexl =0
for gamal =1: nx
for gama2 =1:nx
for phil =1:ne
index]l = indexl + 1
index2 =0
for gama3 =1: nx
for phi2 =1:ne
for phi3 =1:ne
index2 = index2 + 1
if phil == phi2 && phil == phi3
E zfxfeps xfeps2(indexl,index2)

71=1

=FE af xzf xf(gamal,gama2,gama3d) x m? (e;41 (phil))

end
end
end
end
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end
end
end

4)
!/
E [(X{ ®X{ ®€t+1) (€t+1 ®X[ ®x{) ]

=F ({x{ (71, 1) {ﬂﬁ{ (Y2, 1) {er41 (01, )}¢1—1} 2_1}%

Thus the quasi Matlab codes are:
E xfxfeps epsxfxf = zeros(nx X nx X ne,ne X nx X nx)
indexl =0
for gamal =1 : nx
for gama2 =1: nx
for phil =1:ne
indexl = indexl + 1
index2 = (
for phi2 =1: ne
for gama3 =1:nx
for gamad =1: nx
index2 = index2 + 1
if phil == phi2
E xzfxfeps epsxfxf(indexl,index2)

71=1

=FE zf xf xzf xf(gamal,gama2, gama3, gama4)

end
end
end
end
end
end
end

5)
/
E {(X{ & X{ ® €t+1) (6t+1 ® X{ ® 6t+1) ]

=k [({x{ (71, 1) {55{ (v2: 1) {er41 (¢4, 1)}:;?_1}::_1};111) <{€t+1 (¢2,1) {513{ (73, 1) {ett1 (03,1 )}¢3_1} 3_1}

Thus the quasi Matlab codes are:
E xfxfeps epsxfeps = zeros(nx X nx X ne,ne X nx X ne)
indexl =0
for gamal =1 : nx
for gama2 =1: nx
for phil =1: ne

indexl = indexl + 1

index2 =0

for phi2 =1 :ne

for gama3 =1 :nx
for phi3d =1: ne
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index2 = index2 + 1

if phil == phi2 && phil == phi3
E xfxfeps epsxfeps(indexl,index?)
=FE zf zf xf(gamal,gama2,gama3d) x m? (e;41 (phil))

end

end
end
end
end
end
end

6)
!/
E {(x{ ®x] ® 6t+1) (€t+1 Q€41 @ Xf) ]

=E ({33{ (71, 1) {l’tf (72, 1) {€r+1 (¢4, >}¢1_1} } ) {€t+1 (¢, 1) {6t+1 (¢3.1) {90{ (735 1)} } }
2=1 v1=1 7=t ¢3=1 $o=1
Thus the quasi Matlab codes are:
E zfxfeps eps2zf = zeros(nx X nx X ne,ne X ne X nx)
indexl =0
for gamal =1: nx
for gama2 =1:nx
for phil =1 : ne
index]l = indexl + 1
index2 =0
for phi2 =1:ne
for phi3 =1:ne
for gama3 =1 :nx
index2 = index2 + 1
if phil == phi2 && phil == phi3
E zfxfeps eps2xf(indexl,index2)
=FE xf zf xf(gamal,gama2,gama3d) x m3 (e;41 (phil))
end
end
end
end
end
end
end

7)
E [(X{ ® X{ & €t+1> (€141 ® €141 ® Et+1)/}

= E[({x{ (71,1) {m{ (g, 1) {€t41 (¢4, )}le} Fl}nzl)

Y11=

X <{€t+1 (¢a,1) {€t+1 (¢3,1) {ers1 (94,1 )}¢4—1} 1}%:1) ]

Thus the quasi Matlab codes are:
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E zfxfeps eps3 = zeros(nx X nx X ne,ne X ne X ne)
indexl =0
for gamal =1: nx
for gama2 =1:nx
for phil =1: ne
index]l = indexl + 1
index2 =0
for phi2 =1:ne
for phi3 =1:ne
for phid =1 : ne
index2 = index2 + 1
% second moments of innovations
if (phil == phi2 && phi3 == phid && phil™ = phid)
E xfxfeps epsd(indexl,index2) = E xf xf(gamal,gama?2)
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E xzfxfeps epsd(indexl,index2) = E xf xf(gamal,gama?)
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E zfxfeps eps3(indexl,index2) = FE_xf xf(gamal,gama2)
% fourth moments of innovations
elseif(phil == phi2 && phil == phi3 && phil == phid)
E_xzfxfeps eps3(indexl,index2) = E_zf zf(gamal,gama2) x m* (e;11 (phil))
end
end
end
end
end
end
end

8)

/ !/
E |:(th®€t+1 ®x{) (x{@x{@etH) ] =F {(x{@x{@ewﬂ) (th®€t+1 ®xtf> ]

!/

/
where we aldready know E [(x{ ® xf ® EtJrl) (x{ R €41 ® x{) ] from 2).

9)
/
E |:(th®€t+1 ®x{) (x{@etH ®th> ]

=E| {xtf (71, 1) {€t+1 (¢1,1) {x{ (V) 1)}:;1}% }nz

¢1=1 v1=1
n Na !
f f me T
x {x (s {en @0 {of (00} ] } |
T de=1 v3=1

Thus the quasi Matlab codes are:
E xfepsxf xfepsxzf = zeros(nx X ne X nr,nx X ne X nx)
indexl =0
for gamal =1 : nx
for phil =1:ne
for gama2 =1:nx
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index]l = indexl + 1
ndex2 =0
for gama3 =1:nx
for phi2 =1:ne
for gamad =1 : nx
index2 = index2 + 1
if phil == phi2
E zfepszf xfepsxf(indexl,index2)
=F zf xf af xf(gamal,gama2,gama3,gamad)
end
end
end
end
end
end
end

10)
!
E |:(X{ ® €t+1 ® X{) (X{ ® Et—i—l ® 6t+1> :|

=E| {dc (71,1) {€t+1 (¢61,1) {${ (Yo, 1)}::_1}% }nw

$1=1) 5,=1

X <{${ (73, 1) {6t+1 (2, 1) {€t41 (¢3, )}¢3_1} 1}”1 1) ]

-
Thus the quasi Matlab codes are: ’
E xfepsxf xfeps2 = zeros(nx X ne X nx,nx X ne X ne)
indexl =0
for gamal =1 : nx
for phil =1: ne
for gama2 =1:nx
indexl = indexl + 1
index2 =0
for gama3d =1 :nx
for phi2 =1: ne
for phi3 =1:ne
index2 = index2 + 1
if phil == phi2 && phil == phi3
E xfepsxf xfeps2(indexl,index2)
=E xf xf xzf(gamal,gama2, gama3) x m? (e;41 (phil))
end
end
end
end
end
end
end

11)
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!/
E {(x{@ewl ®x{> (€t+1 ®xf ®x{) ]

= E| {x{(%,l){et+1(¢171){x{(72,1)}::l}nE }nm

=1

71=1
X {€t+1 (¢9,1) {37{ (73, 1) {m{ (74, 1)};“—1} m } |
477 ) yg=1 Po=1

Thus the quasi Matlab codes are:
E zfepszf epsxfxf = zeros(nz X ne X nr,ne X nx X nx)
indexl =0
for gamal =1: nx
for phil =1 : ne
for gama2 =1:nx
indexl = indexl + 1
index2 =0
for phi2 =1:ne
for gama3 =1 :nx
for gamad =1: nx
index2 = index2 + 1
if phil == phi2
E xfepsxf epsxfxf(indexl,index2)
=F zf xf af xf(gamal,gama2,gama3,gamad)
end
end
end
end
end
end
end

12)

!
E |:(X{ (24 €41 X X{) (6t+1 (24 X{ X €t+1> :|

= E| {a?{ ('71,1){€t+1 (¢1,1){${ (%)1)}::_1}”6 } .

=1 v1=1
" <{€t+1 (¢2,1) {x{ (3 D v (¢3’1>}g:_1}zx_1}; ) |
3= =1

Thus the quasi Matlab codes are:
E xfepsxf epsxfeps = zeros(nx X ne X nx,ne X nx X ne)
indexl =0
for gamal =1 : nx
for phil =1: ne
for gama2 =1:nx

indexl = indexl 4+ 1

index2 = 0

for phi2 =1: ne

for gama3 =1 :nx
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for phi3d =1:ne
index2 = index2 + 1
if phil == phi2 && phil == phi3
E xfepsxf epsxfeps(indexl,index?2)
=FE af xzf xf(gamal,gama2,gama3d) x m? (e;41 (phil))
end
end
end
end
end
end
end

13)
!/
FE |:(X{ X €141 X X{) (6t+1 ® €141 (9 X{) :|

= E| {z{ (71,1) {€t+1 (¢1,1) {z{ (72,1)}::_1}% }m

¢1=1 v.=1

y {em(%,n{etﬂ(qbg,l){x{(vg,l)}::_l}ne } ]

bs=1 $o=1
Thus the quasi Matlab codes are:
E xfepszf eps2zf = zeros(nx X ne X nx,ne X ne X nx)
indexl =0
for gamal =1: nx
for phil =1 :ne
for gama2 =1: nx
indexl = indexl + 1
index2 =0
for phi2 =1:ne
for phi3d =1:ne
for gama3 =1:nx
index2 = index2 + 1
if phil == phi2 && phil == phi3
E zfepszf eps2xf(indexl,index2)
=F af zf xf(gamal,gama2,gama3d) x m3 (e;41 (phil))
end
end
end
end
end
end
end

14)
E [(X{ ® €41 ® X{) (€r+1 ® €141 ® €t+1)/}

= E[ {37{ (71, 1) {€t+1 (¢1,1) {37{ (72’1)}::—1}% }

=1

Ny

v1=1
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Thus the quasi Matlab codes are:
E zfepszf eps3 = zeros(nx X ne X nx,ne X ne X ne)
indexl =0
for gamal =1 : nx
for phil =1: ne
for gama2 =1:nx
indexl = indexl + 1
index2 =0
for phi2 =1:ne
for phi3 =1:ne
for phid =1: ne
index2 = index2 + 1
% second moments of innovations
if (phil == phi2 && phi3 == phid && phil™ = phid)
E xfepsxf eps3(indexl,index2) =E xf xf(gamal,gama?)
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E zfepszf eps3(indexl,index2) = F _xf xf(gamal,gama?2)
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E xfepsxf eps3(indexl,index2) =E xf xzf(gamal,gama?2)
% fourth moments of innovations
if phil == phi2 && phil == phi3 && phil == phid
E_xfepsxf eps3(indexl,index2) = E_xf xf(gamal,gama2) x m* (e;41 (phil))
end
end
end
end
end
end
end

15) )
FE [(x{ R €41 ® 6t+1) (x{ ®xf ® 6t+1)/:| =F [(x{ ®xf ® 6t+1) (x{ R €41 @ €t+1>/:|
where we already know F {(x{ ® X,{ ® et+1> (x{ ® €41 ® et+1>/] from 3).

16) )
E {(xtf R €41 @ €t+1> (X{ R €41 @ xtf)/] =F {(x{ R €41 @ x{) (X{ R €41 @ 6t+1>/:|
where we already know E {(x{ R €41 ® x{) (th R €41 ® €t+1>/] from 10)

17)
!
K {(th ® €41 @ €t+1> (X{ ® €41 ® €t+1) ]

= E[({:p{ (71, 1) {6t+1 (01,1) {€t+1 (9o, 1 )}¢2—1} 1}% )

71=1
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x <{${ (72, 1) {6t+1 (63, 1) {er+1 (04 )}¢4_1} 1}M—1) |

Thus the quasi Matlab codes are:
E xfeps2 xfeps2 = zeros(nr X ne X ne,nx X ne X ne)
indexl =0
for gamal =1 : nx
for phil =1: ne
for phi2 =1:ne
indexl = indexl + 1
index2 =0
for gama2 =1 :nx
for phi3 =1:ne
for phid =1: ne
index2 = index2 + 1
% second moments of innovations
if (phil == phi2 && phi3 == phid && phil™ = phid)
E xfeps2 xzfeps2(indexl,index2) = E xf xf(gamal,gama?2)
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E zfeps2 xfeps2(indexl,index2) = F_xf xzf(gamal,gama2)
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E xfeps2 xzfeps2(indexl,index2) = E xf xf(gamal,gama?2)
% fourth moments of innovations
elseif phil == phi2 && phil == phi3 && phil == phi4
E_xfeps2 xfeps2(indexl,index2) = E_xf xf(gamal,gama2) x m* (e;41 (phil))
end
end
end
end
end
end
end

18)
!/
E |:(X{ ® €141 X 6t+1) (6t+1 (X)Xic X X{) :|

= E[({z{ (71, 1) {€t+1 (d1,1) {esr1 (Hg,1 )}¢2_1}¢1_1}nm )

71=1
’

X {€t+1 (¢3»1){z{ (2, 1) {x{ (73’1)}::—1}M }n |

72=1 P3=1
Thus the quasi Matlab codes are:
E xfeps2 epsxfxf = zeros(nx X ne X ne,ne X nx X nx)
indexl =0
for gamal =1 : nx
for phil =1: ne
for phi2 =1:ne

indexl = indexl 4+ 1

index2 = 0

for phi3 =1:ne
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end
end
end

19)

end

for gama2 =1:nx
for gama3 =1:nx
index2 = index2 + 1
if (phil == phi2 && phil == phi3
E xfeps2 epsxfxf(indexl,index2)
=FE af xf xf(gamal,gama2,gama3d) x m> (e;41 (phil))
end
end
end

!
E [(X{ Q€41 @ €t+1) (€t+1 ®XZ & 6t+1) ]

= E[({wic (71, 1) {€t+1 (61, 1) {er+1 (2, 1)}2221}::3—1}”1—1)

« <{€t+1 (3, 1) {x{ (Y9, 1) {er41 (04, 1)}22_1}1:_1}”5 ) ]

¢3=1

Thus the quasi Matlab codes are:
E xfeps2 epsxfeps = zeros(nx X ne X ne,ne X nx X ne)

indexl =0

for gamal =1 : nx
for phil =1: ne
for phi2 =1:ne
indexl = indexl 4+ 1
index2 =0
for phi3 =1:ne

end

end

for gama2 =1:nx
for phid =1: ne
index2 = index2 4 1
% second moments of innovations
if (phil == phi2 && phi3 == phid && phil™ = phid)
E xfeps2 epsxfeps(indexl,index2) = E_xf xf(gamal, gama2)
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E _xzfeps2 epsxfeps(indexl,index2) = E _xzf xf(gamal,gama2)
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E xfeps2 epsxfeps(indexl,index2) = E_xf xf(gamal, gama2)
% fourth moments of innovations
elseif phil == phi2 && phil == phi3 && phil == phid
E_xfeps2 epszfeps(indexl,index2) = E_xf xf(gamal, gama2) x m* (e;41 (phil))
end
end
end
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end
end

20)
!
E [(X{ ® €41 ® €t+1) (€t+1 ® €41 ® X{) ]

= E[({m{ (71, 1) {6t+1 (61,1) {€ers1 (o, 1)}2221}28 }m )

1=1 v.=1

X {6t+1 (¢3,1) {€t+1 (¢4,1) {x{ (Va5 1)}::_1}n6 }n ]

¢a=1 $g=1
Thus the quasi Matlab codes are:
E xfeps2 eps2xf = zeros(nx X ne X ne,ne X ne X nx)
indexl =0
for gamal =1 : nx
for phil =1:ne
for phi2 =1 :ne
indexl = indexl + 1
index2 =0
for phi3d =1:ne
for phid =1: ne
for gama2 =1:nx
index2 = index2 + 1
% second moments of innovations
if (phil == phi2 && phi3 == phid && phil™ = phid)
E zfeps2 eps2xf(indexl,index2) = F_xf xzf(gamal,gama2)
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E xfeps2 eps2xf(indexl,index2) = E xf xf(gamal,gama?2)
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E _zfeps2 eps2zf(indexl,index2) = F_xf xzf(gamal,gama?2)
% fourth moments of innovations
elseif phil == phi2 && phil == phi3 && phil == phi4
E_xfeps2 eps2zf(indexl,index2) = E_xf xf(gamal, gama2) x m* (e;41 (phil))
end
end
end
end
end
end
end

21)
!/ !/
E |:(€t+1 ®xf®xtf) (x{@x{@etH) ] =F {(x{@x{@etﬂ) (€t+1 ®x{®xtf> ]

li

!/
where we already know E [(x{ ® Xf ® 6t+1) (€t+1 ® xf ® x{) ] from 4).

22)
/ /
E I:(€t+1 ®Xf®x{> (X{®€t+1 ®xtf) ] =F {(xtf@eHl ®th) (€t+1 ®xf®x{> ]

!’
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!/
where we already know E {(x{ ® €41 ® x{) (€t+1 ® xf ® x{) ] from 11)

23)
! i /
E I:(€t+1 ®Xf ®x{> (X{ & €141 ®et+1) ] =F {(xtf & €141 ®et+1) (€t+1 ®xf ®xtf> ]

/!
where we already know E {(x{ R €41 ® €t+1) (€t+1 ® x{ ® x{) ] from 18)

24)
/
E I:(et.l,_l ®X,{®X,{> (€t+1 ®Xf®xtf) ] =

= E[ {€t+1 (¢1,1) {37{ (v1,1) {x{ (72, 1)}:;1}% }n

71=1) g =1

X {6t+1 (¢a,1) {x{ (73, 1) {x{ (Va 1)}::—1}m }ne |

v3=1 ¢y=1
Thus the quasi Matlab codes are:
E epszfxf epsxfxf = zeros(ne X nx X nr,ne X nx X nx)
indexl =0
for phil =1: ne
for gamal =1: nx
for gama2 =1:nx
indexl = indexl + 1
index2 =0
for phi2 =1:ne
for gama3 =1:nx
for gamad =1: nx
index2 = index2 + 1
if (phil == phi2
E epsxfxf epsxfxf(inderl,index2)
=F zf xf xf xf(gamal,gama2, gama3, gama4)
end
end
end
end
end
end
end

25)
E fox! ! .
€r+1 @ X; O X | (€41 O X @ €141

=E] {€t+1 (¢1,1) {x{ (71, 1) {xtf (s, 1)}:;1}% }n
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« <{€t+1 (69, 1) {g;{ (73, 1) {er1 (93, 1)}22_1}::_1}”6 1) ]

Thus the quasi Matlab codes are:
E epszfrf epsxfeps = zeros(ne X nx X nx,ne X nx X ne)
indexl =0
for phil =1 : ne
for gamal =1 : nx
for gama2 =1:nx
indexl = indexl 4 1
index2 =0
for phi2 =1 :ne
for gama3 =1 :nx
for phi3 =1: ne
index2 = index2 + 1
if (phil == phi2 && phil == phi3
E epszcfrf epsxfeps(indexl,index?2)
=E xf xf xf(gamal,gama2, gama3) x m? (e;41 (phil))
end
end
end
end
end
end
end

26)

!/
FE |:(€t+l X X{ X th) (6t+1 (24 €141 X X{) :|

(Y T M o

v1=1 ¢=1

« {€t+1 (¢, 1) {etﬂ (¢5,1) {x{ (V3 1)}:1_1}"6 }” ]
3T [

$s=1) 4 _y
Thus the quasi Matlab codes are: ’
E _epszfrf eps2xf = zeros(ne X nx X nx,ne X ne X nx)
indexl =0
for phil =1 :ne
for gamal =1 : nx
for gama2 =1:nx
indexl = indexl + 1
index2 =0
for phi2 =1:ne
for phi3 =1:ne
for gama3 =1 :nx
index2 = index2 + 1
if (phil == phi2 && phil == phi3
E epszfrf eps2xf(indexl,index2)
=E xf xf xf(gamal,gama2, gama3) x m? (€41 (phil))
end
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end
end
end
end
end
end

27)
E {(€t+1 by X{ oy X[) (€111 ® €141 ® €t+1)/}

_ g {€t+1 (¢1,1) {x{ (71, 1) {xtf (Wz,l)}::_l}"z }n

v1=1 ¢=1

y <{€t+1 (¢g,1) {€t+1 (¢3,1) {€r+1 (Dy, 1)};221}71@ }"e ) ]

¢3:1 ¢2:1
Thus the quasi Matlab codes are:
E epszfrf eps3 = zeros(ne X nx X nz,ne X ne X ne)
indexl =0
for phil =1: ne
for gamal =1 : nx
for gama2 =1:nx
indexl = indexl 4 1
index2 = (
for phi2 =1: ne
for phi3d =1: ne
for phid =1: ne
index2 = index2 4 1
% second moments of innovations
if (phil == phi2 && phi3 == phid && phil™ = phid)
E epszfxf eps3(indexl,index2) = E xf xf(gamal,gama?)
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E epsxfxf eps3(indexl,index2) = FE _xf xf(gamal,gama2)
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E epszfxf eps3(indexl,index2) = E xf xf(gamal,gama?)
% fourth moments of innovations
elseif phil == phi2 && phil == phi3 && phil == phid
E_epsxfaf eps3(indexl,index?) = E_xf xf(gamal,gama2) x m?* (€41 (phil))
end
end
end
end
end
end
end

28)
/ !
E {(6154-1 ®xf X €t+1> (X{ ®xf ® €t+1) ] =F {(x{ ®xf ® et+1> (€t+1 ®xf ® 6t+1) ]

. !/
where we already know E {(x{ ® xf ® 6t+1) (€t+1 ® x,{ ® 6t+1> ] from 5).
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29)

/ /
E l:(6t+1 ®X{ X Et+1) (X{ ® €11 X X{) :| =F l:(X{ [ €141 X X{) (6t+1 ®X{ (024 6t+1> :|

/

!/
where we already know F {(x{ R €41 ® x{) (€t+1 ® x{ ® €t+1> ] from 2)

30)
/ 1’
E {(Gtﬂ ®x]® €t+1) (th ® €41 & €t+1> ] =F {(X{ ® €41 & 6t+1> (€t+1 ®x] ® €t+1> ]

/
where we already know F {(x{ R €41 @ €t+1) (€t+1 ® x{ ® €t+1> ] from 19).

31)

!/ !
E |:(€t+1 X X{ X €t+1) (€t+1 X X{ X X{) :| =F |:(€t+1 (24 X{ X X{) (6t+1 X X{ X €t+1> :|

/

/
where we already know F |:(€t+1 & X,{ ® x{) (€t+1 & X,{ ® €t+1> ] from 25).

39)
/
E |:(€t+l ®x] ® €t+1) (€t+1 ®x] ® €t+1> ]

= E[<{€t+1 (¢1,1) {ztf (1, 1) {141 (¢, 1)}22:1} B } )
n=l ¢1=1
/
X <{€t+1 (¢3,1) {l’{ (V25 1) {€t41 (¢4 1)}ZZ:1} } ) ]
V2=l P3=1
Thus the quasi Matlab codes are:
E _epsxzfeps epsxfeps = zeros(ne x nx X ne,ne X nx X ne)
indexl =0
for phil =1: ne
for gamal =1 : nx
for phi2 =1: ne
indexl = indexl + 1
index2 =0
for phi3 =1:ne
for gama2 =1: nx
for phid =1: ne
index2 = index2 + 1
% second moments of innovations
if (phil == phi2 && phi3 == phid && phil™ = phid)
E epszfeps epszfeps(indexl,index2) = E xf xf(gamal,gama?2)
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E epsxzfeps epsxfeps(indexl,index2) = E_xf xf(gamal,gama2)
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E epszfeps epszfeps(indexl,index2) = E _xf xf(gamal,gama?2)
% fourth moments of innovations
elseif phil == phi2 && phil == phi3 && phil == phi4
E_epsxfeps epszfeps(indexl,index2) = E_xf xf(gamal,gama2)xm* (e;11 (phil))
end
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end
end
end
end
end
end

33)
/
E |:(€t+1 ® X{ & €t+1) (€t+1 Q€41 ® X{) ]

= E[<{€t+1 (¢1,1) {fﬁff (v1, D {es1 (92, 1)}22:1}:1 }n )

1=1 =1

" {6t+1(¢3,1){et+1(¢4,1){z{(72,1)}:w1}ne }” ]
2= ¢

=1 =1
Thus the quasi Matlab codes are: ’
E epszfeps eps2zf = zeros(ne X nx X ne,ne X ne X nx)
indexl =0
for phil =1 : ne
for gamal =1 : nx
for phi2 =1:ne
indexl = indexl + 1
index2 = 0
for phi3 =1:ne
for phid =1: ne
for gama2 =1:nx
index2 = index2 + 1
% second moments of innovations
if (phil == phi2 && phi3 == phid && phil™ = phid)
E epszfeps eps2zf(indexl,index2) = E_xf xf(gamal, gama2)
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E epsxzfeps eps2xf(indexl,index2) = E_xzf xf(gamal,gama2)
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E epszfeps eps2zf(indexl,index2) = E_xf xf(gamal, gama2)
% fourth moments of innovations
elseif phil == phi2 && phil == phi3 && phil == phi4
E_epsxfeps eps2xf(indexl,index2) = E_xf wxf(gamal,gama2) x m* (€41 (phil))
end
end
end
end
end
end
end

34)
/ ! !
E {(etﬂ @ €41 ®x{> (x{ ®xf ® €t+1) ] =E {(X{ ®Xf ® €t+1) (€t+1 ® €41 ®X{> ]

!/
where we already know E {(x{ ® xf ® et+1) (€t+1 R €41 ® x{) ] from 6).
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35)

! !
E |:(Et+1 ®€t+1 ®th) (th ®€t+1 ®th> :| = E |:(X{ ®Et+1 ®th> (€t+1 ® Et+1 ®th> :|

/

li
where we know F |:(X{ R €1 ® x{) (et+1 R €41 ® x{) } from 13).

36)
£ (x! ' f AT
E {(615-',-1 @ €141 ® Xt) (Xt @ €41 ® €t+1> ] =F [(Xt @ €41 @ €t+1> (€t+1 @ €41 ® Xt) ]
. N\
where we already know F {(x{ ® €41 ® €t+1) (€t+1 ® €41 ® x{) ] from 20).

37)
’ /
E I:(G,H_l ® €141 ®X{> (6t+1 ®Xf ®th) ] =F |:(6t+1 ®X{ ®X{> (€t+1 ® €r41 ®X{> :|

!

!/
where we already know E {(eﬂ_l ® xf ® x{) (€t+1 R €41 ® x{) ] from 26).

38)

! ! Y
E |:(€t+1 ® €41 ® X,{) (6t+1 @x] ® €t+1) ] =F {(Etﬂ @x] ® €t+1) (€t+1 ® €41 ® X{) ]

!/
where we already know F {(eﬂ_l ® xf ® et+1) (€t+1 ® €41 ® x{) ] from 33).

39)
E |:(€t+1 Q€41 @ X{) (€t+1 Q€41 @ X{)/]

=[] {€t+1 (¢1,1) {€t+1 (¢2,1) {m{ O 1)}31_1}26 1}
1= ga=1) 4

§ {6t+1(¢3,1){€t+1(¢4,1){x{(%,l)}::_l}”e } ]

$a=1 $g=1

Ne

Thus the quasi Matlab codes are:
E eps2zf eps2xf = zeros(ne X ne X nx,ne X ne X nx)
indexl =0
for phil =1: ne
for phi2 =1:ne
for gamal =1: nx
indexl = indexl + 1
index2 = 0
for phi3d =1:ne
for phid =1: ne
for gama2 =1:nx
index2 = index2 + 1
% second moments of innovations
if (phil == phi2 && phi3 == phid && phil™ = phid)
E eps2zf eps2zf(indexl,index2) = F_xf xzf(gamal,gama2)
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E eps2zf eps2zf(indexl,index2) = E xf xf(gamal,gama?2)
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elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E eps2zf eps2zf(indexl,index2) = F_xf xzf(gamal,gama2)

% fourth moments of innovations

elseif phil == phi2 && phil == phi3 && phil == phi4
E_eps2xf eps2zf(indexl,index2) = E_xf xf(gamal, gama2) x m* (e;41 (phil))

end

end
end
end
end
end
end

40)

/ /
E {(Et-%l ® €141 @ €r41) (X{ ® X{ & 6t+1) } =F [(X{ ® X{ ® 6t+1) (€141 ® €141 ® €t+1)/}
where we already know E [(xf ® X{ ® et+1) (€141 R €141 ® et+1)/} from 7).
41)

/ /
E {(Et-&-l ® €141 @ €141) (X{ ® €141 @ X{) } =F [(X{ ® €141 @ X{) (€141 ® €141 ® €t+1)/}
where we already know F Kxf ® €141 ® xf) (€141 R €141 ® et+1)/} from 14).
42)

/ /
E |:(€t+1 ® €141 @ €r41) (6t+1 ®x] ® X[) } =FK |:(€t+1 ®x] ® X{) (€141 ® €141 ® €t+1)l}

where we already know F |:(€t+1 ® x{ ® xf) (€141 ® €141 ® €t+1)/} from 27).

43)
E (€141 ® €141 @ €141) (€141 © €141 @ €141)']

= E[<{6t+1 (¢61,1) {€t+1 (¢2,1) {€r41 (93, 1)}22_1}::_1}% )

P1=1
X <{€t+1 (¢47 1) {€t+1 (¢57 1) {6t+1 (¢)6’ 1)};Z_I}Zj=1}¢€_1> ]

The codes are given in the matlab file. (too big for displaying)

4.4 Method 3: Simple formulas for first and second moments

This section shows how to compute mean values up to third order in a very direct manner. As in the case of the second-
order approximation, the advantage of Method 3 is that we do not recompute terms which are already known at a lower
approximation order. As a result, the matrices which must be inverted are here smaller than in Method 1 and 2.
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4.4.1 First moments

This section derives the unconditional mean value of y; and x;. Recall
Xy :x{—i—xf—l—x:d
Thus, we only need to find £ [xt”q. Here
E[x19,] = hyE [x}4] + 2H, B Kx{ ® xt>] + o B [(x{ x] ® xf)} + 2hyyo?E [x{} +1h,,,00

)

(Lo, = 1) B [x77] = 20 | (x] @ %7) | + B B | (x] @ x] @ x] )| + thyoo0?

because x{jfl is stationary and E [x{ } =0

)

E[x"] = (I, — hy) " <2f{xxE Kx{ ®x§)} L F [(x{ ® x] ®x,{)} + éhm,aag)

To compute Hoo F [(x{ ® X,{ ® x{)] recall that

st @xf @xfyy = (@b o) (xf oxf oxf) + (e @b on) (xf @ xf @ en)
+ (hx ® on ® hy) (X{ ® €41 ® Xf) + (hx ® on ® on) (X{ ® €41 ® €t+1>
+ (o1 @ hx ® hy) (€t+1 x| ® X{) + (o ® hy ® on) (€t+1 x| ® €t+1)

+ (‘777 Kon hx) (€t+1 R €11 ® XZ) + (O”I’] ®on & 0"’7) (€t+1 ® €41 @ 6t+1)
Hence
E {thﬂ ® Xf+1 ® X7{+1} = (hx @ hx @ hy) E [(X{ x| ® X{ﬂ +(n@on®@on) E(er+1 @ €141 @ €141))]

)

Ly — (e @ he @ h)) B [x{ @ x] @ x| = ((n @ on @ om) Bl(ers @ €1 @ e141)

because x{ ® x{ ® xf is stationary

)
-1
E [x{ ®xi® xﬂ =T — (hx ®hy @ hy))  (on®@on®@on) E[(€111 @ €111 @ €141)]

Note that this term is zero if all third moments of €;41 are zero.

To compute E [(x{ ® xf)} recall that

(%1 @xip) = (o) (x] @x7) + (I @A) (x] @ x] @ x] ) + (B @ Ihooo?) x{

+ (on @ hy) (€141 @ x5) + (an ® fIxx) (€t+1 ® x{ ® x{) + (o1 ® $hoeo?) €141
So _
(e 320)] = oo 8 (3] - (o i [ (o 0 )

)

(L2 — (hy ®hy)) E [(x{ ®x§)} - (hx®ﬁxx> E [(x{ ®x{®x{)]
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because (x{ ® xf) is stationary

)

E [x{ ®x§} — (L — (hx ®hy)) " (hx®ﬁxx) E [(x{ ® x| ®x{)}

Note that this term is zero if £ [(x{ ® x{ ® x{)} = 0, which is the case if all third moments of €;1; are zero.

For the control variables, we have
By =g« (B x| + B+ B [x%]) + Gux (B[ (x{ @x] )| + 28 [ (x] @ )] ) + Gux B | (x] @ xf 0x{ )]

+%g0'0'0-2 + %gUUX0-2E |:th:| + %gaoagg

= gy (B [x3]+ E [x7%]) + G (E [(x{@x{)} 2B [(x{ ®xg)D

+éxxxE {(X{ & X{ ® X{)] + %go‘aUQ + %goaaag

Now recall, if all third moments of €;11 are zero, then g,,, = 0 and h,,, = 0. Hence, we have the following

Corollary 1 The mean value in a third order approximation is identical to the mean value in a second order approximation

if all third moments of €11 are zero.

4.4.2 Second moments

We start by noticing that
Var(z;) = E [(z: — E [z1]) (2 — E [24])']

= E((z; — E[z)) (2, — E [z})])]

=F
=F
and

Elzz,) = F

(202 — 2. E [2;] — E [2:] 2; + E [2,] E [2]]

(2024) — E [z] E 2]

x{
X}
f f
X; ®X !
et L) e (e
t
x{ ® x;
x{ ®x{ (X)x){c ]
f (o F sy
X (Xt> x; (x7)
!
x; (x/) x; (x3)
/
x{ oxl) (xf) (xf @x) (xzY
I
xp (] ) xp? (x;)
!
(xf @xt) (x) (xf @xt) (x)
/
oxloxl) (x) (x exox])x

) ) (f

f

/
Xy (x{ & x{)

/
x; (X{ ® x{

oxt) (x!
x{d (x{ ® x{

(x{ ®x§) (X{ ®x

® X

/

(d

f
t

f
t

o)

y
y

x|

®x{> x;’d)/

x4 (x4)’

(x{ ®X§) (ng)/

(d

i
) (x{@xtf@x,{) (X,{@x{) (xf@x{@x,{) (x{d)/
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x{ (xl o x) x{ (xf ox{ oxf)

xi (xf ©x7) xi (xl o] @x{)
(ox) (xfex)  (dex])(xfexfex])
x{d (x{ ® x3 , x{d (x{ ®xf ®xtf
(eoxt) (eox)  (xdoxt)(xdoxoxd)
(l oxl oxl) (xf @xi)  (xf @x ox]) (x{ @xf @x{)

Hence, we need to find the following terms:
o xt (er)’ %5 (er)’ (Xf @ x! ) (er)’ <7 (er)’ (Xf ® Xs) (er)/ (Xf oxi ® Xf) (er)/
i\ X)) X (X )5 (X t t ) X (X ) (X 1 t )\ %t 1 1 t
/ i i I !/
—x{ (x{ ®X§> , X3 (x{@xf) , (X{@x{) (x{@xf) ,xfd (x{@xf) , (X{@Xf) (X{@xf) , (xf ®x{®x{) (x,{c ®Xf)

! ! i
-xf (xf ext ex), xi (xl oxtoxl), (xl ox]) (xl ex] ox]), (x ox{ ox{) (xl o x{ o x{)

/!

All these terms are easy to compute using the procedure outlined above and previous results.

4.5 The auto-correlations

This section derives the auto-correlations for the states and the control variables.

4.5.1 The innovations

We first show that Cov (&,,1,&,,1,,) # 0 for s =1,2,3,... To see this recall that
NI €141 ]
€141 ® €41 —vee (L)
€141 ® X,{
x! ® €1
€141 ® X}
B / _ 5 €1 @x] @x]
[€t+1€t+1+s] = x{ ® x{ ® €141
x| @ €1 @x]
x! ® €141 ® €141
€1 ®x] ® €rp1
€141 D €41 @ X{

L (€141 ® €141 @ €141) — E (€141 @ €141 @ €141)] |
/

X [ €/t+1+s (€t114s @ €ry145 — veC (Inc))/ (€t+1+s ® th+s
f ' Y f Y
Xits @ €ttl1ts (€t+1+s ® Xt+8) €ttl+s OXpps OXyyg
f f ! ¥ P
Xits OXpps ®© €p14s Xp s @ €p1qs @Xpy

/
(€t+1+s ®Q €145 @ X{+s) ((€t414s ® €14 @ €4146) — B (€141 © €141 @ €411)]) }

! !
(X,{Jrs QK €Etp145 @ €t+1+s) <€t+1+s ® Xf+s & 6t+1+s>

We now inspect each of the rows in turn. Here, we need the following result that

X{+1 = hxx{ +one

114



X{+2 = hxxfﬂ +one o
= hy (hxx{ + O’T]€t+1) +one; o
= h2x{ + heone, | + ome,
X{+s = hch{ + Z?=1 hf:ianetﬂ-
1) Row with €41

Consider the sub-matrix

!/
E{eria { €ir1ts  (Er14s @ Ep14s — vEC (L)) (€t+1+s ® X{+s

/ ) ’ I
(thJrs 02y €t+1+s) (€t+1+s ® X§+s) (€t+1+s ® th+s ® X{+s)
l,oxl,® " (x,® oxl,)
Xits O Xpps © €t414s Xits © Cttlts O Xpys

!
(€t+1+s X €414 Q X{+s) ((€t4145 @ €t4145 D €11145) — E (€141 @ €441 @ Et+1)])/ }}

! !
(x{+s @ €r4145 @ €t+1+s) (€t+1+s ® Xf+s ® €t+1+s>

— E{es1[0 0 0 0 0 0O
/
00 (X;{Jrs ® €t4145 ® €t+1+s> (€t+1+s ® th+s ® €t+1+s)

!
(€t+1+s ® €145 @ X{+s) 0 ]}

/

Hence, we only need to study the term of the form

/

E [GHI (Xf+s ® €t4145 ® €t+1+s> ]
) , ) | )
=L |€q1 (hixt + 2 hiTone; ® €145 ® €t+1+s> }

i !
s i
=FE|en (hiX{ ® €rp1+s @ €y14s + ), Wy 'oNE L D €145 @ €t+1+s) ]

i /
=FE |€e1 (hiX{ @ €145 @ Et+1+s> ]

+E [€t+1 (Zf:1 hf;_"anem X €t414s @ €t+1+8)l}
=04+ F |:€t+1 (O"I]Et_H D €Ett145 D €t+1+s)/}

= E[(er11®1) (61110 @ (€14145 @ €11115) )]
= E €416 @ (€r1145 @ €r4145) ]
=1,.70®vec(l,,)

2)
To be completed
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4.5.2 The covariances

Recall that we have

Zy = rd

i x{@x{@x{ |
Ziy1 :C+AZt+B€t+1

1 1
y;d = DZt + §g0002 + égaoogg

To find the one period auto-covariances, i.e. Cov (z;11,2¢), we have
Cov (zi41,2t)

=Cov (c+ Az, + B, 1,2)

= ACov (z;,2¢) + BCov (&,,1,2)

And for two periods
Cov (z142,2¢) = Cov (¢ + Azyp1 + BE, 5, 2)
=Cov (c + A (c + Az, + BEt-H) + B£t+2,zt)
= Cov (c+Ac+ A’z + AB¢, | + B¢, 5, 2)
= Cov (A%z,2;) + Cov (ABE, 1, 2,) + Cov (BE, 5, 2)
= A%Cov (2z4,2;) + ABCov (€,,1,2;) + BCov (&,,5,2)

or
Cov (zt42,21) = ACov (2441,2:) + BCov (£t+2, zt)

And for three periods
Cov (z143,21) = Cov (c + Azio + BE, 5, zt)
=Cov(c+A(c+Ac+ A’z + AB¢,, + B¢, ) + B, 5, 2)
= Cov (c+Ac+ A’c+ A’z + A’BE, | + AB,,, + B¢, 5,2:)
= Cov (A®z,2;) + Cov (A’BE, 1,2;) + Cov (ABE, 5, 2,) + Cov (BE,5,2;)
= A%Var (z;) + A’BCov (&,,1,2:) + ABCov (£, 5,2,) + BCov (&, ,3,2)
= AVar (z;) + Y0, A "BCou (¢,,;,2)

or
Cov (2¢43,21) = ACov (2442,2:) + BCov (Et+3, zt)

Hence in general A
Cov (zyys,2¢) = AVar (z,) + iy A" BCov (&4, %)

Cov (zt4s,2:) = A*Var (z¢) + Zj;é As~UTIBCou (€411, %)
i=j+lsoj=i—1

9 -

Cov (z14s,2¢) = A*Var (z¢) + 37 A/ BCov (§1411,2)

or
Cov (2¢1s,2t) = ACov (Z4ys—1,2¢) + BCov (EH_S, zt)
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For the control variables:
Cov (yit,yi?) = Cov (Dz4s + 385002, Dzt + 180007)

=Cov (th+s> DZt)
=DCov (Zt+s> Zt) D’

Thus we only need to compute Cov (&, ,,2;) = E [€,, 2]

4.5.3 Computing Cov (£t+s,zt)

We consider E [2z;£; ] and note that E [£, 2/ = (F [zt£;+1+s}),.

E [Zt€;+l+s} =F rd K

_ﬁ@ﬁ@ﬁ_

li
X { €i1ts (€r414s @ €145 — VEC (In,)) (€t+1+s ® X{+s>
! ' ' / Y
(XH_S & 6f,+1+s) (6t+1+s ® Xf+s) (€t+1+s QXps® Xt+s)
(xf ®Xf ® e )/ (xf ® e ®xf )/
t+s t+s t+1+s t+s t+1+s t+s
/!

(€t+1+s @ €145 @ X{H) (4145 @ €145 @ €r4145) — B (€141 © €11 @ €141)])

! /
(X{+S R €1114s @ €t+1+s) (€t+1+s ® XL_S & 6t+1+s>

Onm XNe Onm xn?2 0"7‘ XNeNg OTLT XNgMNe OTLT XNgMNe Onm Xnen? Onm Xn2ne Onm Xn2ne 1,9 Ti1,10 T1,11 On,, xnd
Onwxne Onzxnz Onwxnenw Onwxnwne Onwxnwne Onzxneni Onzxnzne Onzxnzne 2,9 T2;10 72,11 Onzxng
Onixne Onixng Onixnenz Onixnzne Onixnwne Onixneng Onixnine Onixnine 3,9 T3,10 73,11 Onixnz
Onlvxne Onzxnf Onlxnenz Onlxnlne Onlxnzne Onggxncn?T Ongg><nfcnC Onzxninc T4,9 T4,10 T4,11 Onzxnf
Oni XMNe Oni xn2 Oni X NNy Oni XNgNe Oni XNgNe Oni Xnen? Oni Xn2ne Oni Xn2ne 5,9 T5,10 5,1 Oni xn2

3 3 2 3 3 3 3 2 3 2 3 2 T T T 3 3
Onmxn(3 OnmxnE Onmxnenm Onmxnmn(3 Onmxnmn(3 Onwxncnm Onmxnmn(3 Onmxnmne 6,9 6,10 6,11 0n$><nE

[0 R 0]
We now compute the non-zero elements in this matrix

1) The value of ry g

/
T =E {X{ (X{Jrs ® €tr145 ® Et+1+s> ]

=B |{of u1} {xz;s (72 D) {ersre (01D {errn (02, D} _1}
1= 177 ) yy,=1
Thus, the quasi Matlab codes are
E xf xfeps2 = zeros(nz,nx x ne X ne)
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for gamal =1 : nx
index2 =0
for gama2 =1:nx
for phil =1:ne
for phi2 =1: ne
index2 = index2 + 1
if phil == phi2
E zf xfeps2(gamal,index2) =FE xzf xfS(gamal,gama2)
end
end
end
end
end

where £ zf xfS=F [x{ (X{+S)/:|

2) The value of 1 19

/
r0=F [X,{ (€t+1+s ® X,{Jrs ® €t+1+s) }

=E[{x{<w1,1>}:f_l O R CANCHS RIS i o } ]

V2=l ¢1=1
Thus, the quasi Matlab codes are
E xf epszfeps = zeros(nx,ne X nx X ne)
for gamal =1 :nx
index2 = 0
for phil =1: ne
for gama2 =1:nx
for phi2 =1:ne
index2 = index2 + 1
if phil == phi2
E zf epszfeps(gamal,index2) = E _xzf xfS(gamal,gama2)
end
end
end
end
end

3) The value of rq 11

/
=K [X{ (€t+1+s R €145 @ X{Jrs) }

- {z{ s 1)}%71 {GHH—S (#2:1) {€t+1+s (¢2,1) {$tf+s (V25 1)}711 }n }n

Y1=
Thus, the quasi Matlab codes are
E xf eps2zf = zeros(nz,ne X ne X nx)
for gamal =1: nx
index2 = 0
for phil =1: ne
for phi2 =1:ne
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for gama2 =1:nx
index2 = index2 + 1
if phil == phi2

E zf eps2xf(gamal,index2) =FE zf xfS(gamal,gama?2)

end

end

end
end
end

4) The value of rg 9

!
ro9=E {Xf (X{+s & €ty14s @ €t+1+s) }

=F [{xf (V15 1)}:T:1 {${+s (V2. 1) {€t+1+s (01, 1) {€t4+145 (92, )}¢2_1} 1} 1]
Yy=
Thus, the quasi Matlab codes are ’
E _xs_xzfeps2 = zeros(nz,nx X ne X ne)
for gamal =1: nx
index2 =0
for gama2 =1: nx
for phil =1: ne
for phi2 =1:ne
index2 = index2 + 1
if phil == phi2
E zs xfeps2(gamal,index2) = E_xs_xfS(gamal, gama2)
end
end
end
end
end

/
where £_zs _xfS=F |:Xf (Xf+s) }

5) The value of 73 19

!
ro10 =L [Xf <€t+1+s & X{+s ® 6t+1+s> ]

5 [{xf (1o 0Fs {eernnn 00 {ols O s 0301} }¢ ]
Thus, the quasi Matlab codes are o
E xs_epsxfeps = zeros(nx,ne X nx X ne)
for gamal =1 : nx
index2 =0
for phil =1:ne
for gama2 =1:nx
for phi2 =1: ne
index2 = index2 + 1
if phil == phi2
E _xzs_epsxfeps(gamal,index2) = E_xs_xfS(gamal, gama2)

119



end

end
end
end
end

6) The value of 7311

i
ro11 =L [Xf <€t+1+s @ €414 D X{Jrs) ]

=B [{zf (v, D} {€t+1+s (¢1,1) {€t+1+s (¢2,1) {$f+s (V25 1)} ’

Thus, the quasi Matlab codes are
E xs_eps2xf = zeros(nz,ne X ne X nx)
for gamal =1: nx

end

index2 = 0
for phil =1: ne
for phi2 =1:ne
for gama2 =1:nx
index2 = index2 + 1
if phil == phi2

Ne

Po=1

}

Ne

¢1=1

E xs_eps2zf(gamal,index2) = E_xs_xfS(gamal, gama2)

end
end
end
end

7) The value of 739

—Bl(xf ox!) (%! '
73,9 Xp @Xp ) [ Xigs @ €pi4s @ €pq14s

Mg

_ B l{ (12, 1) {af (72,1)}::_1}

V1=

Thus, the quasi Matlab codes are

E xfxf xfeps2 = zeros(nx X nz,nx X ne X ne)
indexl =0

for gamal =1 : nx

for gama2=1:nx

indexl = indexl + 1

index2 =0

for gama3 =1:nx

for phil =1 :ne
for phi2 =1: ne

index2 = index2 + 1
if phil == phi2

E xfxf xfeps2(indexl,index?2)

end
end
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Ny

v3=1

|

=F zf xf xfS(gamal,gama2,gama3)



end
end
end
end

where E_zf zf xzfS=F [(X{ ® Xf) (X{“),}

8) The value of 73 19

f oo f '
r3,0 = F [(Xt ® Xt) (€t+1+s ® Xy s ® €t+1+s) }

=K l{ﬂf{ (71, 1) {JC{ (72,1)}nw }”w {et+1+s (6y,1) {xf+s (735 1) {€t414s (¢2,1)}Z::1}n$ }n ]

2=y =1 Va=1) g =1
Thus, the quasi Matlab codes are
E xfxf epsxfeps = zeros(nx X nx,ne X nx X ne)
indexl =0
for gamal =1 : nx
indexl = indexl 4+ 1
for gama2 =1:nx
index2 = 0
for phil =1: ne
for gama3 =1: nx
for phi2 =1:ne
index2 = index2 + 1
if phil == phi2
E xfxf epsxfeps(indexl,index2) =FE zf xzf xzfS(gamal,gama2,gama3)
end
end
end
end
end
end

9) The value of r3 11

/
31 =L [(th ® X{) (€t+1+s D Ett145 @ Xi:rs) }

" {l{ 1) {35{ (2 1):;:1}}:1:1 {6t+1+s (¢1,1) {€t+1+s (¢2,1) {%{-&-s (735 1)}M }nc }ne

1 Yo=1 $y=1 61 =1
Thus, the quasi Matlab codes are
E xfxf eps2xf = zeros(nx X nz,ne X ne X nx)
indexl =0
for gamal =1 : nx
for gama2 =1:nx

indexrl = indexl + 1

index2 =0

for phil =1:ne

for phi2 =1: ne
for gama3 =1 :nx
index2 = index2 + 1
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end
end
end
end
end

10) The value of r4 9

if phil == phi2
E zfxf eps2xf(indexl,index2) =E zf xf xfS(gamal,gama2, gama3)
end

!
T4 =B {ng (X{-l—s ® €t414s @ €t+1+s) ]

E[{Igd(”“”}:f—l (et o) fecnne @0 s @00} 1 1

4)1:1 72:1

Thus, the quasi Matlab codes are
E _xrd_xfeps2 = zeros(nx,nx X ne X ne)

for gamal =1 : nx
index2 =0

for gama2 =1:nx

for phil =1

cne

for phi2 =1: ne
index2 = index2 + 1
if phil == phi2

end
end
end
end
end

where E_xrd_xfS =

11) The value of r4 19

E xrd_xzfeps2(gamal,index2) = E_xrd_xfS(gamal, gama2)

E {xzd (x{ﬂ)'}

/
_ d f
410 =L [Xf (6t+1+s ® X4 ® €t+1+s) }

" l{ﬂd (n: 1)}:;1 {GHHS (é1,1) {${+s (V2s 1) {14145 (92, 1)}22:1}m } | 1

Y2=1

Thus, the quasi Matlab codes are
E xrd_epsxzfeps = zeros(nx,ne X nx X ne)

for gamal =1 : nx
index2 =0
for phil =1: ne

for gama2 =1:nx
for phi2 =1:ne
index2 = index2 + 1
if phil == phi2

end

E _xrd_epsxzfeps(gamal,index2) = E_xrd_xfS(gamal, gama2)
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end
end
end
end

12) The value of r4 11

/
_ d
rann = [x;" (€t+1+s X €145 @ X{_,_S) }

=F {xtrd (71 1)}:;1 {€t+1+s (¢1,1) {€t+1+s (69, 1) {x{+s (72, 1)} } }
Y2=1] 4, =1 6i=1
Thus, the quasi Matlab codes are
E _xrd_eps2xf = zeros(nx,ne x ne X nx)
for gamal =1: nx
index2 =0
for phil =1:ne
for phi2 =1: ne
for gama2 =1: nx
index2 = index2 4 1
if phil == phi2
E xrd eps2xf(gamal,index2) = E_xrd_xfS(gamal, gama?2)
end
end
end
end
end

13) The value of 7359

li
r59 =B {(th ® Xf) (th+s ® €t414s @ €t+1+s) }

Ng Ne Na
=FE [{m{ (’717 1) {Z‘f (’727 1)}:::1}’7 —1 {m{—m (’737 1) {€t+1+s (d)lv ]-) {€t+1+5 ((12527 1)}2;:1}4) 1} 1‘|
1= 174 ) =
Thus, the quasi Matlab codes are ’
E zfxs xfeps2 = zeros(nr X nx,nx X ne X ne)
indexl =0
for gamal =1: nx
for gama2 =1: nx
indexl = indexl + 1
index2 =0
for gama3 =1: nx
for phil =1:ne
for phi2 =1:ne
index2 = index2 + 1
if phil == phi2
E zfxs xfeps2(indexl,index2) = F xf xs_xfS(gamal, gama2, gama3)
end
end
end
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end
end
end

where E_xzf xs xfS=F [(Xf ®Xf) (X{H)/

14) The value of r5 19

g
7"5,10 =F |:(th 024 th) (6t+1+5 & th+8 & €t+1+s>

:El{xf (m){xf(w)}ﬁ:—l}:z:l{6”1*5("51’1){xfﬂst”{%ﬂ<¢2’1>}Z§—1}M } ]

V3=l ¢1=1
Thus, the quasi Matlab codes are
E xfxs_epsxfeps = zeros(nx X nx,ne X nx X ne)
indexl =0
for gamal =1 : nx
for gama2 =1:nx
indexl = indexl 4 1
index2 =0
for phil =1 : ne
for gama3 =1 :nx
for phi2 =1:ne
index2 = index2 + 1
if phil == phi2
E _xfxs_epsxfeps(indexl,index2) = E_xzf xs_xfS(gamal, gama2, gama3)
end
end
end
end
end
end

15) The value of 75 11

/
511 =L |:(X{ ® xf) (€t+1+s ® €t414s5 D X{Jrs) ]

_E {x{(71,1){xf(yz,n}gg_l}:w_l{et+1+s(¢1,1){et+1+s(¢2,1){xils(wl)}”w } }

72=1) =1 6y=1
Thus, the quasi Matlab codes are
E xfxs_eps2xf = zeros(nx X nx,ne X ne X nx)
indexl =0
for gamal =1 : nx
for gama2 =1: nx
index]l = indexl + 1
index2 =0
for phil =1:ne
for phi2 =1:ne
for gama3 =1 :nx
index2 = index2 + 1
if phil == phi2
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E zfxs eps2zf(indexl,index2) = F_af xs_xfS(gamal, gama2, gama3)

end
end
end
end
end
end

16) The value of 74 9
F ol ol («f '
r69 = E |:(Xt ®¥x; ® Xt) (Xt+s ® €t41+s & €t+1+s) }

= E[{m{ (v1,1) {xtf (72, 1) {m’{ (3, 1)}::1}M }nz

Y2=1 v1=1
{elis o) feocnes @) e @0l )
1= =
Thus, the quasi Matlab codes are 73
E xfxfef xfeps2 = zeros(nx X nx X nx,nx X ne X ne)
indexl =0
for gamal =1 : nx
for gama2 =1:nx
for gama3 =1:nx
indexl = indexl + 1
index2 = (
for gamad =1 : nx
for phil =1: ne
for phi2 =1:ne
index2 = index2 + 1
if phil == phi2
E zfxfxf xzfeps2(indexl,index2)
=F zf xf xf xfS(gamal,gama2, gama3, gamad)
end
end
end
end
end
end
end

where E_zf «f af xfS=FE [(X{ ® x{ ® X’{) (X{Jrs)/}

17) The value of rg 10

!
r6,10 = £ [(Xf ®x{ ® Xf) (€t+1+s ® Xf+s ® €t+1+s> ]

_ E[{xf (71, 1) {x{ (Y2, 1) {x{ (73’1)}7;::1}% }n

Yo=1 v.=1

X {6t+1+s (¢1,1) {${+s (3, 1) {14145 (92, 1)}25_1}:m_1}¢ ]
3= =1
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Thus, the quasi Matlab codes are
E zfxfxf epszfeps = zeros(nx X nx X nx,ne X nx X ne)
indexl =0
for gamal =1: nx
for gama2 =1: nx
for gama3 =1 :nx
indexl = indexl + 1
index2 =0
for phil =1:ne
for gamad =1 : nx
for phi2 =1: ne
index2 = index2 + 1
if phil == phi2
E xfxfxf epsxfeps(indexl,index?2)
=F xzf xf xf xfS(gamal,gama2, gama3, gamad)
end
end
end
end
end
end
end

18) The value of 76 11
f o of f £y
re11 = I [(X't Xx; @ X't) (€t+1+s @ €t414s5 D Xt+s) ]

= E[{xf (71,1) {xtf (72, 1) {m’{ (73’1)}::—1}7“ }

Yo=1

Ny

7i=1

e

X {6t+1+s (¢1,1) {€t+1+s (¢2,1) {37{+s (V3 1)}:11} e } ]
277 ) ¢p=1

=1
Thus, the quasi Matlab codes are ”
E xfxfef eps2xf = zeros(nx X nx X nx,ne X ne X nx)
indexl =0
for gamal =1 : nx
for gama2 =1:nx
for gama3 =1:nx
indexl = indexl + 1
index2 = 0
for phil =1: ne
for phi2 =1:ne
for gamad =1: nx
index2 = index2 + 1
if phil == phi2
E zfxfxf eps2xf(indexl,index2)
=F af af zf xfS(gamal,gama2, gama3, gamad)
end
end
end
end
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end
end
end

/ /! !/

We know all the required moments, except E x{ (XIJFS) }, E [xf (xtfH) } E {(x{ ® x,{) (XZJFS)
/ /
E [(x{ ®x§) (XZJFS) }, and F [(xf ®X{ ®xf) (X{Jrs) ]

!
a) For E |:X{ (X{JrS) ]
Recall that x/,, = hix] + 35 hione, ;.
So

i i ) ’ /
Bl (xfi.) | = 2 o (bl + 0 e ome) | = | (xf) |

!
b) For E {xf (x{+s }

E {xf (th+5>'] =FE _xf (h,scxic + 30 hiianetﬂ-)/] =F {xf (x{)l] (hs)’

c) For E [(x{ ®X,{) x{ﬂ)/}

’ ) ’
E [(th ® Xf) (XZJFS) =F [(th ® X{) (hj’cx{ +>0 hi_zanetH)

d) For F {x{d (X{+S ,}

/
E {ng (x{+s> ] —E

— | (xf o x) (xf) | o2y

. !/
x; (hch{ +2 hi”anem) ]

A
~E [x:d (=) } (b
i
So we only need to find F {xgd (x{ ) ] . Recall that

X;A_C"l_l = hxxgd —+ 2ﬁxx (th & Xf) + ﬁxxx (th X th ® X{) + %hgdxo'thf —+ %hgg—o.o'g
So

e

~ -~ /
=E [(hxx;d 12, (x{c ® xf) + Hyxx (x{ ®xi ® x{) + 3h,no?x] + %hwa(ﬁ) (x{) ]

. {ng (xg)’] i o [(x{ ©xi) (xf )’]

~ / /
+H, o E [(x{ @xi® x{) (x{) } + 3h,ox0’E {x{ (x{) }
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E [xgd (x{)/} — (I—hy)" [ZﬁxxE [(x{ @x}) (x{)l} n: [(x{ @x] @x]) (x{)/] + 2hyoxo?E [x{ (x,{)/”
¢) For E [(xt ®xt> (X{H)']

E {(xt ®Xt xtJrS

~ 5| ( e x)
- [t o) (1)

f) For E |:(X{ ®x] ®x{) (X{+S)/:|

!
E {(x{@xf ®x{) (X{+S) }

. !
=F [(x{ ®xi ® x{) (hf(x{ +>0, hf:lanet”) ]

!/
hXtJrZL 1 hi m)etﬂ-)]

= |(xf oxl oxf) (<f) | sy

5 The Dynare++ notation

This section presents the pruning method up to third order using the notation in Dynare and Dyanare++4-. The solution to
DSGE models are in Dynare and Dynare++ given by

Zy :f(Zt_l,llt,O') (39)

where z; contains all the endogenous variables (i.e. control variables and all state variables), and u; with size n, x 1 is
the vector of disturbances with the property u; ~ NZD (0,3). It is convenient to express this more general solution in a
notation that is similar to the one used above. We therefore write (39) as

Yyt =8 (thla Uy, J) (40)

Xt+1 = h(Xt,ut+1,0) (41)

where y; and x; are as defined above. The key difference compared to the notation in Schmitt-Grohé & Uribe (2004) is
that the function g depends on the innovations u;. Note also that the innovations may enter in a non-linear fashion in the
h function. Below, it is useful to define

X
Vit+l = { util ] (42)

where v; ;41 has dimensions n, x 1. The first subscribt of v; ;1 refers to the time index of x; and the second to the time
index of u;41.

A first-order approximation (40) and (41) around the deterministic steady state is

Yt =8vVi_1p (43)
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Xt+1 = hth,t+1 (44)

A second-order approximation is

1 1
Yt = gvvtfl,t + §va (thl,t & thl,t) + §g0'0'0-2 (45)
and ) 1
Xer1 = hyve e + in (Vi1 @ Vigqr) + ihm;UQ (46)
A third-order approximation is
1 1,
Yt = 8vVi-1t+t inv (Vi1 @ Vi—14) + 58000 (47)
3 1
+6vav (Vic1,4 @ Vi1 ® Vi_14) + ggaavUQthl,t + ggo’crcro'?)
and
1 1.,
X1 = hyvip + §va (Vig+1 @ Vieg1) + §ha00 (48)
1 3 1
+§vav (Vt,t-i-l ® Vt,t-i—l ® Vt,t-i—l) + 6h00v02vt,t+1 + éhaaoo'3
6 Pruning scheme in Dynare++-:
6.1 Second order approximation:
We start considering (46) which we write as
zi1 (5.1) = hy (4, 1) Ve + (Vees1) Bow (4,5 0) Ve + 2hoo (5, 1) 02
x X ' X
z js 1 :hv jy : ’ + ’ 1’lvv e ! +lhaa j 1 o?
G =m0 [ | 2 e | 2| 4 G)
for j=1,2,...,n,.
Let us now decompose the state vector x; as
X; = xf + x; (49)

Notice, that we do not need to compose the innovations as they are a first order effect in the system. For the subsequent
decomposition let

hy = [ hx(j,) ha(j,2) ] (50)
N hyx (].737:) hyu (j,:,:)
hyv (]7‘7‘) - |: hux (j’:’:) hyu (j,i,i) :| (51)

for j=1,2,...,n,.

Hence,
oo s . . . X{ + x3
xtJrl (Ja 1) +xt+1 (]71) = [ hx (.7):) hu (]7:) ]

. ’ .
+l X{ 4‘)(;5g hxx (.77:7:)
2 Uit1 :
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ol G0 + @8 G0 1) = o (G (3 4+ ) +Ba (5,2) wen
s s, f s
1 f ! s\/ ! hXX (j7'7~) hxu (ja-,-) X3 +Xt
3] () o) | [ hux (7)) hau (50 | | went
+%hm7 (4,1) o?
0

ol G0 + @8 G0 = o () (3] +5¢ ) +Ba (5, wen

! R . . ! s ) . x! + x3
+% |: <(th) + (Xt)/> hyx (]7:7:)+u2+1hux (],:,:) ((X{) + (Xt)/> h,u (Ja:a:) +u£+1huu (.77:7:) :| |: tl.lt+1 t ]
+1hoo (4, 1) 0*

g

2l D)+t (1) = he (9 (xf 4+ ) +Ba () wes
1 () 00 ) o ) () + e ) ()
3 () 60 ) o G s+ B G
+3hos (7,1) 0

A law of motion for the first-order terms is thus

wliy (G:1) = by (3, ) %] + by (4,1) W (52)

for j=1,2,...,n,.

A law of motion for the second-order terms is thus

s . ) s 1 ! . 1 .
i (1) = ha()x 45 (x) B (s 0) (xF) + b B () %] (53)
1/ 5\ _ 1, , 1 S
+§ (Xt) hyu (7,5, 1) Weg1 + §Ut+1huu (J,:50) Uegr + §haa (4o

for j = 1,2,...,n,. Note here, that non-linear shocks will imply that we have innovations to =7, (,1), i.e. if hyx (j,:,:) # 0
and hyy (4,:,:) # 0.

For the control variables, we introduce the following notation

gv=1[8x(i,) 8uli,:) ] (54)
Poee) — 8xx (iv:v:) 8xu (i7 ) )

fori=1,2,...,ny. Thus
Y (3,1) = gv (4,1) Vic1 + % (Vt—l,t)/ guv (1,1,1) Vi1 4+ %gaa (4,1) 0*

ye (i,1) = [ 8x (6::) 8u (i) | { x{_y iy ]

. , ' .
41 [ X{—l +x7_4 :| |: Exx (27:7:) 8xu (%,
2 . .
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e (1) = g (1) (g + 50y ) o+ (i) e

1 f ! s / / :| Exx (Za-a-) Sxu (Zwv') Xi 1 +Xt—1 1 . 2
+2 [ (Xtil) * (Xtil) Ut |: Sux (i,:,:) Zuu (i,l,l) U + 2900 (l,l)O'

e (i) = g (1:2) (x4 435, ) + ga (i) w

3] () ) e s g i) (F0) (1)) B 5+ g 02

f s
« | Xt-1 T X
u;

+%gw (i,1) o

+ ano' (Z 1)o
for i =1,2,...,ny. We want to preserve terms up to second order, hence the pruned approximation is

pi1) = (i) (g ) i)
1 4 . 1
+§ (X{—1> Exx (i, )Xf 1+ 2utgux( ) 7~)XZ—1

1 Y 1, .
+§ (Xt 1) gxu( :)ut+§uf,guu (27:7:) uy

fori=1,2,...,n

6.2 Second order approximation: a convenient representation

When coding the derived formulas it is convenient to use v ;11 directly, and the corresponding derivatives of g and h,

because this is how the output from Dynare and Dynare++ is stored. Hence, we can write

oo Xt
X;1 =hy [ Wi }

and ;o ;
s . . x? 1] x . x 1 .
‘rt-l-l (.]a:):hv(.]7:) |: Ot :| +§ ¢ :| hvv (.77:7:) |: t :| +§h00 (.73:)0-2
for 5 =1,2,...,n,. For the control variables we have

w0 =g ([ 0 ][5 ) o[ o et [ 4 oo

fori=1,2,...,n,.
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Using the kronecker representation (fast for MATLAB) we have

s _ f f 1
X X X
X7 1 =hy t | +Hyy t & { t ]) + =h,,0°
t+1 |: 0 :| (|: Ui41 :| Ui41 2

where
fIW = %reshape (hvwnm,nv)
And x! x; = x/ x! 1
s ([ [ [ ) ren ([ o [0 ) 2
where ) )
Gyy = Ereshape (gvv,ny, nv)

6.3 Third order approximation:
Let us now decompose the state vector x; as
Xy :xf—i—xf—l—x:d
Thus
xtJrl (.73 1) = hv (.77 :) Vt,t+1 + % (Vt,t+1)/ hvv (.7, 5 :) Vt,tJrl + %hao (]7 ]-) g
(Vt,t+1)l hyyy (j7 L 5)Vt,t+1

2

+% (Vie1) + %hoov (J, 1) 0*Viegq1 + éhaaa (J,1)0®

(Vt,t-&-l)/ hyyy (j7 Ny, 2 3)Vt,t+1

)

f s rd
. s . r . . . X; +X; +X
2Ly G 4 aden Go1) + 22y (1) = [ B (G:2) huu,.)][ 1 x4 }

U1
f s rd ! s s f s rd
1| x!+x)+x] hox (J:551) hxa (7,50) | | x{ +x7 +x] 1h (i 1) 02
*2[ i } [hux<j,:,:> huw (52 2) T R

(D) + )+ () e B (o 13) [

+é [ (x{)l + (x3) + (x{d)/ Uprg }

[ () + )+ (47 e B omsis) [

X{ + x5+ X;d

3 - 2
+2h :
g oov (.]7 )U |: 1

} o (1) 0

)

ol G + @34 (o) + 2780 (1) = b G9) (%] x5+ x7%) + B () wes
!
+1 ((x{ ) )+ (x:d)’> B (i is2) (xF 455+ x7) + Sug b (G (x

!
+% ((X{) + (Xf)/ + (x;‘d)/> hxu (Jv 5 :) LLTA | + %u£+1huu (.77 ) :) Uit
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X{ +x7 + xgd
Ut41

Xf + x5+ x{d
Us41

+ x5 + x§d>

|
|

(61)

(62)

(63)



{ (X{)/+ () + () wen } hyvv(4,1,:1) [ x{ +1:ij’ x;? ]
+§ [ (X{>/ + )+ (1) up } . ,
[ (X{)’ + (x5) + (X?d)/ Wi }hvvv(j,nv,:7;) { x! +liij x7d ]
x! + x5 + %}

+l‘haa'a' '7]- 03
. } & (4, 1)

20y (1) 02 [

Without reducing the large term for with hyyy(j,:, 1), it is straightforward to see that the law of motion for z7¢, (4, 1)
that only preserves third order terms is
oty (7,1) = b (4, 2) xp+

/
+% (Xf)/ hxx (.77 5 :) X{ + % (X{> hxx (J? 5 I)Xf + %ug-',-lhux (]7 5 :) Xf
+% (Xf)/hxu (J,:50) W

! . X
|: (X{) ut+1 ]hvvv(]7la:a:) |: util :|
, ;
[ (X{) Ugt1 ]hvvv(j,nv,:,:)[ * :|
+3h,0z (4,:) 0 xt +L1hooo (5,1) 03
6 go b ut+1 6 ooo )

Using the convenient representation we thus have

- er
x4, = hv[ o } (65)
- x,{ X?
+2H, ® 0
Ut41
e ([ o[, o [0, ])
Uil U1 Ug+1

It is by now straigthforward to see that an expression for y; which only preserves up to third order terms are:
f s rd
_ Xi_1 Xi—1 Xt21
v (00 5 ]) g

_|_(~; X{—l ® th—l +2 X{—l ® Xf—l
vv Uy U Uy 0

+é Xijttfl ® ngl ® xffl
vvv u; u u;

1 3 S
+§g0002 + égoavo'2 |: Xltlzl :l + 7g00<70-2
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7 Dynare++ notation and statistical properties: second order

7.1 Co-variance stationarity

We start with the state variables. From above we have for the first-order effects that
wli1 (5:1) = hy (5,) X] + hu (,2) w1
iif f
Xy 1 = hxx; +hyugy

For the second-order effects ,
221 (1) = B ()% + 3 (5] ) e G22) () + S B Gt 2)
3 (5F) B G e+ 0 b G2 W+ S (1) 0
ll’ /
Xip1 = haxi + IjIxx (X{ ® X{) + ué-}-lhux (4,51) (X{) + (X{) hycu (7,5, 1) wpypr + Huu (wpp1 @ uepq) + hacrg
(i
X7 = hyexy + Hox (Xf ® X{) + Hux (ut+1 ® X{) + Hyy (xtf ® ut_,_l) + Hyy (Wpy1 @ ugyy) + th,,0?
(i
xj 1 = hyx} +H, (x{ ® x ) +Hoy (Ut+1 ® x{) +H,y (x{ ® u,H_l) +Hyy (w1 ® wp1 — vee (X) fvec (E))Jr%hm,a2
(i
X7 1 = hyxi + I:Ixx (XiC ® th> + I:qu (ut+1 & X,{) + I:Ixu (th ® ut+1> + I:qu (W41 ® Upq1 — vec (X))
+Hvee (2)+ %hwa2

where we have defined

H %Teshape (hxx, Ng, n2)
I:qu = %Teshape ( aus Ny M )
I:I %reshape( sy oy Ty Moz )
H (h

xus Ny Ny )

xu = %reshape
Hence, we need to find the law of motions for x{ ® x{
x,{ ® x{ = (hxxtf71 + huut> ® (hxxill + huut)
= hxxf_1 ® (hxxf_1 + huut) + hyu; ® (hxxf_1 + huut)

= hxxf_1 ® hxx{_1 + hxxf_1 ® hyu; +hyu; ® hxxf_1 + hyu; ® hyu

= (hy ® hy) (x{,1 ® x{,l) + (hy ® hy) (x{il ® ut)
+ (b @ h) (@) ) + (@ hy) (w @ w,)

= (hy ® hy) (x{_l ®x{_1) + (hye ® hy )(xt ) ®ut)

+ (hy @ hy) (ut ® x{_l) + (hy ® hy) (uy @ uy)
Thus
xt ©xf = (e @) (x] @x] ) + (e @ ho) (xf © i)

(B @ 1) (w1 @ x] ) + (B Ba) (W @ i) = vee () +vee ()
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= (hx ® hy) (x{ ® x{) + (hx ® hy) (x{ ® utH)
+ (hy ® hy) (llt+1 ® X{) + (hy ® hy) (W41 ® gg1) — vee (%))
+ (hy ® hy) vec ()

Thus we can set up the following system

X{H 0 hy O 0 x{
X{ = %h(wa2 +Hyyvee(X) | +| 0 hy H, x5
X{Jrl & X{+1 (hu b2 hu) vec (2) 0 0 hy®hy X{ ® X{
Ui41
h 0 0 0
u - ~ -~ W1 ®Upyq — vec (X
|0 Ha o F i, 1 @ e - ec ()
0 hy®h; (hy®hy) (hy®hy) x?@; ut+t1
t

Ziy1 = C + AZt + B€t+1

where we have defined

0
c=| 3hy,0%+ Hy,vee (X)
(hy ® hy) vee (X)
h, O 0
A= 0 hx Hxx
0 0 hy®hy
h, 0 0 0
B = 0 Huu Hux qu
0 h,®h, (hy®hy) (hy®hy)
U¢t1
£, = Uy @ uyg — vee ()
1= Wi @ X
xf @ Uz

Similar arguments as presented above ensure that all eigenvalues of A have modulus less than one provided the same
holds for hy.

For the control variables we hayve
e (i) = g (6:5) () 4351 ) + 8 (i) w

1 f ! ; f 1.7 ; f
+3 (Xt—l) 8xx (1,5,1) X5 + 5 U 8ux (4,51) Xp_4
/
+% (Xi:l) Exu (Za 5 :) Uy + %u;guu (Z; 5 :) uy

+%gm (i,1) o
U

Yt = 8x (X{—l + X?71) + gul: + érxx (Xf—l ® X{—l)
G (W @ xf ) + G (x 2 w) + G (W @ W) + Sgo00?

= 8x (Xffl + Xf—l) + gul + C't»"xx (Xffl ® Xffl)
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G (ut @x/_1) + G (x4 @) + G (W @ 1) = vee ()

—|—2gwa + Guuvec( )
where we have defined

Gxx = §T68hape (gxxa nya n2)
(}uu = %reshape (guu,nya u)
Gux = 1reshape (Gux, Ny, ug)
Gyu = %reshape( xus Ty s Tz, )
Thus f

1 2. & G iy
Yt = 58000 + Guuvec (%) + [ 8x 8x Gx ] f Xic1

X1 O
uy
- ~ ~ u; ® uy — vec (X)
+[ gu Guu Gux Gxu ] ut®Xf 1
t_
Xffl ® Uy

y: =d + Ez; +F§,

7.2 First and second moments

We also see that I [Et+1] = 0. Hence, the first and second moments for z; are:

Elz) =1-A)""¢

and for the variances we have that ,
E [zt+1z;+1] =F [(c + Az + B€t+1) (c + Az, + B€t+1) }

=FE|[(c+ Az + B¢, ) (¢ +z,A' + &, B)]

=FElc(c +zA +&,,B)]
+E [Az, (¢ + z,A’ + &, ,B)]
+E B,y (¢ +2A +&,,B)]

= E [cc/ + czjA' + c&; B
+E [Azic + Azzi A’ + Az &) B]
+E [BE,, ¢ + Bz, A' + BE, & B

=cc' +cE[z}] A’
+AFE [z:]c' + AE [z:z;] A’ + AFE [Ztéiﬁ-l] B’
+BE [€t+1zﬂ A’ +BFE [€t+1€;+1} B’

We then note that .
th / li
E [Zt£;+1] =F x5 [ w (w1 ®ugyr —vee (2)) (ut+1 ® x{) (xf ® ut+1> ]

x{ ®x,{c
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! !
xfu x! (W1 ® uyy — vee (X)) x] (ut+1 ® Xf) x] (X{ ® ut+1>

! !
=FE xjug x5 (U @ upyq — vee (X)) X} (ut+1 ® X{) X} (xf ® ut+1)

/ /
(X{ ® X{) LY (X{ ® X{) (W1 @ uppr —vee (D)) (X{ ® X{) (ut+1 ® X{) (X{ ® X{) (X{ ® ut+1)

0 0 0 O
=0 0 0 O
0 0 0 O

Thus
E[z4412,,,] = cc' + cE[z}) A’ + AE[z)]c' + AE [z,z}] A’ + BE [£,,&,,,] B’

=cFE[z}]]A'+ (c+ AE[z]))c' + AE [z:z;] A’ + BE [gmggﬂ] B’

Note also that
Elz]| E [zt]/ =(c+ AFE[z]) (c+ AFE [zt])/

=(c+AE[z])c + (c+ AE[z)) E[z}] A’
=(c+AFEz])c' +cFE|z}|]A’' + AE [z, E [z,] A’

So
Ez12, 4] — E[z) Ez) = cE[z,) A’ + (c + AE [z]) ' + AE [z,z)] A’ + BE [€,,,£,,,]| B
—(c+AFE[z])c —cE[z}) A’ — AE [z;) E [z}] A’

— AE[z A +BE [¢,,,€,,,] B' — AB[z] E[2]] A

" = A (Ezz)] — E 2] E[z)]) A" + BE [§,,,&,,,] B’
Var (z;) = AVar (z;) A’ + BVar (§,,,) B’

For the control we have directly that

Varly, = EVar [z | E +FVar (¢,)F

where we use that Cov (z,€,) = 0. Note that we trivially have E [x{ ] = 0 which we will use below. Hence, we only need

to compute Var (&) .

7.2.1 Computing Var (€t+1)

We have
Var (&,,) = E [£,,1€141]

Uzl
U1 @ ugy1 — vee ()

llt+1 X X{
X{ @ Upq1

/ i
Wy (U @) —vee (D) (ut+1 ® Xf) (Xf ® ut+1)
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Uppilg W1 (W1 @ uppr) — vee (8))' /
(1 @ gy —wee(B))upyy (g @ uppy —vee(I)) (W41 @ upys) — vee (X))

=F w1 ®x] ) u, w1 ®%] ) (W41 @ uppr) — vee (X))
x{ @) upy, x{ @ 1) (W41 @ uppa) — vee (X))
Y f '
Usy (ut+1 & Xt) Uy (Xt ® ut+1)
! !
(up1 ® uppq — vee (X)) (uH_l ® X{) (up1 ® uppq — vee (X)) (x{ ® ut+1)
! !
(llt+1 & X{) (llt+1 & X{) (llt+1 & X{) (X{ & llt+1)
!/ !/
(ome) unot)  (fom) (fom)
b D) [Ut+1 (W41 ® ut+1)/]
!
_ | Blum @ wy)upy] B (ue @ wgn —vee(E)) (W1 @ pir) — vee (2))']
0 0
0 0
0 o’
0 0

/ /
(Ut+1 & X{) (ut+1 & th) (llt+1 & X{) (X{ & Ut+1)
/ /
(< m) frox) (<) (<

These elements can be coded directly as shown above.

8 Equivalence between the SGU-notation and the Dynare notation

This section shows the equivalence between the notation by (Schmitt-Grohé & Uribe (2004)), i.e. the SGU-notation, where
innovations only enter linearly and the Dynare and Dynare ++ notation where innovations may enter in a non-linear
fashion. The key observation is that the SGU-notation actually also includes the Dynare and Dynare ++ notation when
extending the state vector accordingly. Recall from above that the SGU-notation reads:

yi =g (xt,0) (67)
X¢41 = h(x4,0) +one, (68)

By lagging (68) by one period we get
x; = h(x¢-1,0) + one, (69)

and v; = [ Xi_1 € ] can then be considered as the extended state vector .Hence, for this extended system we thus have

yi =8 (Xi—1,€,0) (70)
x; = hy (x¢_1,€,0) (71)
€141 = Ugq (72)

which is the Dynare and Dynare ++ notation with innovations entering nonlinearly. Accordingly, we can without loss of
generality consider the SGU-notation.
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We next illustrate how the Dynare-notation can be implemented with SGU-codes for the simple neoclassical model.The
standard implementation reads:
et + kir1 — (1—0) ky — arky
f=| ¢ = PBe (at+1akf‘_~f11 +1-96)
logaiy1 — plogay

where x; = [ ki a ] and y; = [¢;]. The equivalent Dynare-notation implementation is given by

¢t + k’t+1 — (1 — 6) kt — atkf‘

f= ¢; " — Ber (exp{ploga; + oeri1}aky )t +1—0)
o loga; — plogas—_1 — o€
€t+1

where x; = [ ke a1 € ] and y; = [¢y].

9 Existence of Skewness and Kurtosis

This section derives conditions for the existence of skewness and kurtosis in a linear system. We consider the system
X¢+1 = a+ Ax; + v where A is stable and v;41 are mean-zero innovations. Thus, the pruned state-space representation
for DSGE models belong to this class. For notational convience, the system is re-express in deviation from its mean as
(I—A) E[x] = a and therefore

Xt+1 = (I — A) FE [X] + AXt + Vit1

Xep1 — Ex] = A (x¢ — E[x]) + vi1
(i

Zir1 = Azy + Vi

We then have
Zi11 ® Zip1 = (AZp + Vip1) ® (AZy + Vigr)

= Az; ® (Azy + V1) + Vig1 © (Azy + Vig1)

=Az; @Az + Az @ Vig1 + Vg1 @ Az + Vi1 ® Vi

Zi1 @z @z = (Azy @ Azy + Az, @ Vg1 + Vg1 @ Az + Vi1 @ Vig1) @ (Azg + Vigr)
=Az, QA2 Q(Azy + V1) FAZ Qi1 © (Azy + Vi) + Vit 1 © Az ® (Azy + Vi) + Vi1 @ Vi1 @ (Azy + Vi)

= AZt X AZt ® AZt + AZt ® AZt X Vit
+Az @ Vi1 @ Azy + Az @ Vi1 ® Vg
+vit1 ® Az @ Az + vip1 @ Az @ vigy
+Vit1 @ Vi1 ® Azy + Vi1 @ Vi1 @ Vg
Thus, to solve for F [z;11 ® Z¢11 ® Z41] the innovations need to have a finite third moment. At second order, vi41 is
function of €;41®€;41, meaning that €, 1 must have finite sixth moment. At third order, v, ; is function of €; 11 ®€; 11 ®€41,
meaning that €;41 must have finite ninth moment.

Zi11 21 ®Ziy1 Q Zpyq
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= (AZt X AZt ® A.Zt + AZt (9 AZt ® Vit1
+Az @ Vi1 @ Azy + Az @ Vi1 ® Vigd
+vit1 ® Az @ Azy + vip1 @ Az @ vig
FVip1 @ Vi1 @ Az + Vi1 @ Vi1 @ Vi) @ (Azy + viegr)

= AZt X AZt (24 AZt X (AZt + Vt+1) + AZt X AZt X Vitl X (AZt + Vt+1)
+Az @ Vi1 Q@ Az @ (AZy +Vig1) + Az @ Vi1 @ Vig1 ® (Azy + Vigr)
+vip1 ® Az @ Az @ (Azy + Vig1) + Vi1 Q@ Az @ Vi1 @ (Azy + vigr)
Vg1 @ Vi1 @ Az ® (AZy + Vip1) + Vg1 © Vi1 @ Vi1 @ (Azg + Vi)

=Az, @Az, @ Az, @ Az + Az @ Az @ Az @ Vg

+AZt X AZt X Vil X AZt + AZt X AZt X Vit X Vi1

+AZt X Vit1 X AZt (24 AZt + AZt X Vitl X AZt X Vitl

+AZ @ Vi1 @Vip1 @ Az + Az @ Vi1 @ Vi1 @ Vi

+Vt+1 ® AZt X AZt ® AZt + Vit ® AZt X AZt X Vit

+Vit1 ® Az @ Vi1 ® Azy + Vi1 ® Az @ Vi ® Vi

+Vit1 @ Vi1 ® Az @ Azy + Vi1 ® Vi1 ® Az @ Vi

+Vi1 @ Vi1 @ Vi1 @ Az + Vi1 @ Vi1 @ Vip1 @ Vi

Thus, to solve for E [z;11 ® Zi41 @ Z411 ® Z¢+1) the innovations need to have a finite fourth moment. At second order,

vii1 is function of €;41 ® €;41, meaning that €, must have finite eight moment. At third order, v;y; is function of
€111 ® €441 ® €441, meaning that €;41 must have finite twelve moment.

10 Impulse response functions - the definition by Andreasen

This section derives closed-form solutions for the impulse response function in non-linear DSGE models. Note that this
section uses the definition of an impulse response function suggested by Andreasen (2012). This definition is
IRFyar (Lv,wy) = FEy[vary|€e 1 + V]
—Et [varH_l]
where €;11 is stochastic (appologies for the bad notation!). To reduce the notational burden in the derivations below, we

adopt the parsimonious notation
IRFvar (l, v, Wt) = Et [Vﬁ'tjpl] — Et [vartH]

in relation to the conditional expectation operators.

10.1 At first order

Recall that we have:

xl1 = hax! 4+ ome

and
X{H = hxx{ﬂ T OonNe€ o
= hy (hxxf + 077€t+1) +one o
= hix{ +hyone,  +one; o
and
X{+3 = hxxtf+2 +OoneEL 3

= hy (hiX{ +hyone,, + 077£t+2) +omne€s
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= hixic +hione, | +hyxone, o+ one, 3

3 .
= hf’cxic + le hi_‘70"l’]€t+j

In general

l )
x!,, = hix{ + 2_: hiomne,, ;

Jj=1

With a shock of v in period t + 1, we have

l .
%/, =hix] + Zl hiTon (€4 + 0u4j)
i=
where we define d; such that:
O0upj=v forj=1

014 =0 forj#1

So

l
<f ol =
Et |:Xt+l — Xt+li| = Et

. ! )
Zl hiTon (e + 01yj) — '21 hiTone,
j= j=

l .
Zl hi(_] 0n6t+]
j=

=hitond,
using the definition of &,y ;.

_ i1
=h""onv
because d;41 = v

and
=f f _ = f f
Ey {}’Hl - yt+l] = gxFEi [Xt-H - Xt+l}

10.2 At second order
We need to consider:
X7/ = hyxi + %Hxx (x{ ® X{) + %hwa2
X710 = haxy + 5 Hxx (X{+1 ® X{+1> +5hge0
= hy (hxxf + 1 (x{ ® X{) + %hgacfQ) + 1 o (X{+1 ® xf+1> + ih,,0?
= h2x; + hy LH,, (x{ ® x{) } hylhyoo? + LH (x{'H ® xf;_l) + 1h,p0”

X3 = haxip + $Hox (X{Jrg ® Xf+2) + th,0?
= (h2x; + B Hx (x] @ %] ) + Dy hooo® + $He (xfoy @ %0 ) + dhoeo?)
i (< )
=h3x{ + h2JH, (th ® Xf) +h2lh,,0% + hydHyy (X{—H ® X{H) +hylh,p0
—l—%Hxx (x{+2 ® x{+2) + %haaUQ
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=h3x{ + h21H, (x{ ® x{) + hy 2 Hyx (X{H ® x{H) + 1 Hx (x{+2 ® x{+2>
+hZih,,0? + hxlh,,0? + th,,0?

2 . 2 )
— h3x; + Y h271H,, (x{+j ® x{+j) n (Z h§g> lh,,o?
=0 o

and in general

-1

Xy = hox + Zo b H (X{ﬂ' ® X{H) (Z bt J) 3hoo0?
]:

forl =1,2,3,...

Thus, to compute E; [X{,, —x5,,], we need to find E; {ifﬂ %, —x/,® xfﬂ}. Hence, consider:
f f l - LS Lo
xly ©x = | hix] + Zlh Tone; | ® | huxg + Zl h,one,
j=

=hlx] @ hlx{ + hix] ® Z hi-ione,

!
+ > hiTone, ® hlx! + Z hlJone,, ; ® Z hlJone,
j=1

and l
%[, @ %], = hix] @ hix] + hix] ® Zl hiTon (€115 + 01iy)
=
! ) l ) ! )
+ Y hiion (e + 6445) @ hlx! + 3 hlTon (e + 6ey;) @ 3 hirdomn (ery; + 81y )
= =1 =1

l .
=hlx! @ hlix! + hix] ® (Z hi-ione, ; + hic—lan%)

j=1

l
+ Zhl ](7"7‘5f+g+h tond, ®h;x{
j=1

! !
+ <Z1 hiTone,, ; +hi t+1> (Z “Tone,, ; + hﬁclanétH)
j:

This means that
f f
L [ X ® X - X ® Xt+l:|

l
= E,[h! xf ® hicxic + h;xt (Z O’?’]€t+j + hﬁ(lanétH)

=1
1
Zhl iome,,; +hi ! ® hlx]
+ <Z hlJone, ., ; + h;lanét_,_l) (Z hlJone, ; +hl- Un5t+1>
j=1

l .
~hix! @ hix/ — hix! ‘21 hlJone,
=
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- Z hi 0n6t+g ® by Xt Z hi Unetﬂ ® Z hi Unetﬂ]

N/_‘\m

e hﬁ;lanatH +hitond, ; ® hix]

¢ [h,
l
Z hl ]O"l’]Et +j —l—h t+1> (Z hl UnetJrj + h Jn6t+1>

h!one, ; ® Z h!one, ;]
1

<.
Il

= E;[hl ® hl~tons, t+1 T h;710n5t+1 ® hﬁcxzjf
! ! ,
+ <Z hi7one, . ; +hi ‘7775t+1> ® > hiTone,;
-1 j=1
+ < Un€t+j +hi 6t+1> @hitond, i,
Z Janetﬂ ® Z h U77£t+ﬂ

= Ey[hlx] © hl‘10n5t+1 +hilond,,, @ hlx]
+h!~lond, , ® Z hl one,

+ Z hy U"7£t+g @htond, +hiTtond, . @ hitond, ]

= hf(xf ® hﬁc_lo-nét-i-l + hﬁilmﬁm ® hf(xf + hﬁ(_lo-n(st-i-l ® hﬁc_l‘f"?‘st-u

=hlx! @ hitonr + hitony @ hix! + hilonr @ hllony
because §;41 = v

Thus E; [ X ® x fo ® xfﬂ] = h;xf @ hl-tonv + hi-tonr ® hﬁcxf +hi-tony @ hitony
Or (using another 1ndex)

E, [ifﬂ R, —x,;® x{+j] = hix] @ hilonv + hi lonr @ hix{ + hi~lonv @ hi-tonv
for j =1,2,3,...

Thus, we have in general
-1 -1
2 _ —1-j “f  o=f
E (%, —x3,] =E [%h; 1 1 (xHj ®xt+j) Z hi-1-J 1 H,, (xtﬂ ®Xtﬂ)]
j=
(SRR of ozl f f
= '21 hi 17 SH By {X‘H_j QXp ) — Xpy; ® Xi+j:|
i=
the shock hits in period t + 1, so (i{ ® i{) = xf ® X{

-1 _ _ _ , . , .
=Y hliT i (hf{x{ @hi~lonu +hi-lony @ hix! + hi lonr © hﬁ(’lanu)
j=1
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=1 ) ) . ) . . )
= Y hli i (h{cxic ®hilonv +hilonr @ hix] + (hi ' @ hi ) (onv ® anu))
j=1

If we restrict the focus and do the IRF’s at the unconditional mean of X{ = 0, then we get

-1 1 , ,
By %y — %] = Z:l hbli]ﬁHx" (b @by (omv © onv))

j=

When implementing the IRF, it may be useful to have a recursive expression. Here, it is must convenient to use
-1
< _ I-1—51 <f <f f f
By [fo - Xf+l] = Z:l h 7 S Hu By {Xtﬂ‘ QX — X4 © Xt+]}
So
E; [ierl - Xf+1] =0
. SIRET! o oxf 7 f
By %715 — x740] = Zl h, 7 g Hooc By {XH—J’ OXppy =Xy © Xt+J}
j=

= ;Hux B |:5i1{+1 ® i{ﬂ - X{H ® X{H}

2 A _ _
By [if+3 - Xf+3] - '21 hiﬁJ%HxxEt [thﬂ‘ ® Xz{+j B X{ﬂ' ® X{ﬂ}
j=
= b Hox By [%y @ %L1 = xfy 0],
1 - -
+5Hxx By {X{H ® X{Jrz - X{+2 ® X{+2}
= W By [R5 o — X5uo] + SH By (XL, 0%, —x], @ x]
x| Re42 t+2 2 ixx =t | 42 t+2 t+2 t+2

So in general

= _ = 1 =f Sf f f
Ey [Xf+k- - Xf+k] =hyE, [Xf-wc—l - Xf+k—1] + 5 Hux By [Xt+k—1 X1~ Xppp—1 @ Xt+k—1}

For the total state variable:
Ey [it+l - Xt+l} =Ly ifﬂ - X{H} + Ei [ifﬂ - Xf+l]

For the control variables:
Vi = 8x (X{—H + Xf+l) + %Gxx (th+l ® X{+l) + %gw"z

Fire = 8 (R0 + %01 ) + 3G (R 9 K, ) + 8000
~ _ sf f = 1 sf sf f f
E; [ytSJrl - ny] = 8x (Et {Xt—i-l - Xt-s-l] + By [X§+l - fo]) + 3G B (X @Ky — X @ X,

10.3 At third order

At third order, we additionally need to consider:
ng'i_l = hxxgd + Hxx (X{ X Xf) —+ %Hxxx (X{ (024] th ® X{) —+ %hda'xojxtf —+ %ho'oa-O'B

and
x{iQ = hxx{il + Hyx (x{+1 ® x§+1> + %Hxxx (X,{Jrl ® X{H ® X{H) + %haax0_2x{+1 + %hwgg3
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= hy (hxxgd + Hyx (th ® xf) + %Hxxx (x{ ® x{ ® x{) + %hggxa xt + hggga )
+Hox (x,{"+1 ® xgﬂ) + P H (x{+1 ®x),® xfﬂ) + 3hyoxo?x] ) + 1h, 0%

= h2x7 a4 hyHayx (Xt ® Xt) + hx%Hxxx (xtf ®X{ ® x{) + hxghm,xa xt + hy hUUUO'
+H,, (xtJrl ® fo) + 1 Hn (x{H oxl,, ® x{H) + 20X 11 + Lhygeo?

and

rd

rd f s 3
Xi4s = haXi{y + Hyx (Xt+2 @ Xiyo

1
g XXX (Xt+2 ® Xt+2 & Xt+2) + hJJxU X{+2 + haoaa

= hy [h2x7? + h,H, (Xt ® xt> H, (xtf ® X{ ® x{) + hy th,xan{ + hx%hogoa?’
+Hyxx (Xt+1 ® Xt+1) + Hxxx (Xt+1 ® Xt+1 ® Xt+1) + hooxa Xt+1 + hooaU ]
+Hyx (Xt+2 & Xf_;,.g) + ngxx (Xt+2 & Xt+2 ® Xt+2) + ghaaxa Xt+2 + ghaoaas

— h3x74 + h2H, (x{ ® xg‘) +h2 L H (x{ ox! ® xt) +h23h,y0?x] +h21h,,,00
+h, H, « (X{Jr1 ® xf_H) + hx%Hxxx (xt+1 ® xt+1 ® xtH) + hxghggxa X{H + hxghmmg3
+Hox (x{+2 ® x§+2) + P H (x{+2 ®x),® x{+2) + BNy ooy + thypeo?
. 2 . f
= hixj? + Y- hi/Hy (Xt+j ®X{ )
=0

2 .
+ 2—:0 B § Hio (X{H ®x/;® X{H)
jg 2-53 2 f
+ j;) hy ™/ shyoxox;,

2
2—51 3
+ Z h; ]Ehoaaa
=0

2 .
=h3x7 + > Ohi’] [Hxx (x{ﬂ ® x,fﬂ) + tHaoxx (X{+j ® X{_H ® X{-S-j) + %haax02X{+j]
J=

<Z h2 j) 171700'5
J

In general
= hlx +l§hl*1ﬂ' H. (x/, x5, )+ 1H Jooexl  ox] )+ 3h,xo?x]
i) 2, Ux xx (X @ Xepj | T gHxxx (X @ Xy j DXy ) T g oox0 Xy
j:
-1 )
+ Z hi:lij %haaaag
7=0

Thus

-1 ) ~ B _ B 5 B
B[Ryt = i) = B bt Hoc (%], @ %, ) + FHooe (R, 0 %L, @ R) + Bhooxo], |
]:

-1 ,
—{ ZO hl 1 [Hxx (X{-&-j ® Xf+j) + 5 Hocx (X{+j ®xi,;® x{ﬂ') + %h”xazx{”} iy
]:
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-1 . B N B
= -21 hi ' (HxxEt [X{-&-j @R, — Xy OXy | + ghooxo By [X{-i-j - X{HD
]:

-
- f f f
+Zh ilH, B, {xt+J®xt+]®xt+j xt+j®xt+j®xt+j}

as the shock hits the economy in period ¢ + 1

A recursive version:
Srd _
Ey [Xt+l Xt+1] 0

By [x7d, —xjd,] = . hl-J (HxxEt [ifﬂ ®Xjy, — x{ﬂ ® xf+j] + 2hyox0? B [ifﬂ- — x{ﬂ})
J

+

.MH &MH

1

1-51 = f ~f = f f f f
h, 7 s Hyxx B [xtﬂ. QXpyj O Xy — Xy Xy ® Xtﬂ}
= Hux Ey |:i{+1 Ry — X1 @ X§+1} + ghooxo By |:i{+1 - th+1]

1 S f of = f f f f
+ 5 Hoooc Lt {Xt+1 O Xpp1 O Xppy — X OXp 1 @ Xt+1}

2
B8y —xidy] = 5 02 (M [% 0 %04, - xly @ x04] + Shooxo® B [7],, —xL,5))

j=1

+ 3 W[5, 05, 0%, - xl, oxdy; @ xl,
= hy (HxxEt {Xtﬂ ®Xip1 — X{+1 ® xf+1] + %hwazEt [i{+1 - X{+1:|>
YHE, [5&{ LB, —x], 0% H} + 3h, k02, [sc{ - x] +2}
+hX%HxxxEt {i{+1 ® itf-i-l ® if—;—l - X{+1 ® X{-H ® X{+1}

1 =f =f =f f f f
+ 5 Hoox Bt [Xt+2 @ Xjp2 @ Xjyg — Xppp @ Xy ® Xt+2}

= hy F} [igiz - Xﬁiﬂ
+H, By [5‘{“ DKo — X0 ® x§+2] + 3, k02 E; [5&[+2 - th+2]
1 ~ ~ ~

+6HxxxEt |:X{+2 ® X{+2 ® X{+2 — X{JFQ ® X{+2 & X{+2:|

So in general
<rd d 1 _ srd d s s
By %0y — xpty] = by X041 — %70y ] + Ha By |:X1{+k—1 OX{ p_1 — X{+k—1 ® Xf+k—1}
f
+6hwx0 Ey [ Xivk—1— Xipk— 1}
f f f
+6HxxxEt { Xyt @ Xt+k 1 ® XtJrk 17 X1 @Xp 1 ® Xt+k71:|
sf o f sf sf sf o f f f

Thus, we know FE; Xivj = Xiyj|- So we only need to compute E; Xip; @Ky, @Ky =X Xy QX

and B} [)E{H QX4 — X{H ® x§+j]. This is done in the next two subsections.
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10.3.1 For (x{ ®X{ ®x{>

Consider:
R Lof o i Lof 1 S i Lof o S i
Xpp @ Xy OXp = | hexg + E hi7ome, ; | ® [ hyx; + Z hilome, ;| @ [ hyx; + E hy,ome,

(hlxt®hlx,+hlxt®2hl Janet+]+2h Unet+j®hxt+zhl Janetﬂ@Zh Tone, ;)
j= i=

® (hix{ iy hi:jonetﬂ»)

j=1
= (hlx! @ hlx! + hix{ ® Zhl Tome,; + Zh anetﬂ@hlxt + Zhl Tome,,; ® Zh Tome,, ;) ® hl x!
j=1 j=1

+(hix{ @hlx{+h Xt®21h 0n6t+1+2h cIome,, ;@hl X{‘l'zlh 0n6t+]®2h U"7£t+;)®zh Tone,;
i= i=

! _
= hix] ® hix] ® hix! +hix] ® 3 hi7one,,; ® hix]
j=1

! , 1 . 1 .
+ 3 hicJome, ;@ hix! @ hix! + 3 hiTone, ; ® 2 hiomer; © hix/
j=1 J=1
+hlx{ @ hlix! @ Z hiJone,, ; +hl Ixl ® Z hione, ; @ Z hione,, ;
Jj=1 _]—1

!
+ Z1h Jone,, ; @ hl Ix] ® Zlhl one,; + Z hlJone,, ; ® Z hlJone,, ; ® Z hlone,
Jj= Jj=

And we therefore have

xi:rl ®x{+l ®x{+l =hlx/ @ hlx! ® hix{ + hix/ ® Zlhl Jon (€4 + 614;) ® hl ! x]

l . . .

+ 3 hlTon (€4 + 0i45) @ hix] @ hix] + Z hl7ion (€rj+ 6145) ® Z hiTon (€4 + 814j) @ hlx]
Jj=1 Jj=1 j=1

! ) l . l .
+hix] @ hix] ® 3 hiion (ery; + 8i1;) + hix! @ 3 hldon (e +8:45) © 3 hiTon (ery + 1y )
j=1

Jj=1 j=1
+Zhl on (€ry; + 8115) ® hix] @ Zhl Ton (errj + Oesj)
Jj=1
+ Z hiTon (e + 0ryj) ® Z hiTon (€14 0115) © Z hiTon (€11 + 0115)
=1 j=1 j=1

l .
x] @ hlx] @ hlx{ + hix{ ® (Zl hione,, ; + hi:lontsm) ® hlx]
]:

! l
+( > hi OnN€sy ;i + hl~ t+1> (Z 0n€t+j + h§10n5t+1> ® hﬁcx,{

h
+ <Z hi oNe€L; + hi Un5t+1> ® h;x{ ® h;x{
J

+hix! @ hix! (Z hi~Jone,, ; +hitond,
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l . l )
—l—h;xtf ® <Z hifjanetﬂ +hiton t+1> (Z h;7j0n6t+j + h§10n5t+1>
j=1 1

l . .
+ <Z hic_jm?ﬂ:ﬂ‘ + hic_lo'nét-i-l) ® hﬁcxf ® (Z hic_JUUGHj + hﬁc_la-ndt-i-l)
j i1

! .
+ <21 hﬁfjgnetﬂ- + h;lanéﬂ_l) (Z hi ‘7776f+3 +hi 0n5t+1> (Z hi Un€f+] +hy 0775f,+1>
j=

This means that:

E &, ol oxl, —x, ox],® fo}

l .
= Eyhkx! @ hix! @ hix! + hix! © (Z hlJone, ; + h;_lan5t+1> ® hlx]

Jj=

l . .
<Z Jm?etﬂ +hi Un5t+1> ® h;x{ ® h;x,{
l l f
hiJone,, ; +hiTtond, Z cToney; +hilond, | @ hix;

1

+hix{ @ hix! @ Z hl~Jone,, ; +hitond,
Jj=1

+hix!{ ® <Z hlJone,, ; +hl- an6t+1> (Z hlJone, ; +hi- an5t+1>

l
<Z U??fw +hitond +1> ® hicxt (Z hi Jn€t+g +hi 0n5t+1>

. l . l .
+ <Z hic_JUWEtﬂ‘ + hi_lonétﬂ) ® (Z hic_janﬁtﬂ' + hic_la"rlétJrl) ® <Z hic_JUnetﬂ‘ + hic_10775t+1>]
i=1 : :

Jj=1 Jj=1

l .
~Ei[hlx] ® hix{ @ hix] + hix/ ® 3 hiione, ; @ hlx]

Jj=1

l . l ) l )
+ 3 hiione,,; @ hix] @ hix! + > hiJone,; ® Z hl-one,,; ® hix]
j=1 Jj=1

+hlix{ @ hix! @ Zlhl ione,, ; + ht Ixl ® Zlhl Tome,, ; ® Z hi~ione,, ;
i= i=

!
+Zlh onetﬂ@)hlxt@Zhl Un€t+J+Zh onetﬂ@)Zh 0net+J®Zh Tone,, ;]
§=

Jj=1

= Ei[hlx{ @ b lond,, @ hix]
+hilond,,; © hix] @ hix]
l .
+ ‘21 hione,, ; +hiton t+1> (Z hiJone,, ; +hi- 0’7’]6t+1> ® hlxf
‘7:

+hix! @ hlx{ @ bl lond,, ,

l ] l )
+hi(xtf X <Zl hi(_JO'TIGtJ’_j +h£(_10-776t+1> X (Zl hi(_]o'net_,_j +h£(_10776t+1>
J= J=

j=1

l ) l .
+ <Z hi7one,; +h£<10776t+1> ®hlx] ® (Z hiTone, . ; + hﬁclanétH)
; j=1
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l .
+ <Z hiione,, ; +hiton t+1> (Z hiJone,, ; +hi- Jn6t+1> <Z hiJone,, ; +hi- 0775t+1>]

j=1

—Et[Zh Tone, ®Zh “Jone, J®hlxt
j=1

+hlx!{ ® 21 hlone,, ; ® Z hl 7one,
j_

! ) )
+ > hiTone, ; ® hix]/ ® Z b one,,
j=1

l
+;h U77£t+J®Zh U77£t+J®Zh Gn€t+J]
j=

= Ei[hlx ® hi~tond, ., ® hﬁcxf +hllond, , ® h;x{ ® hﬁcxf

l ) l .
+{ > hi:jgnftﬂ' + h;lanétH) ® (Z hicijo-netJrj ® hﬁcx{ +hitond, , ® hic"f)
1 j=1

+hix!{ @ n xf @ hlctond,

hix/ Z h;‘janetﬂ» +hix! ® hﬁ:lanétH) (

“Tone, ; + hi‘10n5t+1>
j=1

!
2 b
! _ I
+ <Z hi~one, . ; @hix! +hilond, ., © hﬁ(xf> <Z hi~Jone, ; +hitond,

! ,
+ < hi:jgnetﬂ' +hilon t+1> (Z hi Jn€t+] +hi 0n6t+1> <Z hi 0"7€t+g +hi 0n5t+1>]
J

. l .
lone . ; © Z hi=one, ;@ hix]

|

S
L -

=

+hlx!{ ® Z hione,, ; @ Z hi7one,
+ Z hione,; ® hix/ @ Z hione, ;
j 1
Z hy Un€t+] ® Z hy 0n6t+] ® Z hi 0n€t+]]

= Ei[hlx{ @ b lond,,; @ hix] +hitond,  ® hix! @ hix!

Jj=1

! , ! _ : .
+ > hione,,; ® <Z hlJone,, ; ® hlx/ + hi-lond, | ® h;xf>

+h!~lond, , ® (Z hl 7one,, ; © ht !x! 4+ hi 1o N0, ® hﬁcx{>
+hix! @ hlx{ @ hi-lond,, ,

! _ 1 ,
+h§<X{ ® '21 hﬁc_Jm?Gtﬂ‘ ® ‘21 hl onNe€E; + h;_10n5t+1>
j= j=

! .
+hlx!{ ® hi-lond, , ® <Z1 hlJone, ., ; + hg(lgnétH)
§=
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l . l .
+ > hﬁZjanetﬂ ® h;X{ ® (Z hi’jaﬁetﬂ + hﬁclmﬁtﬂ)
j=1 j=1

l

l .
+hi7tond, , @ hix] ® <Z hi7one,,; + hic_lo'nét-i-l)
+ Z hi/ U"?Qﬂ <Z Gn€t+J +hi Un6t+1> ® (

l
> hi U"lff+3+h 0775t+1>

Jj=1

1
+hltond,,, ® (Z h!one,, +5 +hl- t+1> (Z “Jone, 45 +hl 0n5t+1>]

—Et[z hlJone,, ; @ Z hlJone,, ; @ hl Lx!
+h£cxt ® Z hﬁc_jm?ew ® Z hifjanew
j=1 j=1

! ) l )
+ > hiTone, ; ® hix/ ® 3 hi7one, ,;
J 1 Jj=1

+ Z hiTone,,; © Z hiTone,,; © Z hi7one, ]
=

—Et[hl x{ @ hl- 10n6t+1®hl x{ +hl- 10n6t+1®hl x{ ® hlx/

+Zhl o"l’]EH_J(X)Zh anetﬂ@hle—FZhl Jonetﬂ@h an6t+1®h;x{
j=1

+hl~tond, , ® E h!~Jone, ; @ h Ix! + bl tond,, , @ bl tond,, @ hlix]
+h! x/ ®hl ! x] ®hl ond,. 4

. l . l .
+hix{ ® Z hione, ; ® Z h!one, ; + hix{ ® 3 hi one,,; @hitond,
j=1 j=1

+h£<X{ ®hiton 011 ® Z hy Un€t+g +h xt ® hitond, t41 @ h;710n5t+1
J=

!
+ > hi7one, ;@ Ixl ® Z hlJone, ., ; + Z hlJone,, ; @ hl Ix] @ hllons,,
j=1 Jj=1

+hitond, @ hix! @ Z hi7one,,; +hiTtond, . © hix! @ hitond,
j=1

!
+<Zh anet+J®Zh anetﬂ—i—Zh iome,, ; @l m76t+1> (Zh Jome,,; +hl 0n6t+1>

+ <h£<1 0,11 ® Z hy Jn€t+j +hilond, ., @ h;lgnét_‘_l) (Z hi Unetﬂ +hi 0n5t+1>]

Jj=

—Et[z hiJone,, ; ® Z hiJone,, ; @ hl Lx!
=

+hlx{ ® 21 hione, ; ® Z hi one,
J_

—i—Zhl Tome,,; @ hl x{ ® Zhl oNeEL,
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, l , l ,
+ Zl hione,,; © Zl hione,,; ® 21 hi 7 one, ]
Jj= Jj= Jj=

= Ey[hlx] @ hi 'ond,,, ® hix{ +hitond,,, ® hix] ® hlx]

l .
+0+ > hicijo'netJrj @hltond, , ® hﬁcx{
=1

l . . .
+hiTlond, ., ® 3 hiTone,, ; ® hix! +hi-lond, ., ® hiond,,, @ hix]
Jj=1
+hix! @ hlx{ @ b lond, .,

L
+0 +hix! ® 3> hiJone, ; @ hllons,
j=1

l .
+hix! @ bl lond, ., ® 3 hione, ; +hix! @ hli-tond, , ® hlond,
j=1

l .
+0+ > hiione,, ; ® hlx] @ hl lond,
j=1

L
+hi7lond, @ hix! @ 3 hione, ,; +hiitond,, © hix! ® hi-lond,

Jj=1

! _ ! _
+ <0 + > hgcijonet+j ® hi10n5t+1> ® > hgzﬂanet-&-j
j=1 j=1

1 ‘ 1 , 1 .
+ Zl hﬁc’]anew ® Zl hbJUUEHj + Zl hﬁfjonetﬂ ® h§10n5t+1> ® hi’lmﬁm
J= J= J=
l . l .
+ <h£c_10-n6t+1 ® > hgc_Jo'Tlet-&-j +hitond,, , ® hi‘lontsm) ® > hﬁc_jo-net—i-j
Jj=1 j=1
l .
+ <h£<1(7775t+1 ® > h;7]0n6t+j +hitond,, , ® hizlo-n(st-&-l) @hitond,, ]
j=1

B0
+0
+0
+O]

Terms cannel out

= Ei[hlx{ @ b lond, . @ hix] +hilond, , ® hix! @ hix!
+0
+0+hitond,,; @ hiTlond,,, ® hix]
—l—hi(xtf ® hi(x{ ® hﬁ:lanéﬂ_l
+0
+0 + hix{ @ hi"lons,,, @ hitond,
+0
+0+hilond, . ® hix] @ hilond,,,
l

l ) .
+ > hﬁfjanetﬂ- @hitond, , ® Y ht]m?et-s-j
j=1 j=1

I _ I _
+ 2 hiTone, ;@ Y hiTone, ; @ hiTtond, , +0
j=1 j=1
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l ‘ l ‘
+hitond,, ® 3 hiTone, ; ® 3 hiTone,, ; +0
j=1 j=1
+0+hitond,  ® hiTtond, @ hiTlond, 4]

using the zero-mean property of €, ;

= h;x{ @hiTlond,, ® hicxf

+hi 'ond,,, @ hix! © hlx]
+h£<_10"75t+1 ® h§_10n5t+1 ® hﬁcxic
+hix! @ hix{ @ b lond,,,
+hix! @ hl-lond, ., @ hltons,
+hi<_}0-776t+1 @ hlx! @ hi7tond,

+E | > hﬁ?7077€t+j ® h§_10n5t+1 ® > hﬁ?7077€t+j
j=1 j=1

l . l .
+E; | Y. hiione, ;© Y hidone, ;@b tond,
=1 =

! _ ! _
+E, |hitond, @ ‘21 hione,,; ® ‘21 hiTone,
= =

+hilond, . @ hiTtond, @ hiTtond,

= hlx/ ® hl'onv @ hlix!
+hi-tonr @ hﬁcx{ ® hﬁcxtf
+hilony @ hilony @ hix!
+hﬁcx{ ® hﬁcx{ ® hitonv
+hix! @ hi-lony @ hl oy
+hi-tonr ® hﬁcx{ @ hl=tonv
l l
+FE; 21 hione,, ; @ hi tonr @ Zl h!one,
i= i=

l . l .
+E, | 3 hiiTone, ;@ Y hiTone, ; @ hiZlonv
j=1 j=1

! _ ! _
+E; |hilonqr @ > hiTone, ;@ > hiJone,,
= j=
+hi-tony @ hitony @ hitony

using that d;41 = v

We then note that:

hﬁcx{ ®@hitonr ® hicx,{c
+hlilonr @ hix! @ hix/
+hi-tonr @ hi tonr @ h;x{
+htx! @ hix! @ hi-tonu
—l—hﬁcx{ @ hl=tonr @ hi-tonv
+hllonr @ hix! @ hi-tony

—hix!{ ® (h;_la'm/ @hix! + hix! @ hi-lony + hilony ® hﬁ:lany>
+hi-tonr ® (h;x{ @ hlx! + hi-lonr @ hlx! + hix! ® hﬁ{_lany)
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—hix!{ ® (hﬁ(x{ ®@hitonv + hi tonr ® hﬁ:lam/)
+hix! ® (hﬁ:lanu ® h;xf)

+hi-tonr ® (h;x{ @hlx! + hi-lonr ® hixf)
+hlionr @ hix! @ hi-tonu

= hﬁcxic ® (h;x{ + h;‘lanu) @ hl=tonv
—l—hi(x{ & (hi:lanl/ ® hﬁcxf)

+hitonr ® (hix{ + hﬁ:lanu) ® hlx]
+hi-tonr @ hﬁcx{ @ hl=tonv

Thus
=f =f Sf f f f
Ey [XtJrl QX X =X 0% ® Xt+l:|

—hlx! ® (h;x{ + hﬁ:lanu) ® hltonv
+hlx{ ® hi-lony @ hix!

+hitonr ® (hﬁcx{ + hﬁ:lanu) ® hlx/
+h£:}0171/ ® hﬁcx{ ® hl=tonv

l . l . 1
+E; | Y bhione, ;@ hltonqr @ Y- hliione,
j=1 j=1

l

. l .
+E; hiJone, ; ® > hidone,,; @ hl tony
: =

Jj=1

I _ ! _
+E, bl tonr @ Y- hicTone,; © 30 hiTTone,
j=1 j=1

+hi-tony @ hi tony @ hitonv

The final three terms can be computed as follows:
! A l ,
By | X hiTone,, ;@ hictoqr © 3 hicTone,

Jj=1 Jj=1

! ,
= Et[htlanewl @hitonr © 3 hgcﬁm?etﬂ'
j=1
! .
+hiPone, , @ hiTtonqr @ 3 hﬁfjtﬂ?ﬁtﬂ-
Jj=1
+...

l )
+one ® hicila"?’/ ® > hgcﬂ(”?ﬁtﬂ‘]
j=1

= Et[hflaneHl @hi oy ® hicilanetjtl
+h£<_20776t+2 @ hi oy © hic_2077€t+2
+..
+one, ., @hiT oy @ one, |

because the innovations are independent across time
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! A ,
Ey[hi T one,, ;@ hir oy ® hiJone, ]
j=1

J

!
Q;
Jj=1

Let Q; = E; [hJone, ., @ hltony @ hiione, ,]. So

Q,=E [hi‘janem ® {hic_l (72,:) onr X {hic_j (7153) Unet-i-l}:f:l}’y _1]
,=

— E, {hic_j (7s..) oN€Ls X {hﬁ;l (7o, 1) omr x {hi7 (71,:)0776”1}:?_1}74_1}
=

Ys=1
hl (73,:) ‘722221 1 (5, ¢g) €141 (P9, 1) X "
= E _ ) Ne N o
B a0t G o S mGop e @00}
1= y,=1 yy=1

E hicij ('73,:) a ZZ;:l ZZ;:l 77 (:a ¢2) €t11 (¢2a 1) X "

- {hic_l (72v:) ony X {hic_j (717:) on (:a(bl)et-i-l (¢1a1)}:::1}7 -1
2= v3=1

= {7 () 0 im0 (b G o x (T (g em Goon e}

73=1
because the innovations are indepdendent. This expression is directly implementable.

And
E,

l . l .
> hiTone, ; ® 3 hiTone,, ;@ hﬁfU??V}
j=1 j=1

Ei[hiTone,,; @ hiTone,, ; @ bl ony]

<
Il
—

Il
M~

Ei[(hi7 @ hl77) (ome,, ; @ one, ;) @ hiTtony]

I
M-

<
I
—

(hﬁc’j ® hﬁjj) E, [onetﬂ- ® O"I’]€t+j] ® hﬁ:lanl/

Il
MN

<
Il
—

l
> (b & h) A @ bl o
=1

where A = E, [cr'i7et_~_1 ® anet+1]. To compute A we note that
A = E, [one, ., ® one, ]

= Ei {{077 (V2,1) €410m (7152) €t+1}:f:1}7 .
-

- {{Uzgj_l m (2, 61) €vr (61,1) ZZZ:l on (V1: $2) €41 (P2, 1)}m } w

71=1 vo=1
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- {{Uzgj_l Zgg:l N (V2 ¢1) €41 (61, 1) o (71, $2) €41 (P2, 1)}m }

71=1 vo=1

= {{U ngzln(’}/zaﬁf)l)‘”? (’71a¢1)}:11} |
1— 72:1

Ny

{5

v2=1

And finally

hi tonr @ 3 hﬁfjanew ® > hﬁZJUnetH}
j=1 j=1

Ey

l i .
= Y hiilony ® Ey[hione,, ; @ hirTone, ]
l . .
= X hitonv @ (b7 @ hi7) By [one,,; ® ome,y

!
=Y hilonr ® (hi7 @hl7) A

o~

10.3.2 For (x{ @xg)
Recall from above that
xl L @xi, = (hxx{ + J’l’}EH_l) ® (h,aqS + 1 Hx (x{ ® x{) + %hmﬂ)
= (hy ® hy) (x{ ® xf) + (hy ® 1H,) (x{ ®xi® x{) + (hy @ th,p0?) x{
+ (01 ® hy) (€141 @ x7) + (01 © 5Hxx) (€t+1 ox{ ® th) + (on ® 3hoo0?) €111

Therefore:
xtia © X110 = (e @ ) (xLy @ x40 ) + (he @ SHia) (xf @ xfiy @x]y ) + (e @ Shopo?) x,

+(0n @ hy) (€142 @ %7 1) + (o1 ® 5Hxx) (6t+2 ® X{H ® X{H) + (o1 ® $hye0?) €140

= (hy ® hy) [(hyx ® hy) (x{ ® xf) + (hy ® 1H,) (x{ ®xi ® x{) + (hy ® hyp0?) x]
+ (on ® hy) (€141 @ x}) + (077 ® %Hxx) (€t+1 ® X‘f ® XZ) + (U"7 ® %haao—Q) €41)

+ (hx ® 5Hyx) (th+1 ©x{, ® X{H) + (hx ® hooo?) x/p,

+(on @ hy) (€42 @ %7 11) + (o0 @ 5 Hxx) (6t+2 ® X{Jrl ® X{+1> + (on ® $hyeo?) €140

= (e @ hy)* (x] ©x7) + (B @ he) (b @ $Hoe) (xf @ xf @ x] ) + (B @ i) (B @ Shop0?) x
+ (hx ® hx) (00 @ hy) (€141 @ %7) + (hx ® hy) (0 @ ;Hxx) (€t+1 @ x] @ x{ ) + (hx ® hy) (00 ® 3ho607) €111
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+ (hy @ 3Hixx) (X{H ® {41 ® X{H) + (hx ® 3hoo0®) x/
+ (077 ® hx) (€t+2 ® X§+1) + (Un & %Hxx) (€t+2 (39 th+1 ® X{+1) + (O"rl X %ha‘a'o-Q) €12
and
xlos @ Xt = (@ huo) (x]0 @ i) + (B ® THiod) (30 @ xf0 @10 ) + (e @ Sho0?) xf
(o @ by) (€043 9 X 10) + (01 ® SHia) (€45 @ xLy @ x[10) + (0 @ Jhop0?) erss

= (e @ ) (e © B)” (xf @) + (e @ ) (B ® S ) (x] 0 %] @] ) + (e @ o) (B ® Soo0?) ]
+ (hx @ hy) (o0 @ hy) (€141 ® x7) + (hx @ hy) (o7 @ $Hxx) (€t+1 ®x{ ® X{) + (hx ® hy) (o7 ® $hoeo?) €41
+ (hye © 1HL) (x{+1 oxf,,® x{H) + (hye ® 3hyo?) xI,,

+ (00 @ hy) (€142 @ x11) + (01 © 5Hxx) (€t+2 ® X1{+1 ® X,{_H) + (01 ® $hoe0?) €140

+ (hx ® 3Hyx) (X{+2 ©x{,® X{+2) + (hx ® 3hooo?) X,
+ (01 @ hy) (€143 © X7 40) + (01 © 3Hi) (€t+3 ® X{Jrg ® X,{H) + (on ® thyp0?) €145

= (hy ® hy)® (xt ® xf) + (hy ® hy)? (hx ® $Hyx) (x{ ox! ® x{) + (hy ® hy)? (hx ® $h,s0?) x!
+ (hx ® hy)? (0n @ hy) (€41 @ %7) + (hy @ hy)® (on ® $Hxx) <€t+1 ®x]® X{) + (hy ® hy)? (on ® $heeo?) €41
+ (hy ® hy) (hy @ 3Hicx) (X{H ®x{ 1, ® X{+1> + (hy ® hy) (hx ® Fhooo?) x/
+ (e @ h) (01 @ he) (€142 @ X141 ) + (B @ ) (07 @ FHL) (€42 @ xfyy 05, )
+ (hx ® hy) (o7 ® 1h,0?) €142]

+ (hx ® 3Hyx) (X{+2 ©x{;® X{+2) + (hx ® 3hooo?) X
+ (00 @ hy) (€143 © x}1) + (01 © 3Hxx) (€t+3 ® X{Jrg ® X{+2> + (on ® thyp0?) €143

= 3 (xf @ xs : 2—i 1 f o ox! oxl
(hy ®hy)’ (x{ @x5) + 3 (hx @ hy)* " (hy @ $H) (x); @ x], @ x],
i=0
2 .
T2 (e hy ) (hy ® Shyeo?) x/,
2

+ 3 (e ®hy)* (on @ $hoo0?) €414
i=0
2

+ 3 (hy @ hy)* " (0m @ hy) (€rr14i @ X5 y4)
i=0
2

+ 3 (hy @ hy)* ™ (on ® $Hxx) (€t+1+z‘ ® X{+i ® X{+i>

i=0
And in general

! . U(of o ws) o I—1—i 1 ! ! f
= O (o 930 ¢ 5 ) (e 05

-1 .
+ 3 (e ®hy)' 7 (hy @ Lhyp0?) x],,
=0
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+ Z (hx ® hx)lflfi (an ® %haaaz) €144
+2 (he® hy)' "' (om @ hy) (€r414i ®%5,,)
L 1-1—3 1 f f
+ 2 (hx ®hy) (on ® 3 Hox) (€t+1+i OXpy; ® Xt+i)

We therefore have
of ozs Ul of ovs) 4 S I-1-i 1 of ol ot
Xy ©Xiy = (hx © hy) (Xt ® Xt) + ;) (hyx ® hy) (hx ® 5Hyx) (Xt+i Xy © Xt+i)

-1 .

+ 3 (e ®@hy)' ™7 (hy ® Lh,,0?) XL,
=0
e I—1—i 1 2

+ > (hx ® hy) (01 ® 3h0007) (€rp14i + Orp14i)
1=0
-1 .

+ 3 (he ® 1) T (01 @ B (€414 + 1114) © K54,
=0
-1 .

+ 3 (hx ®hy)' ™' (0 ® 1Hix) ((€t+1+z‘ + 804140 O, ® i{-&-z)
=0

Thus
=f = f y
By |X @X0, — %, ® X§+l}

U of = 1-1-i ! s .
= Bl 0 1! (%] ©5) + 3 (he @b (e ® $H) (%), 0%/, 0%/,
=0

|
—

+ 3 (hx®hy)' 7 (hx ® 3hs00?) i1{+i
i=0
-1 .
+ 3 (hy @ hy) 7 (o1 ® $hoeo?) (€r414i + Oig144)
=0
-1 .
+ 3 (hx @ h) T T (o @ hy) (€14 + Fei1a) ® KL
=0
= 11— | of o =f
+ > (hx ® hy) (01 ® §Hxx) ((€t+1+i +0it14:) X ® Xt+i)
1=0

—{(hy ® hy)' (xf®xs>+l§(h @h)' 7 (he® 1H )(xf oxi ox! )
x x i t = x x x & g thxx t+i t+i t4i
‘= I—1-i 1 o S
+ 3 (hy ® hy) (hx ® th,p0?) x/,;
1=0
-1 .
+ E (hx ® hx)l_l_Z (0"77 ® %hoa'aj) €tp1+4i
=0
-1 .
+ Z:O (hx ® hx)lilil (017 ® hx) (6t+1+1‘ [%4) Xf—‘,—z)
7=

-1 .

+ 3 (hy @ hy) (on ® $Hxx) (€t+1+i ® X1{+i ® X{ﬂ')}
=0

]

-1 .
= Et[;) (hx ® hy)' ' (hx ® 3Hxx) (itf+z %l 0%, —x/,,® X{+i ® X{+z‘)

il I—1—i 1 o\ [(=f f
+ 3 (e hy) (hy ® 1h,p0?) (xm - xm)
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+> (hx® h,)' ™' (01 ® $hse0?) 81y1
+ Z (hy ® hx)l_l_i (om ® hy) ((€t+1+i +0t4144) ® i§+i)

! .
+2 (he® hy)' (on ® $Hxx) ((€t+1+z' +0i414i) ® i{ﬂ ® i{ﬂ)

—{2X (hx® hye)' ™' (0m © hy) (€ry11i @%74,)

-1 ,

+ 3 (he ®hy)' ™7 (00 @ § i) (€t+1+i ©xl,; ® X{-H’)}
=0

]

-1
I—1—1 = z z
— Et[;) (hy ® hy) (hx ® 1 H,x) (x{ Lexlexl, -xl,ex],® Xf+i)

l—1—14 S
+ 2 (hx ® hx) (hx ® %haao—2) (X[-H‘ - X{-&-i)
-1 .
+ Z (hx ® hx)l_l_z (0'77 ® %ho'o'o-2) 6t+1+i
=0
-1 .
+ Z (hx & hX)lilil (071 ® hx) (5t+1+i ® i§+i)
=0

-1 .
5y m o o) (s 505
1=0

]

because x7, ; is a function of x{H which is a function of €,y;. The zero-mean iid innovations therefore implies
that, Et [(€t+1+i & X§+i):| =0 and Et [(€t+1+i X ii_,'_l)] =0
The same argument implies that F; || €414 ® X{—H ® X{—&-i ] =0

and FEy [(€t+1+i ® i{+i ® i{+i)} =0

~
|

1

(hy @ hy ) 71 (hx ® 1Hyx) E; |:i{+z ® itf+i ® i{+i - X{—i-i ® X{H ® x{+i

.
Il

|
Lal=

A\

@
I
-

hx ® hx [=1=i (hx ® %hoooz) Et |:itf+l - X{+i:|

=
]

® hx)l_1 (on ® hyeo?) v

« ®©he) ™! (o @ hy) (v @ By (%))

+ (e @) (@ $He) (v By (%] 0%/ )
using ;41 = v for else d4414+; =0

and therefore the index for [ starts at 1

+ + 4
?/—\

~
I

1

(hx ®hy)' 7" (hy ® $Hyx) B {i{+z O ©x], —xl, ox] 0x],

~ .
L
L=

]

@
I
-

hx ® hx f=1=i (hx ® %hooa2) Et |:i1{+z - X{+i:|

=
X

x)l_1 (Jn ® %hmcr2) v
W) on @ hy) (v © B %))
x)z—l (077 ® %Hxx) (y ® E, [5{{ ® itf])

+ + + +
= 5B

FEF
[
® ® ®
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~
|
-

(he ® hy)' ™' 7" (hx @ $Hyx) By {itf—&-z oxl, 0%, —x],ox], oxl,

s
L
o

g

) (hy ® hx)l_l_i (hx ® %hooaz) E [i{ﬂ - X7{+2}

x & hx)l_l (O'/r’ & %h000'2) 174
hy ® hX)l_l (on @ hy) (v @ x7)
+(hy @ hy)' " (om © 1H,) (u ®xi ® x{)

+ + +

because the shock hits in period ¢ + 1, so E; [X]] = x{ and E, {i{ ® i{] =x/ @x

~
|
—

(he ® hy)' ™" (hx @ $Hyx) By {itf—&-z wxl, 0%, —xl,ox], X{-H}

s
Ll
o

]
=
%

<
Il
-

©hy)' " (hx ® §hooo?) By [i{ﬂ - X{H}

=
]

x)l_l (UT,V & %h000'2)
X)l_l (omv @ hyxj)
x)l—l (0'7]1/ ® %Hxx (X{ ® X{))

+ + 4+ +
= B 5

FFEF
X oo
® ® ®

~
|
—_

(hye ® hy)' ™' (hx ® 3Hux) By {i{+z ® i{ﬂ & ingz - X{ﬂ' ® X{+i ® X{ﬂ}

i=1
-1 1
£ 3 (@)™ (e Shooo?) B (%L~ ]
+ (hy @ hy) ! (a'm/ ® th,,0? + onr @ hyex) + onr @ JHyw (x[ ® x{))

~
|
-

(hye ® hy)' ™7 (hy @ $Hy) By {i{ﬂ ol 0%, -xl,ox],® X{+z}

s
Ll
o

+ - (hx 39 hx)lilii (hx ® %haaaz) Et [if—i—z - X{+ii|

<
Il
-

+(hy ® hx)l_1 (anu ® (hxxf + %Hxx (x{ ® X{) + %hwaz)>

A recursive version for the sum reads:

Xi=> (hy® h)' T (ha @ i) By {i{ﬂ ® i{—&-i ® i{-&-i - X{+i ® Xz{+z‘ ® X{ﬂ‘

i=1
-1 )

+ E (hx ® hx)lflfz (hx ® %hgggz) Et |:i75+1 — X{+i:|
=1

+(he ® hx)l—l (0'77’/ ® (hxxf + %Hxx (x{ ® X{) + %h0002)>
So
Xi=onr® (hxxf + %Hxx (x{ ® x{) + %h(m(ﬂ)

! 1—i 1 = f =f =f f f f
Xy =) (hx ® hy) (hx ® §HXX) Ey [X}H—i X OXpyy — X4, Xy Xy
i=1

+ 3 (hx @ hy)' ™" (hy @ $hoe0?) By [i{+z’ - X{—H}
=1
s 1 f f 1 2
+ (hx & hx) (0'771/ ® (hxxt + 2Hxx (Xt & Xt) + 2hO'O'U ))

(hx ® %HXX) Ey [i{+1 ® ifﬂ ® i{H - X{+1 ® X{H ® X{H]
+ (hx ® 5hoo0?) By {i{+1 - X{H]
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+ (hyx ® hy) (O'T]II ® (hxxf + %Hxx (x{ ® x{) + %hw(ﬁ))

( )Xl + (hx & %Hxx) Et |:itf+1 & i{+1 ® i{+1 - X{+1 (024 X{Jrl ® X{+1:|
+ (e @ Sho0?) By [ %], = x|

2 .
X5 =3 (he ® hye)” ™" (hy ® 1 Hox) By [ifﬂ K O] — Xy ©x];® X{H}

2 .
+ 3 (e @h)* ™ (b @ Shooo?) By [%], - xL.]
+

=1
(hy ® hy)? (Jnl/ ® (hxxf +1H,. (x{ ® x{) + %thJQ))
= (hy @ hy) (hy ® 3Hyx) By |:i1{+1 ® i{+1 ® ifﬂ - X{+1 ® th+1 ® X{ﬂ}
+ (hx ® %HXX) Ey {i{+2 ® i{+2 ® i{+2 - X{+2 ® X{+2 ® X7{+2}
+ (hx ® hy) (hx ® 3hs00%) By [i{-i-l - Xi{+1}
+ (hy ® Lh,,0?) B, {itﬁg - x{+2]
+ (hy ® hy)? (U'm/ ® (hxxf + 1H, (x{ ® x[) + %hwaQ))

(hx ® hy) Xo+
+ (hx ® %Hxx) Et {i{_;,_g & 5(1{4,_2 02y itf+2 - X{-{-Q ® X{+2 ® X{+2:|
+ (hy @ $h,p0?) B, [i[+2 - x{+2]
Hence, in general
_ 1 s f <f zf f f f
X = (hx @ hy) Xip—1 + (hx ® §HXX) (Xt+k—1 QX 1OXp 1~ Xy 190X 1 @© Xt+k71)

1 ~
+ (hx ® §h00‘72) (X{+k—1 - X{+k—1)

10.3.3 Summarizing
At third order, the total effect on the state variables is:
By [Revt = xe41] = B [ifu - X{H} + B[Ry — xia] + B[R - x]
For the control variables:
Vit = 8x (Xz);l Xt X;il) +5Gxx ((X{H ® X{H) +2 (th+l ® fo))
+5 Gooxx (th+l ® X{H ® X{H) + 38000% + %gaoxazxfﬂ + §80000”
Vit = 8x (i{H T X+ itril) +5Gxx ((i{H ® i{H) +2 (i{H ® ifﬂ))
+§ Gocx (i{H ® ’E{H ® i{+l + 38000° + %gaﬂxUQithrz + §80000”
So:
Ly [ﬂil - yﬁl]
= 8x (Et [ Xt~ {H} + By (X5 —xi] + B (X - Xfiz])
+5Gxx (Et {XtJrl OF[ —x,® X{H} +2E; [5‘{“ QKL — X/ ® XfHD

1 = f zf zf f f f 3 o f f
+5 G Bt {Xt—&-l QX Xy =X OX ;@ Xt+l] + ggaoxU2Et {Xt-s-l - Xt+l]
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11 Impulse response functions - GIRF

This section derives closed-form solutions for the generalized impulse response function in non-linear DSGE models when
defined as the GIRF. That is
GIRFyar (l,v,wy) = E;[vary|e;11 = v
*Et [varH_l]

To reduce the notational burden in the derivations below, we adopt the parsimonious notation
IRFvar (l, vV, Wt) = Et [Gaf'pﬂ] — Et [Vart+l]

in relation to the conditional expectation operators.

11.1 At first order

Recall that we have:

XZ_H = hxx,{ +one

and
XZ+2 = hxx{+1 +ONE o
= hy (hxx{ + aneH_l) +one o

= h2x] + hyone, | +one, s

and

X{+3 = hxx{+2 T OonNe€ ;3
= hy (hix{ +hyxone, | + U"7€t+2) +one, 3
= hix{ + hone, | + heome, .o+ one,

3 .
= hixic + 121 hi_‘70"l’]€t+j

In general

! .
XL—I = hlx] + Zl hiome, , ;
j:

With a shock of v in period t + 1, we have
! ,
Xpp = h;x{ + Zl hﬁfjmﬁtﬂ-
j:
where we define d; such that:
0iyj=v forj=1
Oiyj =€y forj#1

Hence, agents know the size of the shock v at time ¢ + 1, and it is therefore in agents’ information set.

So

= f f _
Ey |:Xt+l - Xt+l} =L

! 4 !
> hiTond,,; — ‘21 hi7one,,;
=

Jj=1

— hi-1
- x Un5t+1
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_ i1
=h""onv
because 041 = v

and
=f f _ = f f
Ey {}’Hl - yt+l} = gxFEi [Xt-H - xt+l}

11.2 At second order

We need to consider:
xj, 1 = hyxi + %Hxx (x{ ® X{) + %hw,ﬂ

Xipo = huxiyy + %Hxx (X{.H @ Xz{+1) + %hoaa2
=h, (hxx;§ + %Hxx (x{ ® x{) + %hmﬂﬂ) 4 %Hxx (X{+1 ® XZ—H) + %hm,(ﬂ
= h2x} + hy L Hyy (x{ ® x{) +helh,,0® + 1H, (x[Jrl ® x{H) + 1h,,0°

X} = haxfyo + 5 Hxx (X{Jrz ® X{+2> + $hye0°
= hy (hixf + hy 1 Hyx (th ® x{) +hyih,,0? + LHy (x{Jrl ® fo) + %hwﬂ)
+3H o (th+2 ® Xf+2) + 3hogo?
= hdx} + h21H, (x{ ® xf) +h21h,,0? + hylHyy (x{+1 ® x{H) +hylh, 02
+%Hxx (X{+2 ® X{+2) + %haoaz
=h3xs +h2iH (xf®xf> +hlH (xf ®xf ) +iH (xf ®xf )

xX¢ x o Hxx | X} t x5 Hxx (X4 t+1 Hxx | Xiyo 2

—|—h)2(%h,ma2 + hx%hgao2 + %hgga2

2 . 2 .
= hix} + Zo h3 7 5 Ho (X{Jrj ® X{+j> + (Zo hi_]> 3hoo0?
i= i=

and in general
S 1 7 7 S 1

xi =Bl + 3 W B (@) + (S bl ) oo
j= =

forl=1,2,3,...

Thus, to compute E; [X{,, — xf_H], we need to find E; {ifﬂ ® itfH — X{:H ® X{+l}. Hence, consider:

! I _
hlJ anet+j>
iz 1

> hﬁ(_jonetﬂ-) ® (h;x{ +

J

X{H ® X{H = (h;xf + .
J

, , ! _
=hix/ @ hix{ + hix{ ® Zl hi~Jone, .
i=

! _ 1 _ 1 ,
+> hic_JUnet-&-j ® hﬁ(x{ + > hic_Jo-Tlet-i-j ® > hic_JO'net+j
=1 =1 =1

and

o ozl L o hlsd L hlxd & S hl
X ©Xp = hoxy @hexy +hoxy @ '21 hi7ond,
J:
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l ] l . ! ;
+ > hiTond,; ® hix] + 3 hi7ond, ;@ 3 hilond,,
i j=1

j=1 Jj=1

This means that:
=f =f f f
By | Xy @Xp — X, X5y

l .
=E; [h;X{ ® h;X{ =+ h;X{ ® > hﬁ:Jcr’r)(sHj
=1
. l . l .
+ > hic_]an(st—&-j ® h;x{ + > hﬁc_]a"?‘stﬂ‘ ® > hic_JUn(st-i-j
=1 =1 =1
f f f o S piei
~hix! ® h!x] —hix] ® _Zl hiJone,, ;
J:
!

, ! , ! ,
_ Zl hﬁ:J(n]et+j ® hicxtf — Zl hi:ﬂgnetJrj ® Zl hi:ﬂg’r]etJrj]
j= J= J=

= Eyhlx{ @ hix] + hix] © hl7lond,,
+hitond, ., @ hlx] + il hiJond,,; ® il hi-iond,, ;
—hix/ @ hlx] —0 g -
-0 - il hlJone, ; ® il hlJone, . ]
Jj= Jj=

using F [€;4;] =0

= Ey[blx] @ hl~'ond, ., + hilond, | ® hix]
l

l . .
+ > hf]f”?‘st-s-j ® > hicﬂm?‘st-yj
i=1 i=1
! _ ! ,
- ‘21 h;_JU'UGtﬂ‘ ® 21 h;_]a"IGtﬂ‘}
j= j=

= Ej [h;X{ ®@hlitond,, , +hitond, , ® h;X{

l . l .
+ <h£c_10-776t+1 + > h;_JUWGt-H‘) ® (hfc_10775t+1 + > hic_jo'net-i-j)
=2 =2

l ] l .
_ <h£(10'776t+1 + 22 hi{Jo'neH_j) ® (hi{laneﬁ_l + ghiﬁan€t+j)]
j= j=

= Ey[blx] @ hl~'ond, ., + hilond, ; ® hix]

L
+hitond, . ® | hictond, o + Zthc]ffnetﬂ')
=

+> hﬁ(_Janet+j & <h;—1an5t+1 + > h;_10n6t+j>
£ =

Jj=2

l .
—hltone,, , ® (hi_l‘”?etﬂ + Zz hi‘JanetH)
=

l ) l .
-3 hﬁ:ignetﬂ- ® <hﬁ(10"l€t+1 + .22 hﬁ(ﬂg’r]et_,_j)]
J=

j=2
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= Et[hﬁcxf ® hi‘lan&ﬂ + hﬁflan%ﬂ ® hﬁcxf
+hi~tond, . ® hiTtond, y +0
l l

+0+ > h;7j0n5t+j ® 2. h;7j0n5t+j
j=2 j=2

~h{tone, ., @ hiTtone,y +0
!

_ 1
—0—-> hi(_JUnet+j ® > hg(_Ja"rlet+j]
=2 =2

= Et[hﬁcxic ® hi‘ldn&ﬂ + hﬁflan%ﬂ ® hﬁcxf
+hitond, . ® hiTtond,

+0

~hione, @ bl tone,

—0]

= Ey[hlx] @ hl'ond, , + hitond,  ® hix]

—|—h%:1m75t+1 ® hlﬁfllornét_H

~hi"lone, @ bl tone, ]

= hﬁcx,{c @ hl=lonr + hi-tonr ® hﬁcx{

+hi-tony @ hitony

—E; [h 'one,; @ hiTlone, ]
So we only need to compute E; [hitone, ; @ hi-tone,, ,]. We then note that
By [ toney .y @ hiTlone, 4]

= B (W &) (ome © 076

using (A ® B) (C®D) = AC ® BD if AC and BD are defined

= (hi-' @ bl ) B, [one, ® one, 4]

= (hi'@hl ) A

where A =F, [anetﬂ ® anetﬂ}. We then have
A =FE, [one,, @ one, 4]

=FE; {{077 (v2:1) €410m (Y152) €41}, }v .
-

= L {{UZZf_l 1 (v2, 01) €41 (61, 1) Egjzl on (71, b2) €41 (D2, 1)}711 } )

71=1

— 5 {{o Sin S n s e @ G o G e (0o} L
1T ) y=1

Ng

— {{oZZj_l?7(72a¢1)0"7(71’¢1)} | }nz

71=1 vo=1

- {{0277 (v2: )M (71, 1)/}:;1}%
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Thus
L {i{H ® i{H - Xf+l ® X{H} = hix{ ® hi"lonv + hi'onv @ hix{ + hi'onv @ hi lonv
— (b ' @hi7 ) A

= hix! @ hilony + hi lonr © hix! + (b @ hi ) (onvony)
— (W oh ) A

= hix{ @ b lony + Wi lony @ hlx! + (b ' @ hi ) ((oqpeony) — A)

Or (using another index)
E, ifﬂ- ® ifﬂ- — X{+j ® X{+j} = hixf ®@hi~lonv +hi-lonr ® hf(x{ + (hg;_1 ® hf(_l) ((env@onv) — A)
for j =1,2,3, ...

—~

<

Thus, we have in general

RS A o ! !
Z:Ohx_ —J§Hxx (Xt+j ®Xt+j) — Zohx— —J§Hxx (xtJrj ®Xt+j>
- i=

By %3, — %] = E

i1l of ozl ! f

= Z hi~ —J§HxxEt {xtﬂ- QX — Xpy ®Xt+j:|
Jj=1

the shock hits in period t + 1, so (i{ ® 5&{) = x{ ® x{
1

—1
> hiciIH (hﬁ;xgc ®hilonyv +hilonr @ hix] + (hi ' @ hi ') (enqreony) — A))
j=1

If we restrict the focus and do the GIRF’s at the unconditional mean of X{ = 0, then we get

-1 q , ,
By [ — %] = '21 hic_l_ngxx (b @hi™) (onv @ onr — A))
j:

When implementing the GIRF, it may be useful to have a recursive expression. Here, it is must convenient to use
-1
< _ I-1—51 <f <f f f
E, [fo - fo] = Zl hl 1 iH, E, {Xtﬂ‘ QX — Xpy; @ Xtﬂ}
j=
So
Ey [iiﬁrl - Xf+1] =0

1 . .
By [X10 — X}40] = 3 hy 7 g Ha By {X{+j ® X{Jrj - X{ﬂ‘ ® Xngj]

7j=1
_ 1 = f = f f f
= s Hux By [Xt+1 OXjp1 = X1 @ Xt-&-l}

2 . _ ~
Ly [if+3 - Xf+3] = '21 hiﬁJ%HxxEt [thﬂ‘ ® Xz{+j o X{ﬂ' ® X{ﬂ}
P
= b Hox By [%]) @ %L1 = xfy 0],

+iH« Ey {5{{+2 ® 5({+2 - X{+2 ® X{+2}

= hue By (X310 — X340 + s Hux By {i{w ©Xfyp — X2 ® X{+2]
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So in general
By (% —x5] = by [R 0 — x5y ] + s HaB K, 0%l —x],  ox]
t [t4k t+k x =t [ Apk—1 t+k—1 QXX | A1 t+k—1 t+k—1 t+k—1

For the total state variable:
Ey [it-s-l - Xt+l} =E ifﬂ - X{H] + Ei [i§+l - fo]

For the control variables:
Vit = 8x (th-H + Xf+l> + 3 Gx (X{H ® XZH) + 58000

Vit = 8 (i{H + if+z) + 3Gx (i{H ® i1{+l) + 380007

2

= _ =f f = 1 ~f of f f
E; [yterl - yf+l] = 8x (Et {Xt—i-l - Xt-s—l] + By [fo - Xf+l]) + 3G B (X @Ky — X @ X,

11.3 At third order

At third order, we additionally need to consider:
X574y = hyex(? + Hyx (x{ ® xf) + tHyxx (X{ ®xi ® x{) + %hmeO'QX{ + thyeeo®

and

Xily = hyeXpf ) + Hyx (X{H ® x§+1> + tHyox (X{H ® X{H & X{H) + %haax02xf+1 + §hooo0?
—he (hox™ 1+ H f s 1Hg f f f 3h 2,f 1n 3
= hy xX; o+ Hyx | X3 @ X3 +6 xxx | X; @ X3 ®X; +6 ocox0 Xt+6 coo0
FH,, (X{Jrl ® x§+1) + L Hn (x{H oxl,, ® x{H) + 2y 0?x] 1 + Lhypeo?
— h2x7 4 hy (x{ ® xg) + hy Lo (x{ @xi @x! ) + he2hy 0] + hylhyp,0
+Hx (X{H ® xfﬂ) + %Hxxx (X{H ® X{H ® xfﬂ) + %h(,gxazxir1 + %hmgog’

and

x§i3 = hxxﬁQ + H,« (x{+2 ® Xf+2> + éHxxx (xf+2 ® th+2 ® xf+2) + ghaoxazxf+2 + éhgwa3
= hy [h2x79 + hy H (x{ ® xg‘) + hy L (x{ ®x] ®x] ) + hy 3 hyoyo?x] + hylhy,p0°
+Hyx (x,{ﬂ ® xf+1> + %Hxxx (XZH ® th+1 ® X{H) + %hwxcfzxfle + %hmgo?’]
+Hyx (X{Jrz ® xfﬁ) + %Hxxx (xizr2 ® xtf+2 ® x{+2) + %hwxazxizr2 + %hg(mo?’
=h3xl? + h2H, (Xf ® Xf) + hi%Hxxx (xtf ® X{ ® x{) + hi%haoxUQX{ + hi%hoaoa‘g
+h, H, (X{-i-l X Xf+1) + hx%Hxxx (X{-i-l ® X{+1 ® X{+1) + hx%haaxozxf_i_l + hx%ha'mfo'3
FH,, (x{ L, ®XS +2) + L Hn (x{ s oxl,ox! +2) + 202X 15 + Lhygeo

2 .
= B 4+ 3 b T (xf, @i,
J:

2 .
+ 3 hi Y Hu (X{Jrj ® X{ﬂ‘ ® X{Jrj )
i=o
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2
2-53 2..f
+ Z hx Jghaaxa Xt+j
J=0

2 .
+ Z hi_J%hgaaa3

In general

-1 .
xt+l =hlx7? + Zo hl-1-7 [Hxx (x,{ﬂ- ® x§+j) + +Hyxx (x{ﬂ- ® x{ﬂ- ® x{ﬂ-) + %hUUXJQX{H]
J:

-1 )
: <Z hﬁ‘”) oo

Thus

E ["rd _ Td] — B [li hl—l—j H =f Q%S )+ lH =f ® =f ® =f 4 §h 2zf

t [ Xerr — Xepr] = el . xx \ Xiqj O Xy j 6 ixxx \ Xpy; O Xy ; WX 5 6 oox0 Xy ;
=

-1 4 ’
_{Zohic_l_J |:Hxx (xfﬂ. ®x;+j) + i H (x{ﬂ- ®x],,; ® x{+j) + %hwxﬁxfﬂ} 1
]:

; 3 (Hoy (&L @ %1y, — @ x|+ Bhooo® By |7, - x)
—1

+ 21 b 5 Hiooc {Xt-&-J @xl; Ox[; —xl 0], ® X{+J}

asjthe shock hits the economy in period ¢ + 1

A recursive version:
srd _
Eq [Xt+1 Xt+1] 0

Et [i:i2 Xt+2] (HxxEt |:Xt+j 0 Xt+] th+j ® X?—i—j:l + %hUUXO-QEt I:i{‘Fj B X{+j:|>

1

> h

j=1
SIRE f 7 !

2 —Jjl 5 Hxxx Bt [xtﬂ@xtﬂ@xtﬂ xt+j®xt+j®xt+j}

= Hyx Ey {Xt+1 B Xip1 — X{+1 ® Xf+1} + §hooxo’ Ey |:i{+1 - X){-{-l]
1 <f = f < f f f f

+ 5 Hxxx ot {Xt-i-l QXjp1 OXpy1 — X X © Xt+1:|

2
B [%({s —xi¢s] = X h (H""Et [ifﬂ ® %Kiy X[, ® Xfﬂ'] + ghooxo?E; [i{ﬂ' - X{HD
J

=1
2o ! 7 /
2_: h2-71 ¢ Hooxx B [xtﬂ ®xtﬂ ®xt+j Xy ® X ®Xt+]}
= hy (HxxEt |:i{+1 ®F 1 — X1 ® X§+1} + ghooxo By {i{-&-l - X{+1D
F oy (%] © K5y — 3o © X0 | + Bhoono By & — ],

+hX%HxxxEt {i{—&-l ® i{+1 ® 5‘{+1 - X{-H ® X1{+1 ® X{+1}
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+%HxxxEt |:itf+2 & itf+2 & i{+2 - X{JFQ ® X{Jrz ® X{+2:|

= hx By [X], — xi%5]
+Hyx By [ierz DRy — X1, ® Xf+2} + ghooxo By [ifw - X{+2}

1 =f =f =f f f f
+ 5 Hxxx Et {XH—Q D Xjg @Xj o =X 9K o ® Xt-{-Q}

So in general
srd rd _ srd rd =f Ss f s
Ep [%74), = x(%] = 0By (X0 — x4 ] + BBy [Xt+k71 QX 1~ X1 @ Xt+k—1}
3 2 =f f
+5hoox0" E; [xt+k71 - Xt+k71}

1 ~f zf zf f f f
+ 5 Haoxx Bt {Xt-i-k—l OXi i p1 OXj g1 — X1 OXp o 1 ® Xt—&-k—l}

Thus, we know E, [i{+j — x{ﬂ»]. So we only need to compute E; [)"{{+j ® itfﬂ- ®i{+j — X{H ®x{+j ®x{+j

and F, {5&{ 4+ ®OXi i — x{ +; ®x¢4;|. This is done in the next two subsections. For these derivations recall that we define

d; such that:
0 yj=v forj=1
014 =€y forj#1

11.3.1 For (x{ ® x/ ®x{>
Consider:

l ) l . l .
X{-s-l ® X{-H ®X{+l = (h;x{ + 2 hic_]m?etﬂ‘) ® (h;x{ + 2 hﬁ("aﬂetH) ® (hicxic + Z hgc_‘7<7"7€t+j>

Jj=1 Jj=1 j=1

l . l . l . l .
— (h;x{ ® h;xf + hﬁcxf ® Zl hi{‘ﬁanet_i_j + Zl h;—ﬁanet_i_j ® hﬁcxf + Zl hi(—JanetH ® 21 hﬁ(_JO"I’IGH_j)
j= j= j= j=

l .
® <hﬁcx,{ + ng hl-J anetﬂ»)
!
>

= (hix] ® hlx] + hix{ ® 3 hiJone, ;+ > hiione, ; @ hlx] +
j j=1 j=1

1 hf(—JaneH_j ® 21 hﬁ(—ﬂanetﬂ) ® h;x{
J= J=
l !
+(hlx!@hlx! +hix/® > hiione,, ;+ > hione, ;@hlx]+
— j=1

l . l . l .
Py 2 hi 7 oNeEs ®]§1 hl-J gnetﬂ-)@];l hl oNeEL

Jj=1

l .
= hix! @ hlx/ @ hlx] + hix! @ Y hione, ;@ hix]
j=1
l ) ¥ 7 l
+2 hicﬂgnftﬂ' ® hix{ ® hixy + 4

. l y
hi:j onNeE; @ > hi(ij oneéy; @ h;X{
i=1 j =t

1
i _ l . l .
+h£<X{ ® hﬁ(x{ ® > hic_]f”?%ﬂ' + h;x{ ® hﬁijanetﬂ ® > hﬁijanetﬂ-
=1 =1 =1
! , 7 . 7 . 7 . 1 ,
+ > hﬁc_JU"?‘Etﬂ' ® hicX{ ® > hic_jo'net-i-j + > hic_jmlﬁtﬂ ® > hic_Jo'net-i-j ® > hic_jo-net-l-j
=1 =1 =1 =1 =1

And we therefore have

of ozl ozl Lol o blsxd o hlxd 4 il & S i LS
X[ @% 0%, =hx) @hex) @bhyx; +hixy ® Y hi/ond,,; ® hyx;
j=1
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l ) l . l .
+ > hﬁfjgn‘stﬂ‘ & h;X{ ® hﬁcx{ + > h;ﬂm?‘stﬂ' ® > hﬁcﬂm?‘stﬂ‘ ® hicX{
=1 =1 =1
1 ) l ) l .
+hi<X{ ® hﬁ(x{ ® > hifjanthj + hLXf ® > hﬁfjmﬁtﬂ ® > hifja"?‘sf,-s-j
j=1 j=1 j=1
l . l . l . l . l .
+ > hiiond,,; @ hix] ® 3 hiiond,,; + > hiiond,,; ® 3 hiions, ;© 3 hiTond,,
= iz iz i=1 i=1

This means that:
= f S f of f f f
Ey [xt-s-l QX Xy =X, X @ Xt+l}

~ Bl @] @ W + biox! © 32 WIond, @ ]
=
+éj1 hl-iond,,; ® hix] ® hix] + éjl hiiond,, ; ® éjl hi=ond,. ; @ hix/
+hix! @ hlx] ® Zl:l hiiond,, ; + hlx{ ® Zl:l hiioné, ; ® Zl:1 hl-iond,
Jj= j= j=
+ ji:l hﬁ:jonétﬂ ® hixtf ® ]i:l hﬁ:janétﬂ + jé:l hgcijm?étﬂ‘ ® Jil hgcijarl(stﬂ & Jil h;7j0n6t+j

, . , o _
—E[hix] ® hix! @ hlx{ +hix] @ 3> hione,.; @ hlx]
j=1
l . l . l .
+x hl-one,,; ® hix] ® hlx] + > hiJone, ; ® 3 hiione,, ; ® hix]
= j=1 j=1

1 ' ! . ! .
+hix] @ hix] ® 3 hi7one,,; +hix! @ 3> hl-ione, ;© 3 hiione,,;
j=1 j=1 j=1
! ‘ 1 ‘ 1 , 1 , 1 ,
+ > hicijo—netjtj ® h;X{ ® > hifjfﬂ?etﬂ- + > hi:jo—netJrj ® > hicfjgnetﬂ' ® > hiﬁ“?ﬁﬂ']
=1 j=1 j=1 j=1 j=1

= B0+ hix{ @ hilond,, | @ hix]

! ) ! )
+hl 'ond, ., ® hlx] @ hlx] + > hiJond,, ; ® > hiJond,,; ® hix]
j=1 j=1

1 , l ‘

+hix! @ hix{ ®hllond,,, +hix! ® Zl hiond,,; © 21 hliond,,
J= J=

l ) l ) l ) l . ! .

+ > hiiond,,; @ hix{ ® 3 hiiond,,; + > hiiond,,; ® 3 hions, ;© 3 hiTond,,
j=1 Jj=1 J=1 J=1 J=1

—E[+0+0
l

+0 +
J

. l .
hi7one,; ® - hiTome, ;@ hl x/
1 j=1

! _ ! _
+0 + hix] ® Zl hione,,; ® Zl hiTone,, ;
= =

! ' 1 . / . 1 . 1 .
+ > hﬁc_JU"?‘Etﬂ' ® hicX{ ® > hic_JO'Tlet-i-j + > hic_jo-net-l-j ® > hic_jo-net-l-j ® > hﬁc_jo-net-l-j]
i=1 i=1 i=1 i=1 i=1

using E; [€;+:] = 0 and cancelling the term hlx{ ® hl x/ @ hix/

= Ey[hlx] @ hi'ond, ., ® hix{ +hitond,,, ® hix! ® hix] + hix! ® hlx] ® hi 'ons,
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l ) l .
+ > hﬁfjgn‘stﬂ‘ ® > hicﬂ(”?‘stﬂ' ® h;X{
=1 =1

! , ! _
+hlx] ® hiond, ; ® > hiiond,,,
Jj=1 j=1
l . l .
+ > hidond,, ;® hix/ @ 3 hiioné,,;
j=1 j=1
l . l . l .
+ > hiiond,,; ® > hiJond,, ; ® > hiions,,,
j=1 j=1

Jj=1

! , ! ,
—E,[Y° hiione, ;® Y- hirione,,; ® hix]
=1 j=1

l . l .
+hix! @ Y hiione,,; ® Y- hiTone,,;
Jj=1 Jj=1
l ) l )
+ 3 hiTone, ; ® hix/ ® 3 hiJone,
j=1 j=1
!

. l . l .
+ 2:1 hﬁfjanetﬂ- ® 2:1 hﬁfjanetﬂ- ® Zl hifjanetﬂ-]
j= j= j=

= Ehix! @ hilonr @ hlx! + hitonr @ hix! @ hix/ + hix! @ hix{ @ h'lonv
! , I 4 I 4 l 4
+ > hic_JUn‘szH—j ® > hic_JUn(st-i-j ® h;xf - hﬁc_JUTIGtﬂ‘ ® > hﬁﬁdnéw ® hicX{
j=1 j=1 j=1 j=1
l . l .
Z hgcijo-net+j ® Zl h;7-70n€t+j
- i=

+hix! ® Y hiiond, ; ® S hiiond, ; — hix]
j j=1 j=1

Jj=1

l ] l ) l . l .

+ 21 hi/ond,, ; ® hix/ ® 3 hiJond,,; — '21 hi7one,; @ hix/ @ > hiTone,,
= = = =

Jj=1 Jj=1

I _ I _ I _ ! _ I _ I _
+ > hiTond, ; ® 3 hiTlond, ;@ 3 hiIond, ; — 3 hiTone, ; ® 3 hione, ;@ Y hiTone,;
j=1 j=1 j=1 j=1 j=1 j=1

We now evaluate the expressions on each of the four last lines:

l ) l ) l ) l .
-Zl hiiond,, ; ® Zl hl-ond,, ; ® hlx] — Zl hi-ione, . ; ® Zl hi-ione, . ; © hix] 1
Jj= Jj= Jj= Jj=

Alet

l ) l .
= Et[<h£<10775t+1 + > hgcj‘”?(st-;-j) ® <hi<1(7775t+1 + > hijan(?tﬂ) ® hlx]
=2

Jj=2
l ) l . ¥
hiTome, ;| @ [ hitone, + > hiTone, ;| ® hix]]

J

- <h£<1077€t+1 +
2 j=2

L
= Ebl tond, , ® <h£<10775t+1 + > h;jm’l‘stﬂ') ® h;x{
j=2
l . l .
+ > hﬁZJUmstﬂ- ® (hﬁc‘lon%ﬂ + > hﬁfjan&ﬂ) ® h;X{
j=2 i=2

l .
—hi_10n€t+1 ® (h;—lgne“l + Zz hi(—ﬂo'net_i_j) ® hf(xf
i=

! ; ! .
_ ZQhﬁ:JgneH_j ® <hﬁ(10"l€t+1 + .22 hﬁ(ﬂgnetﬂ-) ® hlx]]
Jj= i=
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l )
= Ey| <hﬁclan5t+1 & hﬁ:lmﬁt“ + hi:lanétﬂ ® > hﬁ(]onétﬂ) & hﬁcxic

j=2
1 . ! , ! 4 ;
+{ 2 hic_jo-’r]‘st—&-j @hltond, , + 2 hﬁc_]a"?‘stﬂ‘ ® > hic_JUndt-i-j ® hlx;
i=2 ; i=2

Jj=2

l )
- <h£<15”76t+1 ®@hilone,y +hiTtone,, ® 22 hiTone, ;| ® hl x]
=
1 ‘ 1 . ! . ;
- X hﬁ?“ﬂ?etﬂ- ®hltone, . + > h;7j0n6t+j ® > h;7j0n6t+j ® hlx]]
j=2 j=2 =2

= Et[(hﬁflané,ur1 ® hﬁ:lanétﬂ + 0) ® hﬁcxtf
1 ) l ) .
+{0+ > hidond,, ;@Y hﬁ(ﬂanétﬂ-) ® hlx/
Jj=2 j=2
- (hic_lo-'rlet-i-l ® hic_lanet-i-l + 0) ® hicxz{
- <0 + > hﬁZJUnetﬂ' ® > h;‘ﬂonetﬂ) ® h;x{]
j=2 j=2
= Et[hﬁflmﬁm ® hﬁflamsm ® hﬁcxf

+
—hltone,, , @bl tone,, , ® h;x{

~ Bihl Lony © b tony © hix! — B Lone,,, @ bl lone,,, © hix]]

- (hﬁ:l ® hﬁ:l) (onv @ onr) ® hicxic — E, [(hi:l ® hg:l) (0’1’]€t+1 ® JnetH) ® h;x{]
using (A ® B) (C® D) = AC ® BD if AC and BD are defined

= (b @ hl7!) (onv @ o) @ hix! — (bl @ hl7!) B, [(one,y, @ one,y,)] © hix]
= (b @ h ) (onqr @ onr) @ hix] — (bl @ b ') A @ hlx/

= (hﬁ:l ® hﬁ:l) ((omv @ onr) — A) ® h;x{

Note 41 = E;

l
j=

, ! , ! , ! ,
hi7ond, ;@ 3 hilond, ;@ hix/ — 3 hi7 one; @ Y hiTone,; hl x/
1 j=1 j=1 j=1

Therefore we immediately see from the structure of the terms that

! . ! ' ! ' ! '
Ay =hix{ @ 3 hioné,, ;© > hiiond,, ; — hix/ @ 3 hione,, ; © Y hiione,
j=1 j=1 j=1 j=1

= Ei [h;x{ ®@hitonv @ hiTlony — hi{x{ @ hilone, . @ hiTtone, ]

= E[hkx] ® (! @ hioY) (oqveony) — hix] @ (bl @ hiTY) (one,q ® oney )]

= hix! ® (b @ hl7!) ((onv @ omw) — A)
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For the third term: l l
Az = Z hiio Ny ® h! Xt ® Z h!~ 10775t+g > hﬁfjdnetﬂ' ® hicX{ ® > hic_janetﬂ‘
=1 j=1 =1
= Ehitonr @ hﬁcx){c @hlitony —hilone,  , ® hﬁ(x{ ®@hlitone, ]

=hilonr @ hix{ @ hilony — T (1)

The only element which is not directly computable is I' = E, {hi{lonet 1 ® hicx{c ® hi=tone, 11| which must be com-

puted element by element. Hence, consider

L) =E [h ]Un€t+1®{h (72,1) Xt X {hl ] ’Y1a-)‘7775t+1}%_1} 1]
Ny=

= L, {h;j (73,:) OnN€ 1 X {h (72,1) Xt X {hl Ty, )‘7"7€t+1}71_1}7 1}
= =1

o=

=E {hicj (Y3.) & Xhooi M (2 62) €1 (6, 1) % {hi (72, ) x] x {hﬁfj (Y1:1) 0 205 2 M (5 01) €1 (¢, 1)}:11} ) }

Yo=1 v3=1

- B, {h;j (737:) UZZZ:I ZZE:I 1 (:, ) €141 (Pg, 1) X {h; (v,1) X{ X {hi:j (Y1, om (5, 01) €41 (1, )}7 71}711 } «

Yo=1 v5=1

_ {h;j (vs.) Uzg;ln(;v%) > {hﬁ( (g, 1) xI x {hid (vy,)on (:,61)} 1_1}% }"’”_1

Yo=1
because the innovations are indepdendent. This expression is directly implementable.

A4:Et

l . l . l .
'21 hiioné,, ; '21 hioné,, ; ® '21 hioné,, ; — Z hione,, ; ® Z hiJone,, ; ® Z h!- anetﬂ]

! )
- Et[< tond, | + Z hl~ andtﬂ) ( Ilond, , + Z h!- 0n5t+]> (hﬁ(lanétﬂ + Z hﬁ(ﬂandtﬂ)

- <h£c ON€y + Zzh Unetﬂ) ® <hx ON€ 4y + Z:zh UTIQﬂ) ® (hx ON€y + ZQh Unetﬂ)]
J J J

l .
= E;[h!~ tond,,, ® <h; Yond,, , + 2 h;_jan6t+j> (h tond, , + E h!~ ‘7775t+g>
L
+ > hﬁ:Joné,H_j (hﬁ( 1‘7775t+1 + Z hl- Jn5t+]> (h tond, ., + Z hl- O’?](St+j>
=2

—hllone,  ® (hx oNEL L + Z hl~ Tome,, ; hl~tone, ., + Z hl~ anetﬂ>

l . .
- Z)th‘]anetﬂ' ® <hx oneE 1 + Z hl- ‘777€t+]> ® <h£<_10-776t+1 + ghi"0n6t+j>]
j= j=

= Et[<hi<10775t+1 ® hicilan‘swl + hﬁcil 0,41 ® Z h 0175t+J> ® <h£<1 Oppq + Z h 0n6t+j>
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+

<.
1]~
N

! ‘ ! ‘
hiio ®h 0ppq + Z hﬁﬂan&fﬂ- ® ZthJJMtH) ® <h£c ond, 1 + ZQh 0n5t+g>
J=2 = j

Jj=2 Jj=2

l .
<h£c one, . @ hiTtone, .y +hiTtone, @ E hy” 077€t+7> ® (hic_lo-’r]et—&-l + > hic_]a"?€t+j>

l
22 Gn€t+J @ hilone, q + Z hi Unef+] ® Z hi JU"'lefﬂ) ® <hx ON€y + Z hi ‘77761‘4-3)}
j=

l .
= Et[ <h£<_10'7’]6t+1 ® hi(_lo"r](st+1 + hgc_la-ndl%i»l ® Z hic_JO"I’](st+j> ® hﬁ(_lo"r'(st+1
j=2
! _ l
+ | b tond, @ hiTlond, +hiTlond, © XZth‘Jantstﬂ) 2:2 014 j
j= j
! ‘ l ‘ l
+| X hiTond,; @hictond, .y + Y hicTond,, ;@ 3 hiilond,,; | ©h 0111
j=2 j=2 j=2
l ! ‘ l l
+ h!- ond, . ; ® hi7lond, ., + 3 hﬁ:ﬂanétﬂ ® Y hlion 0 | ® >0 h!~ 7an6tﬂ
j=2 j=2 j=2 j=2

-1
X

one 1 ® hitone,y +hiTtone ® E hy” U77£t+g> ®hitone,

— | bl tome, @ hiTlone, +hiTlone,  © Z hijanetﬂ) Z hi T one,

|
/\/_\/—\/U'\/_\/—\/\
I~

<
]

l

22 hl- J0n6t+] ® h 0n€t+1 + Z h;‘janetﬂ» ® 22 hﬁijanem
i= i=2 i=

l

® > hiione,, ]

hi{*janetﬂ» ® hl-1 oNe€sq + Z h!- J'r]etﬂ ® Z hl~ UWQﬂ) ® hi{*lanewl

|
=

[(hitond, , @ hitond, , +0) @ hllond,

l ) l )
Tlond, © Y hicijo-n(stJrj ® > hicjan(st+j>
j=2 j=2

+
o
+
=

I

l . l .
0+ > hilond, ; ® 3 hiiond, ; hi‘10n5t+1>
j=2 i=2

+
o~

+
N N N

<

I~

[ V)

. l . l . l . l .
hi7ond, ; @ hiTlond, . ® Y- hiTond, ;+ 3 hidond,; © 3 hiTond,; © 3 hi(_jgn(st-i-j)
j=2 j=2 j=2 j=2

“lone, , @ hiTtone, , @ bl tone, | +0)

[
SoF
+AT
=]

(e

+

(e
=

l . l . l .
- <0 + > hfc_jUnﬁtJrj ® > hﬁc_]Unftﬂ‘ ® > hﬁc_]U’Uetﬂ‘)]
=2 =2 =2

= Ey[hl tond, ® hilond, ., @ hitond,

! .
+hi -t ond 1 ® Zthﬂf”?‘st-s-j ® .22}15:]0775:&“
J= J=

I _ I _
+ > hidond,, ; ® > hiiond, ;@ hitond,,
j=2 i=2
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l ) l .
<Z hiTond,, ;@ hiTtond, | © > hiTond,,; +0

j=2 j=2
(hi'one, 1 @ hitone, @ b tone, )

+(0)]

+E; |hl7lonr ®
+E;

l .
+E; | Y. hiiond, @bl tonry ®
=2

hi 'onv @ bl 'onr @ hi-tonv
I
x j—

j=2

J J

—E, [h;‘laneHl ® hﬁflanem ® hﬁflanem]

How consider the following terms:

. l .
hi:ﬂa'r,(it_i_j ® ZQ hi:ﬂantst_i_j
j=
l . l .
.22 hi{—]othJrj ® 22 hic_-7an5t+j ®@hl-ton
J= J=

!
L
. h,7oné, ;

v

l ) l )
Ay = E; (W loqr e Y hic_Jo'nétJrj ® >, hic_]m?‘stﬂ‘
Z =

Jj=2

l .
Ey [ oy @ h;_20n6t+2 ® > hic_]‘”?etﬂ‘

j=1
! ,
+hiTtony @ hiTPone, 3 © 3 hiiTone,,
j=1
+... l
+hiTlonr ®@ ome,y, © 3 hg:janetﬂ_]
j=1

Ei[hionr @ hi-?one, ., @ bl 2ome, .,
+hiTlony @ bl Pone, 3 @ bl Pone,
+...

+hilony @ one,,; @ hiTlone, ]

because the innovations are independent across time

! _ ,
= 22 hi'onr @ (b’ @ hi7) B [(one, © one )]
=

l . .
22 E; [hﬁ:lany ® hﬁ:JaneH_j ®@hl onetﬂ-]
j=

l
> hilonv @ By [(hi7 @ hi7) (one,,; @ one, ;)]
j:2

)

because the innovations are identical distributed across time

l
> hiclonr @ (b7 @ hl7) A
j=2

We therefore immediately have for the second term:

l , l .
Ao =E, | Y hiiond, ;© Y hidond, ; @hltonv| =
=2 i=2
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For the third term (when using the results from above)

Ay3=FEy Zh ~Jomd,, ; © hl 10"!71/®Zh Tond,,

Jj=2 Jj=2

l . .
22 By [ one,,; @ hi oy @ hiTTone, )]
=

!
where Q = By (b Tone,, @ bl tonr @ hlone, ]. So

Q, =F, {h Slone,, ® {h Y (yq, ) omr x {hid fyl,.)o-netﬂ}V _1} 1]
-

= L, {h;j (’YS, ) OnN€ 1 X {h (v2,1) omu X {hl (71,: )Unem}%_l} }

v2=1

v3=1
hi (v, 022221 1 (:, 02) €141 (P2, 1) -
= E —7 Ne e -
t {hl Y (vyy,:) omu x {hic T(r151) 0 2= M (5 d1) €11 (¢1’1)} 1}
M=) =1 ya=1

E B (15.) 0 Do D () een (61 "

i T {hﬁfl (v, ) o x {7 (7y,2) om (1, 1) €ev1 (¢4, 1)}::1}
1 v2=1 v3=1

_ {hiij (3. 0 i 6o00) (! () omw > {0 () om o) }

Yo=1
because the innovations are indepdendent. This expression is directly implementable.

For the fourth term must be computed element by element
Aga =By [bone, @ bl tone, @ bl Tone, ]

=F, {hl lgn€t+l ® {h (72, ) ON€Es 1 X {h (V1:%) Un€t+1}»h_1} ”_J
o=

:Et

Mg
{hﬁ:l (vs.) o€ x {hﬁ:l (Y2,:) ome gy x {hi 71")0n6t+1}71—1} —1}
-

= Ey[{h}? (73,:) JZ$§:1 1 (:, ¢3) €41 (P3,1) ¥

Ng

v5=1

|

(B (1390 X501 2 6) € (0, 1) x (B (1) 0 5y md) e (00D} Ve

— BB (15.) 0 X0 0 () €1 (61, 1) x

{hicil (v2,) om (3, 01) €41 (91, 1) ¥ {htl (v1,:) on (5, 01) €s41 (01, 1)}7 _1}n;_1}n3_1]

= {o®hl " (73,) 22:21 N (01) Br (€841 (01, D] ¥ {hi! (72, ) (5 01) x {hic (v1,5) m (;, ¢1)}71:1 Y Sy

175



Thus, we finally have:
=f =f =f f f f
Ey [XtH QX Xy =X, X @ Xt+l}

= hlx/ ® hl'onv @ hlx]
—|—h£(_10771/ ® h;x{ ® hﬁcxtf
+hix/ @ hix! @ hi-tony
)+ (bt @bl (oqy @ omy) — A) @ hlx]
A3)  +hixd @ (W @ b ((onw @ onw) — A)
) +hi lonr @ hix! @ hi-lony — T (1)
) +hilony @ hi-lony @ hi-tonv

!
Agq) + Y hittonr @ (b7 @ hl7) A
j=2

l . .
Ayg) +2 A (bl @ hl7) @ hi tonr

Jj=2
l
Ay 3) + > Q;
j=2

Asa) B[ one @b one, @ hiTtone, ]

11.3.2 For (x{ ®x§)
Recall from above that

X{—H ®X{, = (hxxic + O'T}Et+1) ® (hxxf + %Hxx (x{ ® x{) + %haa(ﬂ)

= (hyx ® hy) (x{ ® Xf) + (hx ® %Hxx) (X{ ® x{ ® X{) + (hx ® %hUJGQ) x{

+ (on ® hy) (6141 @ x7) + (U"l ® %Hxx) (€t+1 & X{ & X,{) + (017 ® %hm702) €141

Therefore:
xlyo @70 = (hy ® hy) (X{H ® Xf+1) + (hx ® 5 Hxx) (th+1 ®x{,;, ® X{H) + (hyx ® Ihyp0?) x/,
+ (on ® hy) (€t+2 ® Xf+1) + (077 ® %Hxx) (€t+2 ® X{Jrl ® X{Jrl) + (Jn ® %hggo2) €110

= (hy ® hy) [(hx ® hy) (x{ ® xf) + (hy ® 1Hyy) (x{ ®xf ® x{) + (hy ® Lhy,0?) x{
+ (01 ® hy) (€141 @ %}) + (on @ 1 Hxx) (€t+1 ®xi ® x{) + (on ® thye0?) €141]

+ (e ® $H0) (xl @ xfy @x ) + (e ® $hooo?) xf,,

+ (0N @ hy) (€42 @ x11) + (01 © 5Hxx) (6t+2 ®x),® Xl{-i-l) + (o1 ® $hoeo?) €142

= (e ©h)? (x] @x7) + (e @ ) (e ® 3 ) (xf @3] @ x] ) + (B @ ) (B © Shgo0?) X
+ (hx ® hy) (01 @ hy) (€141 @ x7) + (hx ® hy) (07 @ FHxx) (€t+1 ®x] ®x] ) + (he @ hy) (01 ® $h,po?) €141
+ (hx ® 5Hxx) (th+1 oxl, ® X{+1) + (hy ® thoeo?) x],

+ (0n ® hy) (€142 ® x5 1) + (o0 ® 1 Hxx) (et+2 ®x),® fo) + (on ® $hye0?) €142

and
x{13 © 315 = (hx @ hy) (X{+2 ® Xf+2) + (hx @ 3Hix) (X{+2 O x5 ® X{+2) + (hy ® Lhoeo?) x],,
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+ (on ® hy) (€143 © X7 15) + (o0 ® Hxx) (€t+3 ®x,® xf“) + (00 ® 1hyeo?) €14y
= (e @ 1) (e © B)” (xf @) + (e @ ) (B ® S H) (%] 9 %] @] ) + (e @ ) (1 ® Jhoo0?) ]
+ (hx ® hy) (o0 @ hy) (€141 ® x7)+(hyx ® hy) (o0 ® $Hxx) (6t+1 ®x{ ® x{)—i—(hx ® hy) (o7 ® $hoeo?) €41
+ (hy @ LHyy) (x{+1 oxf,,® Xf+1) + (hy @ Thyeo?) x/,
+(on @ hy) (€142 @ xj1) + (o0 © 3Hxx) (6t+2 ® X{+1 ® X,{_H) + (01 ® $hoe0?) €140
+ (hx ® 5Hxx) (X{+2 ®x]1,® X{+2) + (he ® 3hop0?) x/

(0 @ b) (€043 @ X10) + (01 ® Hia) (€43 @ XLy @ x[10) + (0 @ $ho00?) erss

= (hx ® hy)’ (Xf ® X§) + (hyx ® hy)? (hy ® 1 H,) (x{ oxf ® x{) + (hy ® hy)? (hy ® Lhyp0?) x]

+ (hyx ® hy)® (00 @ hy) (€11 ® X5) + (hy @ hy)? (01 ® 3 Hoex) (€t+1 ®x{® th) + (hx @ hy)? (01 @ Jhypo?) €41
+ (hx ® hy) (hx ® 5Hxx) (th+1 ® Xf+1 ® X{+1) + (hy ® hy) (hx ® 3ho00?) X7,

+ (hx ® hx) (00 @ hy) (€42 ® x711) +(hx @ hy) (01 @ ;Hxx) (em ®x] ., ® xf+1)+(hx ® hy) (01 @ $hyp02) €140

+ (hx ® Hyx) (X{+2 ®x{® X{+2) + (hx ® 3hooo?) X,
+ (Un ® hx) (€t+3 ® X§+2) + (077 & %Hxx) (€t+3 & xtf+2 ® X{+2) + (0'77 [029] %ha‘a’JQ) €113

2 .
= (hx ® hy)? (X{ ® xf) + '2) (hy ® hy)?™ (hx ® 1 H,x) (X{_,’_i ® x{_ﬂ, ® X{-&-i)
2 2—1 - f
+ 2 (e @hy)™ " (hx ® 3hoe0”) X/
+ 3 (hy ® hy)* ™" (0 ® $hoo0?) €414
+ 3 (hy @ 1) (01 @ hie) (€r4144 © X )

+ 3 (he @ hy)® ™ (01 ©® $Hix) (€t+1+i ®@x],, ®x] +Z.)

And in general

-1 ,
Xz{+l ©Oxiy = (hx® h.o) (X{ © Xf) + 20 (he ® 1) ™' (hy ® $H) (X{+i ® Xz{ﬂ' ® X{+i>
et I—1—i 1 o _f
+ 3 (hy ® hy) (hx ® thyp0?) x/,;
i=0
-1 .
+ 3 (hx @ h)' ™7 (00 @ Fhoeo?) €ry1pi
i=0
-1 }
+> (hxy® hx)lflﬂ (on @ hy) (€414 @ X5,;)
i=0

-1 .
+ 3 (he®@hy)' " (o ® 3Hxx) (€t+1+i ®x/,,® X{+i>
i=0

for 1 =0,1,2,3.... Note for | =0 we have x{ ®Xx; = (x{ ® xf) as desired.

We therefore have
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-1
S s Lz ss I—1—i ~ ~ ~
1=
e 1—1—i 1 o\ ~f
+ > (hx @ hy) (hx ® thyeo?) X/,
i=0
-1 .
+ > (hx ® hx)l_l_Z (o ® 3hoeo?) 611144
i=0
-1 ,
+ 3 (hx @ hy)' T (on @ hy) (Sr 1110 @K,
i=0
=l I—1—i 1 ~f ~f
+ > (hx ® hy) (077 ® §Hxx) (5t+1+i X @ Xt+i)
i=0
Thus

~f -5 ¥ ,
Ey {Xt+l QXjy — X @ X§+z}

L (=f - - =1 I—1—i 1 ~f < f <f
= Blhe @) (K 2%1) + X (he @ hy)' ™ (he @ 3H,) (%], 0%, 0%,
i=0

|
—

+ 3 (hye @ hy) ™ (hy @ $hye0?) ]y,
=0
-1 .
+ ¥ (h @h)' 77 (07 ® $hooo?) Spp1 s
=0
-1 .
+ 3 (hx ® hy) ™ (00 @ hy) (Grr14s ® X5,
=0
I I—1—i 1 < f </
+ > (hx ® hy) (o0 ® 3Hux) (Fet14i @ X[y @ Xy
=0

-1 .
~{beoh)! (x] @xt) + Y (he @)™ (e @ i) (xls oxf oxl,)
= 1-1—3 1 2\ of
+ 3 (hy @ hy) (hx ® th,p0?) X/,
=0
-1 .
+ Z (hx ® hx)l_l_l (0"77 X %hO'O'UQ) €tr1+4i
=0
-1 .
+ z:o (hx ® hx)lilil (077 ® hx) (Et+1+i %) Xf—‘,—z)
i=

-1 .

+ 3 (hx ®hy)' 77 (0 © 1Hy) (€t+1+i ® X{y; ® X{ﬂ‘)}
=0

]

-1 .
= Et[;] (hye ® hy)' 7" (hy ® $Hyx) (itf+z oxl, 0%, —xl,0x];® X{H)
S -1 ih o) (2f o
+ 2 (hx @ hy) (hx ® 5hoqo?) (Xt—i-i - Xt+i)
i=0
-1 ,
+ > (hx® hx)lflﬂ (0N ® 3hee0?) (8eq14i — €14144)
i=0
-1 .
+ 3 (he @ hy)' T (00 @ hy) (Sug141 ® K5y — €114 DX
i=0
S 11— 1 & ol I ooyl
- Z0 (hx ® bi) (om © 3Hxx) (6t+1+i QXpp; OXpyy — €r414i O Xy ® Xt+i>]
=

because the shock hits in period ¢ 4 1, meaing that x{ = itf and similar for X}
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I
=
T

(hx ® hy) ™" (hx © jHix) (i{-&-i oxl, 0%, -xl, ,ox],® X{-i-i)

:
— ﬁ
7o

) (e Yhoo?) (5L, )

x)l ! (Un & hO'O'U )6t+1
' o @ hx) (0141 @ X} — €141 ® X})

IR
¥ &
=

(hx @ hy) ™7 (00 @ hy) (814141 ® K5y — €r14s DX,

+ 4+ ++ +
iy

=
&
=

X)lil (077 & %Hxx) (6t+1 X i{ (24 5-({ — 6t+1 (2] X{ & X{)

X

+
|

[—1—1 ~ ~
(hx ® hx) (0’7] & %Hxx) (6t+1+1’ ® X1{+i & XZ—H — €41+ (39 th+’i ® X1{+i>]

.
Il
_

~
I
-

(hye ® hy)' ™' (hx ® 3Hxx) (i{ﬂ ® i{+i & i{ﬂ' - Xz{ﬂ‘ ® X{+i ® X{ﬂ)

s
Ll
=)

—~

By ©hy)' " (B & Lhooo?) (5&{+L - xfﬂ-)

s
I
o

=
%
K &

x)ii1 (UT] ® %hogaz) 6t+1
1 -
x)  (n @ hy) (6141 @ X} —0)

(hy ® hy)' ™' 7" (o @ hy) (0 — 0)

.TAA*
MLF
=2~2

+ o+ ++ 4
Il

~ o~

h ®h ) (0'77® %Hxx) (6t+1 ®i{®i1{ _0>

|
—

(hx ® hy)' ™' (om ® LH,) (0 - 0)

+
N

i=2
because x7, ; is a function of x/ +; which is a function of €;1;. The zero-mean iid innovations therefore implies
that7 Et [(€t+1+2‘ (9 X§+i):| =0 and Et [(€t+1+i X if—&-z)] =0

The same argument implies that F; || €414 ® X{—H ® X{—&-i ] =0

and F [(€t+1+i X i{-H X f{{_,”)] =0

-1 ‘

= (hyx ® hx)lilﬂ (hx ® %HXX) (i{—&-z ® itf+z‘ ® i{+i - X{-H' ® X{-s-i ® x{+i)
i=0
-1

+ 3 (he®@hy)' 1" (hx ® 5hoo0?) (i{ﬂ - X{ﬂ‘)
=0

+ (hy ®hx)l ! (crn® lh,,0?) v

+ (hy ®h) Y(on @ hy) (v @ xF)

+(hy © hy)' ™ (o ® 1H,y) (y ox] ® x{)

the shock hitting in period t + 1 = if = xf and X} = xj

~
I

1

I—1—i - - -~
(hx ® hy) (hx ® %HXX) (X{ﬂ‘ ® X1{+i & X:{Jrz' - X{H ® X{H ® th+i)

s
Nl
= o

]

(By © B)' ™ (B & Lhgoo?) (i{ﬂ - x{H)

<.

FrFEL
® Q¥ &

) (o @ Ihyeo?) (v@1)
W' (en @ hy) (v @ x})

h
h
by 1(07’]@%Hxx) (y@x{@x,{)

++ + o+
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~
|
-

(hx @ hy) ™" (hx © 3Hox) (i{ﬂ ol 0%, —x/,,ex],® X{ﬂ)

s
Ll
=o

@) (b @ Shooo?) (XL —x]y,)
x)l_l (UT,V & %haaaz)

X)l_l (omv @ hyxj)

x)l—l (0'7]1/ ® %Hxx (X{ ® X{))

]
=
%

+ + + +
=5 =1
X HK X <
® X K
(=l = -

~
|
—_

(hx ® hX)l_l_i (hx ® Hxx) (i{-&-z ® i{-m' ® ’E{-i-i - X{—H ® X{-H‘ ® X{-H')

s
[l
=o

(e © b)) 1 (b ® Fhooo?) (%], — ],

]

+ o+
<I:\j

h, ® hx)l_1 (a'm/ ® %hwa2 +onr @ hexi + onr ® %Hxx (xf ® x{))

-1 .

= (he ® hy)' ™' 7" (hyx @ $Hyx) (i{-&-z %l 0%, —xl,ox], X{+i)
-1 ,

3 (@07 (B 3hogo?) (5 - x,)

+(he® hx)l_l (gny ® (hxxf + 1 Hx (x{ ® Xf) + %hwoﬂ))

as the shock hittings in period ¢ + 1

To derive a recursive version for this sum, we let
=l I—1—i 1 < f = f =f f f f
X =) (hx ® hy) (hx ® inx) (XtJri QX DXy — Xy DX & XtJri)

i=1
=l I—1—i 1 2\ (=f f
+ > (hyx ® hy) (hx ® $h,e0?) (Xt—i-i - Xt+i>
i=1

+(he hx)lfl (077,/ ® (hxxf + 2 Hyx (x{ ® x{) + %h0002)>
S0
X1 =onr® (hxxf + $Hy (x{ ® xf) + %hwaQ)

1 .
Xy =3 (hx ® hy)' " (hy ® 1 Hx) (i{-&-z %l 0%, —xl,ox, X{+z‘)
=1

1 .
2 (e @1y (b © Fhgo0”) (%1, — L)
1=

(hy ® hy) (ony ® (hxxf + %Hxx (x{ ® th) + %hwg?>)

+ o+

(hx ® %HXX) (i{+1 ® i{—&-l ® i{+1 - X:{-H ® X{+1 ® Xg+1)
+ (hx ® 5hoo0?) (i{H - X{H)
+ (hyx ® hy) (0171/ ® (hxxf + %Hxx (X{ ® x{) + %hwg?>)

= (hx ® hy) X1 + (hx ® 1 Hyx) (i{+1 ® i{+1 ® iz];rl - th+1 @ X{H ® X{+1)
+ (hx & %hUUO-Q) (i{-‘,—l - XI]:—i-l)
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M

X3= (hx ®@hy)* " (hy ® 1H) (i{+z oxl, 0%, —x/,,ex],® th+i)

K2

+ 3 (he @ ) (b ® dhoo0?) (&, — 1,
_l’_

i=1

(hy ® hx)2 (gny ® (hxxf + %Hxx (x{ ® x{) + %h0002)>

= (hx ® hy) (hx ® $Hxx) (ifﬂ ® i7{+1 ® ifﬂ - X{+1 ® X{Jrl ® Xi{Jrl)
+ (hy ® 3Hy) (i{+2 ® i{+2 ® i{+2 - X{+2 ® xf+2 ® th+2)

+ (hx ® hy) (hx ® Fhyeo?) (i{“ - X{+1)

+ (hx ® %haagz) (i{+2 - X{+2>

+ (hy ® hy)? (anl/ ® (hxxf + 1H, (x{ ® x{) + %h0002)>

= (hx ®hy) X2 + (hx ® %HXX) (i{+2 ® i{+2 ® i{+2 - x{+2 ® X{+2 ® th+2)
+ (hx ® 3hyo0?) (i{w - thJrQ)
Hence, in general
. . . f f
Xi = (hx @ hy) X1 + (hx ® 5Hxx) (X{Hcﬂ ® X{+kf1 ® Xerkfl - X{Jrkﬂ X1 ® Xt+k71)

= f
+ (hx ® %haaaz) (X{+k71 - Xt+k71)

11.3.3 Summarizing
At third order, the total effect on the state variables is:
By [Re1 = Xe] = B [ifﬂ - X{H} + L [ifﬂ - Xf+l] + Bt [iﬁl—l - X;‘il}
For the control variables:
yid, = gx (x{H +xg,, + x;“il) + 3Gxx <(x{+l ® x{+l) +2 (x{_H ® xf+l))
+5 Gixoxx (x{+l ® X{+z ® X{-&-l + 38000% + %gwaQX{H + 580000
it =g (Rl + R+ 7)) + 3G (R 0 %) +2 (R 0 %1) )
+%Gxxx (i{+l ® i:{+l ® i{-s-l) + %g(MJQ + %gaﬁxa2i{+l + ég(maa?’
So:
By [S’Ziz - y:il]
= 8x (Et [ifﬂ - X{H} + By [ifﬂ = X}] + B [iﬁz - Xﬁil])
+5 G (Et {i{H Oxl, —x{,® thH} +2E; [i{H © % - x[, ® XfﬂD

+%GxxxEt [itfﬂ ® i{ﬂ ® 5({“ - X{H ® X{Jrl ® X{Jrl] + %g00x02Et [igﬂ - X{H]
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12 Impulse response functions - GIRF version 2

In our derivations of the GIRF’s above, we condition on the entire vector v even though only one or two elements in v may
differ from zero. This interpretation of the definition of GIRF’s has some unfortunate properties - for instance, following
a disturbance to shock ¢ we may actually see changes in shock j if shock j follows a non-linear law of motion! To avoid
this odd behaviour we will now adopt another interpretation of the definition of a GIRF where we only condition on the
one-zero shocks hitting the economy.

Hence, this section derives closed-form solutions for the generalized impulse response function in non-linear DSGE

models defined as
GIRFvar (l, Vi, Wt) = Et [vart+l|1/i] — Et [varH_l]

for a disturbance to innovation i. To reduce the notational burden in the derivations below, we adopt the parsimonious
notation
IRFvar (l, Vi, Wt) = Et [\75}154,[] — Et [Vart+l]

in relation to the conditional expectation operators. The formulas we derive below also apply if we want to explore the
joint effects of more than one shock - for instance simultaneous shocking disturbances ¢ and j, i.e. GIRFyar (I, v, v, W) =
E, [var,|v;,vj] — E; [var,y].

12.1 The model for the conditional information

This subsection explains how we will compute conditional expectations by conditioning on v; - and possible more distur-
bances. Let S be n, x n. diagonal selection matrix with either 1 or zeros on the diagonal, and let the shock sizes appear
in the vector v of dimension n, x 1. For shocks which are not hit by a disturbance, we simply put them to zero.

As an example, consider an economy with three shocks and we want to condition our expectations on the first shock.
Hence, we need the vector

141
€2 141
€3,t+1
We can form this vector by letting
1 0 0
S=]10 0 0
0 0O
and
V1
v=| 0
0
Then we have
[1 0 0 21 0 0 O €1,¢41
Sv + (I — S) €41 = 0 0 O 0 + 01 0 €2,t+1
10 0 0 0 0 0 1 €3,t41
o
= €2.t4+1
L €3,t+1

Similarly, if we want to condition on the first two shocks, then we let

S =

o O =
O = O
o OO
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and

Vi
UV = Vo
0
meaning that
V1
Sv + (I — S) €41 = Vo
€3,t+1

12.2 At first order

Recall that we have:

xl, ) =hx! +ome,y

and
Xz]sc+2 = hxth-H +OoNeEL o
= hy (hxx{ + 0’7]6t+1) +one o
= hixf +hxone, . +one
and
Xty = hoxl y +ome, s
= hy (h2 +hyone,, + 077£t+2) +oMe€s
= h3x{ + h2ome, | + heone, o +one, s

3 .
—h3x] + Zl hi Jone,
=

In general

l .
X{-H = h;x{ + 2:1 hﬁfjanftﬂ-
J=

With a shock of u in period t 4+ 1, we have
X = = b Xt + Z hl~ ]0n6t+g

where we deﬁne 6t such that
5 v+ (I—S)ey; forj=1
b €t for j #1
Agents know the size of the shock v at time ¢+ 1, and it is therefore in agents’ information set. I.e. v is non-stochastic.
So
Ey {X{H - th+z} =

L
Ey Zlhicij O1j— Zh Unetﬂ]
Jj=

= Et [hl 1 (V + (I - S) 6t+1):|
=hltonv

and ;
of f
Ey [ytH - yt+l} = gxEy [ Xip1 — t+l}
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12.3 At second order

We need to consider:
Xf_t,_l = hxxf + %Hxx (X{ ® X{) + %hon—()’2

X§ o = hyxi | + %Hxx (X{+1 ® XZ_H) + %hgga2
=h, (hxxf + %Hxx (x{ ® x{) + %hgaa2> 4 %Hxx (x{_H ® XZ—H) + %hgaaz
= h2x{ + hy s Hyx (x{ ® xf) +hyih,,0? + 1 Hux (x[_H ® X{+1) + ih,,0?

X5 = huX s + 5Hi (X{+2 ® Xz{+2) + 3hoo0?
= hy (hixf + hx%Hxx (x{ ® xf) + hx%h(ma2 + %Hxx (X{+1 ® X{_H) + %h000'2)
e (0 5) + s
= hix} + h21H,, (x{ ® x{) +h21h,,0? + hy LH,y (x{+1 ® x[H) +hylh,,0?
+1H,, (x{+2 ® x{+2> +1h,,0
=h3x; + h21H, (xt ® xt> + hy i Hyx (Xt+1 ® x{H) + 1 Hx (x{+2 ® x{+2>
+h,2(%hm702 + hx§hmo + %hmcr

2 ) 2 ]
=hixj + ZO hi—J%Hxx (X{H ® xtfﬂ.) + (ZO hi—y> %h0002
J= Jj=

and in general

x},, = hix; + Zohl =i (x{+]®xt+J> (Z hi1- J> 1h,y0°
Jj=

forl=1,2,3,...
Thus, to compute E; [X{,, —x{,,], we need to find E; [ X ® xtH xfﬂ ® xfﬂ}. Hence, consider:

XZ_H ®X{+l = (hl + Z hl- JoneH_]) (hl + Z hl~ Jonet+]>

=1
=h! f h! f h! f hi-J )
Xt @ hyx; +hox; ®Zl x " OM€
J

!
+ > hidone, ® hlx! + Z hlJone,, ; ® Z hlJone,
j=1

and l
%/, %!, =hlix] @ hlx] + hix] ® Zl hiZiond,
j=
l ) l , l ,
+ > hic_JO'n(st—&-j ® hﬁ(x{ + > hic_Jo'n(st-&-j ® > hfc_JU"?(St-H‘
i=1 j=1 j=1
where we define d; such that:

P v+ (I—-S)ey; forj=1
s €t for j #1

This means that:
o f s f f f
By 1%, @ X — X ©Xy
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l .
= Eihlx] @ hixf + hix! © 3° hions,
j=1
l ) ! . ! :
+ > hiTond,; ® hix] + 3 hiond, ;@ 3 hiilond,,
j=1

j=1 j=1

l .
—hﬁ(xtf ® hﬁ(x{ - h;x{ ® 21 hifjanetﬂ
J

l .
- Zl hic_JU"Uet-s-j ® hicX{ Z hl JUWGH-J ® Z h U7I€t+g]
j:

=
_ 1 f 1 f 1 -1
= E[hix] ® hixj +hix] @ hi" 'ond,
Lo Lo
+hilond,., @ hlx! + Zl hi-iond,, ; ® Zl hl-iond,
Jj= 1=

—hlx] ®hl xt
-0-— Z hiJone,, ; ® Z hiJone, ;]
Jj=1

using E; [€,4;] = 0

= E,[hix{ @ hi-lo 5t+1 +hilond, , ® hix]

l .
+ Z hic_'] t+7 Z hl J0n6t+7

- Z hlone,, ; @ Z hl one,, ;]

cancelhng hﬁcxt ® hﬁ(xt

= Ey[hlx! @ hl ton (v + (I - 8) ef+1) +hlton (v + (I-8) €41) ® hlix]

+ <h£:1an (v +(I-S)er) + 3 bl anet+]> ® (hﬁ:lan (v +(I-S)er) + 3 bl onefﬂ>

Jj=2 Jj=2

! ,
<hl one ;i + Z h!- JnetJr]) ® <h§<1077€t+j + Z:ghﬁc]anetﬂ-)]
Jj=

= Ehlx! @ h-lony + hilony @ hl x!

l .
+ (hitonr + hiton(I—S)€e41) @ (i lon (v + (I-S) 1) + X hﬁjjaneHj)
i=2

! .
+X ht]m?etﬂ' ® <h£c1‘7"7’/ +hiton (I-8) €41 + Z hi 0n6t+]>
j=2 j=2

— (hitone, ;) ® (hx ON€yy1 + Z hi Tone,, ;

l . ~
- hic_JUnet—&-j ® (hic_lanet—i-l + Z hic_Jo'net+j>]
i=2

j=2
= E,[hkx{ @ hilony + hilony @ hlx!

! )
+hilongr @ (hl ton (v + (I—8) €1) + 2 hic]f”?ftﬂ')
j=2
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+hlton(I-S) €41 ® <hi<1077 v+ (I-S)e1) + Z by Jnﬁtﬂ)

Jj=2

l .
+ > hiTone, ;@ (hitonv +hilon (I-S)e)
j=2

!
+ > hiione, ; ® Z hl one,
j=2

h- 0776t+1)®h oNE
-
X

hilone, ) ® Z hlJone,

J
- Z hi~ Un€t+] @ hl- U’7£t+1

- z b e, ; @ z b one, ]

= E,[hix{ @ hilony + hilony @ hlx!
+hltonr @ Wi lony + 0
+hiton(I—S) €41 @ (hiclon(I—S)€41) +0
+0
+ Z hione,, ; @ Z hl one,
Jj=2
(0 omer ) @ Htomer,
-0
—0

- 33 bdome @ 3 Wodne,
ubmg E;le+j] =0 and €14, are uncorrelated across time
= Eyhlx! @ hilony + hilony @ hix{ + hitony @ hilony

+hl710"l’] (I — S) €141 X (hi:la'r[ (I — S) €t+1)
(hl 1077€t+1) ®h tone, ]
canceling terms Z hione, ; ® E h! Jone, .
j=2

b [ @b tony +hi oy @ hix! + b lomr @ hl o
bl L@ bl ) (on (I1—S) €1y @ om (1 S) €141)
e hl ') (omep1 ® omeyy)]

+

E
= Ehlx! @ bl lony + hilonr @ hix! + hilony @ il
+ (h ' @hl 1) (077 (I-S)er1 @on(I—8) €1 —one © U"let+1)]

= hﬁcxiC @ hl-lonv + hi-tonr ® hﬁcxf +hi-tony @ hitony

+ (hic_1 ® hﬁ:l) (Et [n(XI—S)err1 @on(I—S)€rr1] — Er [Unet_H ® Un6t+1])
Hence, we only need to compute Ey [on (I —S) €41 ® on (I — S) €41] and E; [one, | ® one,,;|. We know
By [om€,11 ® onen] = B (01 0 0m) (€111 ® €041)] = (om © om) vee (I)
using (A®B) (C®D)=AC ®BD if AC and BD are defined

and
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Eylon(I—8) €1 ®@on(I—S8) €] = E[(on(I-8S)@on(I-8)) (€141 ® €41)] = (on (I = 8) @ on (I - 8)) vec(I)

Thus, we have
E; {ifﬂ ® i{+l - X{+l ® X{H} = hlx] @ hi oy + b lony @ hix! + hi lony @ bl tony
+ (bt @hi!) ((on (I-8) ® on (I 8)) vee (I) — (om @ o) vee (1))

= hlix! @ hi longy + hi tonr @ hlx! + (W' @ hi ) (onv @ onr)
+ (bt @bl ) (on(X—8) ®on(I—8)) — (on ® on)) vec (1)

= hﬁcxic @ hl=lonv + hi7tonr ® hﬁcxf
+ (bt @ hit) [(ony @ onw) + (on (I - S) @ on (I - S)) vee (I) — (on & on) vec (1))

=hlx/ @ hi lonr + b lony @ hix! + (bl @ hit) [onr @ onu + A]
where
A=((onI-8)©on(I-8))—(on&on))vec(I)

Or (using another index)
E, itfﬂ ® ifﬂ - x{;j ® Xfﬂ} =hix! @ hilonv +hi~lony @ hix] + (' ®@hi ™) [onr @ onr + A]
for j =1,2,3,...

Thus, we have in general
SN <f < f St f f
S i1 LH,, (xH_j ® xH_j) — Y B LH,, (xt+j ®xt+j)

Jj=0 Jj=0

Ey [if+z - Xf+l] =B

s “f o =f ! !
= '21 hi =7 S Hy By [xtﬂ ® Xy — Xpyj ®Xt+j}
=

the shock hits in period t + 1, so (i{ ® 5{{) = x,{ ® x{

-1 ,
= Y hli i (hf(xf ®@hilonv +hilonv @ hix] + (hi ' ® hi ") [onv @ onv + A])
j=1

When implementing the GIRF, it may be useful to have a recursive expression. Here, it is must convenient to use the
general expression

-1 . B B

By [%, —xiy] = ) b S oo By {X{-ﬁ-j ox/;-xl ;@ X{ﬂ‘]
J:

So

Ep [%i1 = X3 =0

1 . N _
By [%512 —xi10] = Zl by 3 Hoc By {th-ﬁ-j ox/,;—x/,;® X{+j]
]:
= %HxxEt [’E{H ® itf+1 - X{H ® X{H}
. 2 o1 oy f f
By [Ris = xiys] = X hi gH By [Xt+j DXy — Xy @ Xt+J}

J=1
= hudHox By [%] 1 0 %L1 — x{ 0],
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+1iH« Ey {i{w ® i{n - X{+2 ® X{+2}
= by By (K50 — X5 o] + sHux By [5&1{;2 ® i{+2 - X{+2 ® X{Jr?]

So in general
By (% —x5] = by [R 0 — x5y ] + 3HB X, 0%l —x],  ox]
t [tk t+k Xt | A k—1 t+k—1 o Axxt (A1 t+k—1 t+k—1 t+k—1

For the total state variable:
By [Xip1 — Xxe11] = By i{-q—l - X{H} + By (X7, — %))

For the control variables:
Vi = 8x (th+z + Xf+z> + 3G (X{H ® X{+l) + 58000

Yi = 8 (i{H + if+l> + 3G (i{H ® ifﬂ) + 38000°

2

~ _ sf f = 1 =f sf f f
Ey [ytSJrl - ny] = 8x (Et {Xt—i-l - Xt-s—l] + By [X§+l - Xf+l]) + 3G B (X @Ky — X @ Xy,

12.4 Second order: at the steady state with shock size of unity

If we restrict the focus and do the GIRF’s at the unconditional mean of x{ = 0, then we get
= ol i—1 i—1
By [%x7, —x{ ] = > hi J§Hxx ((h ' @hl™") [onv @ onv + A])
=1

If we further assume that there is only one shock to the ith innovation and that the size of this shock is one, i.e. v (i,1) = +1
and v (4,1) = 0 for ¢ # j. In this case we have
onv @onv + A
— onw @ onut ((on (1- 8) @ on (T - 8)) — (o7 @ o)) vee (1)

=(m®on) e v)+(eon®@on) (I-S)® (I-8)) — (on ® on)) vec(I)

= (on®on) (S®S)vec () + ((on @ on) (I-8) @ (I - 8)) — (on ® on)) vec(T)
because v @ v = (S ® S) vec (I)

=(m@om{S®S+(I-S)®(I-1S8)) —IxI}vec(I)
because Ing = I® I where I has dimension n, X n,

=(on®on){2(S®8S)-I®S —-S®I}vec(I)
We now only need to realize that the term in the curly bracket is zero. To do so, let us introduce the matrix D;, defined
as D; (i,4) = 1 with all remaining elements being zero. Hence, I with dimension n. X n. can be written as I :Z?il D;.
Furthermore, S = D; by assumption. Thus, we have for the expression in the curly bracket:
2(S®S)-I®S—-S®I

=2(D; ®D;) — (Z;Zl Dj) ®D;—D;® (2;21 Dj)

=2(Di®Di)—( 7~LE1Dj®Di) —< 7~L51Dz‘®Dj>

J= J=

=2(D; ®D;) - (Z;‘;Dj®Di+Di®Di> - ( ;LilDi®Dj+Di®Di>
i#j i#j
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= —Z}Zl D;®D; - 2;21 D; ® D;

i#j i#]

Hence,
ooy + A =(on®on){2(S®S)-I1®S —S®I}vec(I)

= (on @ om) {— Y D@D -3 D@ Dj} vee (3,2, Di)

i#] i#]

= (on®omn) {_ Z;Lil D; @D, — Z;lil D;® DJ} (Xok2q vee (Dy))

i#j i#j

= (om @ om) {— 21 2kt (D @ Dy vee(Dy) — 3272, 742, (D @ Dj) vee (Dk)}

i#j i#]

= (om ® om) { doie1 donsy vee(DiDgDy) — 370 ST vee (DjDkDi)}
i#] i#£]
because vec (ABC) = (C’' ® A)vec(B) and D; is symmetri

= (on®on) {— Doiy Dty vee(0) = 300 DTN vee (0)} =0

i i#g
because D; DD is only different from the zero matrix when ¢ = k£ = j, but we have ¢ # j. As aresult, £; [if—&-l — x§+l] =
0 and from above, this also implies E; [ii:rl ® i{_H — th_H ® X{_H] Thus, we have that
For the states:
By X1 — Xe1a] = By [ifH - X{H} + By (X5, — x34]

_ =f f
= E; [Xt+l - Xt+l}
For the control variables:

= _ of f = 1 = f of f f
E; [ytSJrl - yf+l] = gx | Lt {Xt—i-l - Xt-s—l] + By [Xfﬂ - Xf+l]) + 3G B (X @Ky — X @ X,

= gxEi [i{H - X{-i-l]
which are precisely the impulse response functions at first order.

12.5 At third order

At third order, we additionally need to consider:
x5y = hpex]? + Hoex (x{ ® xf) + tHyxx (X,{c ®x{ ® x,{) + %haaxO'QX{ + thyeeo®

and
X705 = hyx?9) + Hyy (x{+1 ® X§+1> + 1 (fo ®x),® fo) + 3h,ox0?x], | + thype0?

= hy (hxx’{d + Hxx (X{ ® xf) + %Hxxx (X{ ® xf ® X{) + %hoaxUQX{ + %h00003>
+Hyx (x,{“ ® xf_H) + %Hxxx (x,{_‘_l ® X{_H & x{'_‘_l) + %hmxchfo + éhgwag’

— h2x0? 4+ by (x{ ® xg) + Byt (x{ ox! ©x/ ) + By 2y 0] + hythygpo?
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+Hyx (XZH ® xf+1> + %Hxxx XtJrl ® xtJrl ® Xt+1) + hggxa x{H + hmgg?’

and

1 3 2 1
;15 = hux({y + Hyx (Xt+2 ®Xi1g ) + 5 Haxoxx (Xf+2 ® Xt+2 ® Xt+2) + 2hooxo X{+2 + $h,pe0°

— hy[h2x]" 4 hyHy (xt ® x ) H,ox (x{ ®x! ® x{) + he2hyp0?x] 4+ hylhyy,08
+Hxx (X{+1 & Xt+1) + Hxxx (
+Hxx (Xt+2 ® Xf+2> + EHxxx (Xt+2 ® Xt+2 ® Xt+2) + Ehaaxg X{+2 + Ehaaaa

+1® Xt+1 ® X{H) + hoaxa X{+1 + hgwa?’]

=h3xl? + h2H,, (XZ ® xi) + hi%Hxxx (x{ ® X{ ® x{) + highaaxo Xt +h2l hggaa?’
+h,Hyx (Xt+1 ® X§+1) + hxéHXxx (Xf_H ® xtf_~_1 ® X){-‘,—l) + hxgh(mxa xt_,’_1 + hxgho.o.o_o"?‘
+H,, (x{ L, ®XS +2) + 1 Hn (x{ ox],ox! +2) + 20X 1y + Lhygeo?

2

I
=
X
<.

2 o1 f ! f
+ Zohx i : . (xtﬂ. ® Xi4 ®xt+j>
=
2
—j3
+j§:0h,2{ T hooxo®x;
2 1
—+ Z hiijghggag
=0

j=0
In general
Xt+l = hl + E hl 1=y |:Hxx (X{+j ® X§+j> + %Hxxx (X{+] ® X{+j ® X{+j> + %haax02x{+j]

7=0

-1 .
+ <ZO hic_l_j> %hoaaa3
j:

Thus
~rd d ISENEEY <f %5 1 %/ %/ %/ 8 %]
B (%0, —xi] = Et[.zo h {H"x (Xt+j ® Xtﬂ‘) + 5 oo (Xt” O Xt © Xt”> * Shoox? Xtﬂ}
=
-1 ,
_{jgo hi 1 |:Hxx (X{+j ® Xy ) + 5 Haoox (X{ﬂ‘ ®X{y; ® X{+j> + $hommoxi } J
Z_:l bt (HxxEt [i{+j CESE L XerJ} + GhooxoEy [ifﬂ B X{HD

-1
+Zhl 1-j1 5 Haxxex Bt {xtH@)xtH@xtﬂ xf+j®x{+j®xf+j}

as the shock hits the economy in period ¢ + 1
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A recursive version:
srd _
B [%74) —xi§,] =0

E, [iﬁ_g — X;ff_Q] (HxxEt [Xt+j QX j— X{+j ® X§+j] + %hUUxUQEt [i{Jrj o X{+j})

1
> h
j=1
1 y o~ o~ o~
2 s e [X{ﬂ' ox/ ;exl,;-xl ox,® Xr{-ﬁ-]}
= HE; [Xt+1 ®Xiyq — X{_H ® xf_,’_l} + %hUJXO'QEt {i{—kl — X{+1]
"%HxxxEt [i{+l ® i{+1 ® i{-&-l - X:{+1 ® X{-&-l ® x{+1}
~rd 2 f 3 2 zf f
E, [X:+3 Xt+3] 21 (HxxEt [xtﬂ QX —Xpy; ® X‘EH] + ghooxo”Et [Xt+j - Xt+jD
j:
. ! ! !
2 H,x E; |:Xt+j & Xt+j ® XtJrj Xt+j ® Xt+j ® Xt+j:|
= hy (HxxEt |:Xt+1 ®F 1 — X1y ® Xerl} + hooxo By {i{-&-l - X{+1D
THoc [i{+2 © Kipz — Xi4p ® Xf+2} + 2hooxo®E; [5({” - X{+2}
Fho b oo By (&L @ &y 0 %0 - xly o xl, o x|
+1H, o E [if oxl 0%l ,—xl ,oxl ,ox] }
6 T txxx 4t t+2 t+2 t+2 t+2 t+2 t+2
= hy E; [iﬁQ - X;iﬂ
+Hyx Iy [ierz DRy — X1y ® Xf+2} + ghooxo By [i{w - X{+2}
1 S f of = f f f f
+ 5 Hoooc Lt {Xt+2 O Xppo ®Xpyg =X OXp o ® Xt+2}
So in general
srd d 1 _ srd rd f
By [%4), —x(4y] = haBe [Ki Ly — X785 1] + Hax By { Xyph1 OXi g1~ Xpy 1 © Xfﬂc—l}
+2h, o502 Ey [i{+k—1 - Xf—i—k—l}

1 = f 2f 2 f f f f
+ 5 Haoxx Bt {Xt-i-k—l X p1 OXj g1 ~ X1 OXp 1 ® Xt—&-k—l}

us, we know £y |X;, . — X;, - |. D0 we only need to compute £ [X;, . ®X;, . Xy, . — X3, QXy, - Q@ Xy,
Th k E ~{+] tf+J S L dt te B ~{+J ~tf+J ~{+J {+J {"rﬁ tf+J

and F, [i{ 4 OXi i — x{ 4 ®O X j} . This is done in the next two subsections. For these derivations recall that we define

d; as above, i.e.
5 v+ (I—S)ey; forj=1
b €t for j #1

12.5.1 For (x{ ® x/ ®x{>
Consider

l ) l . l .
X{H ® X{-H ®X{+l = (h;x{ + > hic_]m?etﬂ‘) ® (h;x{ + > hﬁc_JUnetH) ® (hicxic + > hgc_‘7<7"7€t+j>

j:1 Jj=1 Jj=1

= (hix{ @ hix] +hix] ® Elhl Tone,; + Z b Tone,.; ® hlx! + Zlhl Tone, ;@ Z hi T one, ;)
]_ J_
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L
® <hﬁcxtf + > hijanetﬂ)

j=1

l . l . l . l .
— (hﬁcx{ ® hﬁcxf + hﬁcxf ® Zl hi{‘ﬁanet_i_j + Zl h;_JU"?Q-;-j ® hﬁcx{ + Zl hﬁ(—JaneH_j ® 21 hﬁ(—JJneH_j) ® h;x{
j= j= j= j=

! . ! l 4
> hiione,, ;© El hiione, . ;)® '21 hiJone, . ;
= j= j=

+(hlx{@hlx! +hix/® > hiione,, ;+ > hione, ;@hlx]+
j= j=1 j=1

Jj=1
l .
= hix! @ hlx/ @ hlx] + hix! @ Y hione, ;@ hix]
j=1

+ > hiione ; ® hl x{ ® hix! + >

l l
=1

. l .
hi7one, ; ® - hiTone,, ; ® hl x/
j=1 J Jj=1
i _ l . l .
+hi<X{ ® hi(X{ ® > hifjanetﬂ- + h;x{ ® > hﬁfjanetﬂ ® > hifjgrlftﬂ'
j=1 j=1 j=1
!

. I , I , I , ! ,
+ > hic_]anet—&-j ® hicX{ ® > hic_]o-net-i-j + > hic_Jo-net—i-j ® > hic_jo'net-i-j ® > hic_jo-net-l-j
=1 =1 =1 =1 =1

And we therefore have

l .
i{+l ® i{H ® ifﬂ = hﬁcxf ® hﬁcxf ® hﬁ(x{ + hicX{ ® '21 hﬁc_]a"?‘stﬂ‘ ® h;x{
‘7:
+ > hﬁfjanfhj ® h;X{ ® h;X{ + > hic_]m?‘stﬂ‘ ® > hﬁc_Jff??(Sm ® h;x{
Jj=1 j=1 j=1

l ) l . ! ;
+hix] @ hix{ ® 3 hiJond,,; +hix{ ® > hiiond, ; © 3 hiions,,;
i=1 i=1 i=1

l , ! _ ! _ l _ ! _
+ Y hiTond,,; © hix! ® ) hiond,,;+ 3 hiiTond,, ;@ 3 hiTond,,; ® 3 hiTond,,;
j=1 j=1 j=1 j=1 j=1

This means that:
=f =f =f f f f
By X @%@ — X Q% ® Xt+l}

! .
:&M4®Md®md+md®;ﬁwmw®md
J=
+ 21 hic_]an‘st—&-j & hicX{ ® hicxtf + 21 hi_Jm?‘stﬂ‘ ® 21 hﬁc_]a"?‘st-&-j ® h;X{
J= Jj= j=
+hix! @ hix/ ® > hiJond,,; +hix/ ® > hiiond, ;® > hiions,
j=1 j=1 j=1
!

) ! ) l ) l ) l )
+ > hicﬂan‘stﬂ' ® hﬁcx{ ® > hicﬂan‘stﬂ‘ + > hicﬂ(frl‘stﬂ ® > hiﬂanétﬂ- ® > hiﬂ‘”ﬁtﬂ'
=1 =1 j=1 j=1 j=1

—Eihix! @ hlx! @ hlx{ + hix] @ 3 hiJone, ; ® h x/

l
j=1

l ) l ) l )
+ > htja"?etﬂ‘ ® h;X{ ® h;x{ + > hi’]anetﬂ- ® > h;7]0n6t+j ® hﬁ(x{
=1 =1 =1

I . ! , ! ,
—l—hi(x{ ® hﬁcxtf ® 21 h;—J one, ; + hicxic ® Zl hi(—ﬂ oNeEL; D Zl hi(—ﬂ oNEL
J= J= J=
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l

. l ) l ) l ) l )
+ Zl hiJone, ; ® hix! ® Zl hlJone,., ; + Zl hlJone,, ; ® Zl hlJone,, ; ® Zl hlJone, . ]
j= i= i= i= i=

= E;[0+ hﬁ(x{ ® h;‘lonﬁt_,_l ® h;x{
) ‘ ! ‘
+hiTtond,,, © hix/ @ hix! + 3 hiTond, ; © 3 hiiond, ; ® hl x/
j=1 j=1
. l ) l )
+h;x{ ® h;x{ ® hi:lgnéﬂ_l + h;x{ ® Zl h!-J ond,.; @ 2:1 hﬁ:ianétﬂ
j= j=
l

. l . l . l . l .
+ > hiiond,, ; ® hix! @ 32 hiFond, ;+ > hiiond,, ; ® > hiiond,, ;@ 3 hiiond,,;
=1 =1 =1 j=1 =1

—FE[+0+0
! _ ! _
+0+ 3" hiTome, ;® Y hilone,,; ® hl x/
j=1 j=1

+0 +hix/ ® 3> hiione, ; ® 3 hiione,
j=1 j=1
- Lo o S i Lo Lo Lo
+ > hilone, ; @hxi ® Y hilone, ;+ > hilone, ;@ Y hilone, ;@ > hx_J0n6t+j]
J=1 Jj=1 Jj=1 Jj=1 Jj=1
using Fy [€;4;] = 0 and cancelling the term hﬁ(x{ ® h;x{ ® hi(x{

= Ei[hlx{ @ b lond, . ® hix] +hilond, ; @ hix! ® hix{ + hix] ® hix! @ hi lond,,,
l

! ) )
+ > hidond,, ;® > hiiond, ; © h! x/
Jj=1 j=1

+h§<X{ ® > h;_JUU‘St-H‘ ® > hi"0n5t+j
=1 j=1

+ > hﬁZJUWSHj ® h;x{ ® > hﬁfjanlhj
=1 j=1

l ) l ) l )
+ > hicﬂm?‘stﬂ' ® > hi:](”?étﬂ' ® > hi’Jffnétﬂ-
j=1 j=1

j=1

! ) ! )
— By 1 hlJone,, ; ® Zl hlJone, ; ® hl x/
= Jj=

J

! , ! ,
+hlx] ® 2:1 hi Tone,, ; ® 2:1 hi Jone, .,
j= j=

l . l .
+ > hic_]anet-&-j ® hixf ® > hic_jo-net-i-j
Jj=1 j=1

l . l . l .
+ > hﬁc_JUnet+j ® > hic_JO—netJrj ® > hic_]UUGtﬂ‘]
=1 =1 =1

= E[hlx] @ hl lonv @ hlx] + hi lony ® ((hﬁc ® hl) (x{ ® x{)) + ((hﬁc ®hl) (x{ ® x{)) ® hi-lony

+ > hiiond,,; ® 3 hiiond,, ;@ hix] — > hiJone, ; ® 3 hiione,, ; ® hix]
j=1 j=1 j=1 j=1
l . l .

Z hg:JUnetJrj ® Zl hi:JanetJrj
2 z

l ) l )
+hix/ ® > hiJond, ; ® S hiiond, ; —hix{
j= j=1 j=1

Jj=1
! ‘ ! ‘ ! _ ! ‘
+ > hiTond,,; © hix/ ® 3 hiJond,,; — '21 hi7one,; @ hix/ @ > hiTone,,
- = -

Jj=1 Jj=1 Jj=1
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! ) ! ) ! )
+ 21 hi/ond,, ; ® Z1 hi7ond, ; ® Zl hiTond, Z hiTone,, ; ® Z hiTone,,; ® Z hi7one,
= i= =

using ;11 = v + (I = S) €:41 and E; [€:41] = 0. We now evaluate the expressmns on each of the four last lines:

l . l . l . l .
'21 hﬁ:JJT/JtH ® '21 hﬁc_JonétH ® hlx] — '21 hﬁc_JonetH ® Zl hﬁc_JonetH ® hlx/
j= j= j= j=

= Ef[( i{ ond,q + Z h ‘7775t+g> ® ( 0775t+1 + Z h ‘7775:&4-]) ®h£<X{

j=2

_ <h£€ 0n6t+1 + ZQh Un€t+] ® <h§(10"r’€t+1 + Z hi(70-,r'€t+j) ® hi{x{}
J Jj=2

= E[ x 0775t+1 ® ( x 0775t+1 + Z h J0175t+j> ®h;x{

! )
+ > hiﬁﬂﬁtﬂ- ® (hicl ond t+1 T Z h 0n5t+]> ®hﬁcxtf

j=2

—hﬁilfmem ® (hx oN€1 + Z hiJone, ]> ® b Xt

l )
- htja"?etﬂ‘ ® <hx oneéy 1+ Z h U77£t+]> ® hﬁ(xf]

l .
= E, <h£( 'ondy 1 @ hiTtond, . +hiTlond, 1 © 3 hi_]gnétﬂ) ®hlx]
j=2
l _ I _ I _
+| X hiiond, ; @hilond,,, + 3 hiiond, ;@ Y- hiTond, ;| @hlx]
=2 j=2 j=2

<h tone, 1 @ Wi tone,y +hiTlone @ 2211 017€t+g> ® hicxtf
J

<Z 077€t+j ®h£c ONe€yyy + Z h Unetﬂ ® Z h Unﬁtﬁ) ® hﬁcxf]

Jj=2 Jj=2

L
= Et[<h£<1077 (v +([I=8) &) @bl ton (v + (I - 8S)er1) +hilon (v + (I-8) €41) @ 3 hicjmlftﬂ') ®hlx/

Jj=2

j=2 j=2

l .
+ (Z hﬁZJUnew @hiton (v + (I-8)em) + Z hy JUUGHJ ® Z hy JUWEHJ) ® hicxtf

- <h£c_1‘777€t+1 ® hi‘lanem +hit ON€11 & Z hy 3077@ ® hy Xt

l
<Z (”7€t+g @ hilone,q + Z hi a'r]etﬂ ® Z hi Un€t+j> ®hLX{]

v+ (I—9S)e for]fl

using dr4j = { €1t j for j #1

— Et[(h;—lanu @hl oy +hilon (I S) €11 @ hilon (I—S) €41 +0) @ hlx]

<O + Z hi~ ja‘net+J ® Z h!- aneH_J) ®h£cX{
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— (b 'one, @bl tone,  +0) @ hlx/
l _ l A
_ <0 + 22 hggjanetﬂ- ® 22 hg(ﬂanet+j> ® h;x{}
j= j=
using €;41 has mean zero and is independent across time

= Et[(hﬁ(_lanu @hl-tony +hiton (I—-S) e @ hi7lon (I-S) et“) ® hﬁcxtf
+0
— (b tone, @i lone, ) @ hlx]
—(0) ® hlx/]

! , ! ,
cancelling | > hi7one,,; ® > hﬁc]anetﬂ-) ® hix/
Jj=2 j=2

= E[(bs ' @ hi) (onr @ onr) @ hix]
+(hit @hlt) (on(I—-8) €1 ® on (I—S) €41) @ hlx]
- (hic_l ® hic_l) (Un€t+1 ® J"7€t+1) ® hﬁcx,{]

using (A ® B) (C® D) = AC®BD if AC and BD are defined

= (bt @ hl7t) Eyf(onv @ o) + (on (1 8) €11 @ om (I - S) €111) — (ome, 1y @ ome,y1)] @ hlx]

From the GIRF’s at second order we have
By [one @ oneyy]

= Ej [vec (ome,iy (omety))]

using a ® b = vec (ba')

= E; [vec (one, 1 1€,,1m'0)]

= vec (E, [one, 1€, ,10m'])

= vec (onlon’)

= (on@an) vec (I)

using vec (ABC) = (€' ® A) vec (B)

and
Et(ga(? 1(; _dS) €11 @on(I-8) €] =E[(on(I—8)®on(I—8)) (€141 ® €41)] = (on (I —8) ® on (I - S)) vec (I
A=((on(I-8S)®@on(I-8)) - (on®on))vec(I)

Thus
! A ! . l ‘ l .
Al =E; | Y hiTond, @Y h;ﬂonétﬂ- ®hlx{ — 3 hﬁ(’jonetﬂ- ® Y, hﬁ(’jonetﬂ- ® hix/
j=1 j=1 j=1 Jj=1

= (bt @ hl7t) [(onv @ o) + A] @ hlx]

Therefore we immediately see from the structure of the terms that

! . ! ' ! ' I '
As =hix! © 3 hiTond,,; ® Y hiiiond, ; — hix! © 3 hiTome, ;@ 3 hiTone,
j=1 j=1 j=1 j=1

=hix! @ (h ' @ hl ) [(ony @ onv) + A]

For the third term:

l . l . l .
As=E; | Y hﬁ:JUT/JH_j ® hﬁcxf ® Y hﬁ:JUT,JH_j -3 hi:fanet_,_j ® hﬁcxf ®
— - j=1

!

i
) ) Z h,Jone, . ;
j= j= =

Jj=1
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L
= Et[( x 0?75t+1 + Z hl~ Jn5t+g> ®h;x{ ® hﬁflmﬁm + > hicﬁm?(stﬂ'

j=2 j=2

j=2 j=2

l ) l )
— | hilone g+ 2 hic_jo'net-i-j) hix] ® (h;_la"?etﬂ + 2 hﬁc_]a"?‘sﬁrj)]

l )
= Et[<h;1 t+1 + Z h 0175t+j> ® (hi{x{ ® h;*10n5t+1 + h;x{ ® > hﬁc](f’r](sﬂrj)
i=2

l .
_ (hﬁc oNEL L + Z hl- UnetJrJ) ® (hﬁ(x{ ® hi{—lanet+1 + hﬁcx{ ® _ZQhﬁc_JUnet+j>]
j:

= Eyhitond, , ® (hl x; @ hictond, , +h! Lxl ® Z h!- an5f+]>
j=2

l ) l )
+ > hidons, ;@ (h;x{ @hilond, , +hix/ @ 3 hﬁcﬂgn(sw)
j=2

j=2

l .
—hl lone,,, ® (hix{ @ hllone, ., +hix] @ Y by lome,
]:

! 1 _
Z U"?Qﬂ <h;x{ ® hicflc”’let-u + hicxf ® 22 hijanetﬂ)]
j=
=E;hllon(v+ (1-S) et+1)®hﬁcx{®hﬁjlan (v +(T—-9)eq1)+hiton (v + (I—8S) €4 1)@hkx] ®Z h!~ Jnetﬂ

l
Z Un€t+J ® h; Xt @hiton (v + (I-8) €s1) + Z hi Un€t+J ® h; Xt ® Z hi Unetﬂ)

j=2 Jj=2 j=2

l .
Un€t+1 ® hl Xt ® hl 10"75t+1 + h UTIet+1 ® h;x{ ® > hic_]gnet+j>
j=2

/\/—\/—\

l . l .
Z hione,, ; ® b Lx] ®hitone, + 3 hiTone,; ® hix/ ® 3 hic_jo-net+j>]
Jj=2 j=2

. o (I—S)Et+1 forj:l
using 6t+] - { €ttj fOI‘j 7é 1
7Ef[hl 1 (V+(I*S)€f+1)®hl ®hl 10'77(V+(I*S)6t+1)
+0
l . l .
+ <O + > hiTone,; ® hix/ © 3 hijanﬁf,ﬂ)
Jj=2 Jj=2

- (hi’lfmem ® h;x{ @hltone, | + 0)

- <0 + hic_‘7<7"7€t+j ® hicxz{ ® > hgc_]m?etﬂ‘ ]

j=2 j=2
using €;41 has mean zero and indepdendent across time

= E[biton (v + (1—-8) €41) ® hix! @ bl lon (U + (T - S) €141)
+(0)
—hllone, ., @ hlx] @ hilone,

- (0)]
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! . ! .
cancelling the term Y hi7one,,; ® hix/ @ 3 hi oy
j=2 =2

= E /bl lonr @ hix! @ hilonr + hllon (1 - S) €41 ® hix! @ hilon (I—S) €41
—hllone, ., @ hix! @bl lone, ]

So we only need to compute the two terms involving €, 1. We next consider:

Et |:h£(_10'7’] (I — S) €141 ® hLX{ ® hi‘lan (I — S) €t+1i|

=F, [vec ((h;x{) (hlton(I-8) 6t+1)/) ®@hiton(I-S) 6t+1}

using a ® b = vec (ba')
=F, [vec ((h;x{) €, (hiton(I- S))/) ®@hiton(I-S) €t+1:|

=F, _(hijlan I-S)® (h;x{)) vec (€),1) @ hlton (I—S) €t+1}
using vec (ABC) = (C' ® A) vec (B)

— &, :(hﬁ:lan 1-9)® (h;x{)) €1 ®hllon (I—8) em}

using vec (€}, 1) = €41
=F; {(hﬁ:lan I-9)® (hixf) ®@hl-ton (I - S)) (€t41 ® €t+1)i|
= (hi:lan I-S)® (h;x{) ®@hlzton (I - S)) vec (I)

and

By [bltone, ., @ blx] @ bl lone, |

=E, {vec ((hﬁcx{) (hﬁ:lonetﬂ)/) ® hﬁ:lanetﬂ}
using a ® b = vec (ba')

=F, [vec ((hﬁcx{) (€r41) (h;‘lan)/) ® hﬁ:lanetﬂ]

= F, _(hi:lo”l’] ® h;x,{) vec (€),1) @ hﬁ:lanetﬂ}
using vec (ABC) = (C" ® A) vec (B)

= F, _(hiflon ® h;x{) €11 ® hﬁ:lanetﬂ}

using vec (€},1) = one

= L ((hﬁ:lan ® hixf) ® hic_1<777> (€41 ® €t+1)}

(h;—lan ® hix! hﬁflfm) Etlert1 @ €]
= (bl ton @ hixf @ bl ton) vee (1)

197



Thus,
As = Et[hl lonrv @ h xt @hl-lonr + W to

—hltone, , ® hl lxl ® hl lone, 4]

(I — S) €it+1 X hl Xt X hl 1 (I — S) €141

= hl-lonr ® hix{ ® h- Lo+ (hﬁ;lan (I-S)®hlx! @hilond— S)) vee (I)

- (hﬁ(_lon @ hlx! ® hi‘10n> vec (T)
— bl lonr @ hix! ® bl lonut (hl lon(I—8) @ hix! ® hi-lon (I—S) — hilon © hix! ® hﬁ;lan) vee (1)

Finally

l . l .
Ay =E: | Y ;—Jan(sprj ® 2 hi-7on Oivj Z hl O1j— Z hl- U'r[etJrJ ® Z hl- UnetJrJ ® Z hl~ UT[GtJrJ]

Jj=1

—Et[<hl 1(7"75“-1+ Zh 0775t+J> ( ; ‘777‘st-~-1Jr Zh Un5t+j> ( x (”75t+1+ Zh Un5t+j>

X

- <h£< OnN€ry 1+ Z h U"?Qﬂ) ® <hx OnNeéy 1 + Z h UTIQﬂ) ® (hx OnN€iy 1+ Z h ‘777€t+]>]

= Et[h; 0n6t+1 ® < x 0775t+1 + Z h Un6t+j> <hl 1‘7775t-s-1 + Z h 0n5t+J>
l )

+ ;hﬁ:ignétﬂ. & (hicl ond,q + Z h 0n5t+g> (hicl ond,q + Z h 0n5t+g>

—hiflo'nem ® <hx onNe€1 + Z hy ]Unetﬂ) ® <h§c lanem + Z hy Un€t+g>

Jj=2

1 ) ) P
— > hiiione, ; ® (hﬁ:lanet+1 + Zz hﬁ:JanetH) ® <hﬁ(—1a'r)et+1 + Zzhﬁ:JUnGHJ}
= j= j=

Jj= Jj=

<hl 5t+1 ® hﬁflmﬁm + hicil t+1 ® Z h 0n5t+J> ® <h£< ond t+1 T Z h 0775t+g>
l . . .
hiTond,,; @bl tond,y + 3 hiond, ; ® Z:Qhﬁc_JUndtJrj) ® (hﬁc_10775t+1 + ZQhﬁc_JUWstﬂ)

X .
Jj=2 J

l .
< lone,; @l lone,  + bl lone,  © Z hi~ U"letﬂ) & (hi:lo-net-&-l + Z hi"0n6t+j>

HM~

l
Z_: CTone,, +j @ hilone . + Z hi 0n6t+] ® Z hi Jmletﬂ) ® <hx ON€ 4y + Z hi 0n6t+j>}

l .
= Et[< “lond, ., @ hitond, , + hitond, | ® E hic_jm?(stﬂ') @ htond,
l .
+ | hitond, , @ hictond, , + hitond, | © Z h” mﬁtﬂ) 2, olomdy;

j=2

=2
l . .
+ <Z hifjamstﬂ ® h;710n6t+1 + Z hﬁﬂan&fﬂ- & Z hi o t+j> hl; “lond,
i=2

j=2
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l l )
> hi i ® hl- 0ppq + Z h; JUU‘SH] ® Z hl~ 0775t+g> Z hiijffntstﬂ'

+
Jj=2 j=2 j=2

hi~lone,, @ hilone,, + hiTlone, , ® E h!~ 077€t+7> @ hltone,
Jj=2

) l . l .
hiTone ;@ hiTtone, + ZQ hiJone,,; © Zz by ‘777€t+j> ®hitone, 4
i= i=

I~

Jj=2

1 1 . 1 4 ! ;
22 hlJone, ; @hitone,  + 22 hﬁ(—JanetH ® 22 hi(—JanetH) ® 22 hi~ione, ;]
j= j= j= i=

<h one, . @b tone,  +hiTlone,  © Z hijanetﬂ) ® Z hiTone,
j=2

j=2

Et[<h£< lon(v+(I-S)e 1) @bl o (V+(I*S)€t+1)+h§?1077(l/+(1*s)€t+1)®Zh

®hlton (v + (I-8) €41)

e (I-8)er1) @b ton (v + (I=8) 1) +hirton (v + (I-S) €41) ® jé hﬁijanet#)
ihl Tone,;
’ ?h Tomers @ Btom (v 4 (1= 8) ene) + Ehl Tonery; © Z b ome, ) Shon v+ (1-S)er1)
é:Qh Tone,; @hiTton (v + (I - S) e1) + Z hiTone,, ; ® Z hl- aneH_J) ®]i:2 hi=ione,.

hi lome, ; @ hiilone,; +hitone, @ Z hijonetﬂ') ®hione, 4
j=2

+ <
l .
— | b tone @ b tone, +hiTlone,  © E hiTone,, ; E hi T one,, ;
< J=2

l

l
> h Gn€t+J @ hilone, q + Z hi Unef+] ® Z hi U"'l@ﬂ) ® hﬁflanﬁm
> ® > hi7one,, ;]

<Z JUnetﬂ ®hi 0n6t+1 + Z hy jU"7€t+] ® Z hy” ‘7"7€t+]

=2 Jj=2 Jj=2
. _Jv+(I-S)eqr forj=1
using Oy = { €rtj for j #£1

= B[ hiton (v + (I 8) €41) @ hiton (v + (I - S) €41) + hitom (V+(I*S)6t+1)®22h

®hiton (v + (I-8)er1)
0+hilon(r+0)® Y hidone, ;| ® Z hliome,,;

+ <
j=2
l .
+ <Z hione, ;@ hiton (v + (I-8)er) + Z hione,,; © Z hy JU"?Q-H) ®@hiton (v
Jj=2 Jj=2
1
+< Lome,; @bl ton (v +0) + Zhl Tome, ; ® Zh Tone, ;| ® Zhl oNeEL
j=2 Jj=2
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— (hﬁ:lonetﬂ ® hﬁ:lanetﬂ + 0) ® hﬁ:lanetﬂ

-0

-0

— |0+ X bione ;@ 3 hiTone ;| @ 3 hiTone, ]
j=2 j=2 j=2

using €;; has mean zero and is independent across time

l .
= Ey| (hﬁ:lan v+ IT-9S)es1)@hiton(v+ (I-S) 1) +hitonw+ T1—-S)€) ® > hﬁ:ﬂonetﬂ»)
=2
®hiton (v + (I-8) €41)
!

, ! ,
+ | b tonr @ 3 hi:jgnetﬂ' ® > hi:jg"letﬂ'
j=2

Jj=2

l ) l . ! )
+ <Z h;‘fanetﬂ» @hllon(v+ T -S) 1)+ > h;‘ﬂanetﬂ» ® Y, hi:fanetﬂ) @hl=lon (v + (I—-S)e€1)
j=2 j=2 j=2

+ (Z hi7one,, ; ® hiTtonr + 0) ® > hiTone,;
j=2 j=2

bl ome,,, @ hitone, ., @ b Tome,
_0]

l . l . l .
cancelling Y- hi7one,,; ® Y hiione,, ; ® > hiione,
j=2 j=2 j=2

=Ehlonv+(I-S)e)@hiton(v+ T —-S) 1) @hiton(w+ (I—S)€y1)
l .
+hirlon (v + (I-8)€41) ® 3 hiT/one,, ; @ hiZton (v + (I-8) €41)
j=2
l

. l .
+hiTlonr @ 3 hiTione, ; ® 3 hirone,,
=2

Jj=2

l .
+ > hiione, ;@b ton (v + (I-8)eq1) @hi ton (v 4+ (I—S) €41)
j=2

! } ! }
+ 3 hiTone, ;@ Y hidone, ;@ hiTton (v + (I-S) €141)
= =2

l ) l .
+X ht]m?ftﬂ' @hloqr e 3 hﬁcﬂanetﬂ'
j=2 j=2

~hione, ., ® bl tone, ; ® hiTtone, 4]
= E[(hltonv +hiTton (I—S) €41) ® (b tony +hicton (I—S) €41) ® (b tony 4+ hiclon (I—S) €44)
l .
+ (hitonr + hiton (I-S) €41) ® 22 hiJone, ; ® (hitonr + hiton (I - S)€1)
]:
l . l .
+hi-tonr @ ZQ hlJone,, ; ® ZQ hl one,
j= =
Lo
+ > hiione, ; ® (hitony + bl ton (I—8)€41) @ (hi 'onr +hiton(I—S) e y1)
j=2
! , ! ,
+ > hﬁ?’anetﬂ ® >, hifja"?et-s-j @ hiton (v +0)
j=2 j=2
l ) l )
+ 3 hiTone, ;@ hitonr © 3 hiTlone,,
Jj=2 j=2
~hi"lone, @ bl one, . @ hiTTone, 4]
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= Ey[(hionmr @ bl tonr + hiTlonqy @ hi lon (I - S) €41) ® (hitomr + hiton (I—S) €141)
+ (hﬁ:lon (I-9S)e1 @hitony +hiton (I—-8) e @ hi7ton (I - S) Et+1) (hi lonv +hlilon (I-8) 6t+1)
+0

+hi-tonr @ Z hlone,, ; @ Z hl one,

Jj=2
+0
l . l .
+ > hiTone, ; ® 3 hiTlone, ; @ i onv
j=2 j=2

+ 3 hiTone, ;@ hitonr @ 3 hiZJone,,
j=2 j=2

—hltone, ., @ bl tone,, ; @ bl tone, ]

= E[(h oy @ hiTtonr + hictonqr @ hiton (I - S) €441) @ Wl tony
+ (hitonr @ hictony + hi oy @ hlton (I - S) €,41) @ bl ton (I—S) €441
+ (hiton (X —8) e @bl tonr + hiton (I—S) €41 @ Wl ton (I—S) €441) @ hitony
+ (b lon(I-8) e ® hlilanu +hilon(I—8S) €1 @hllon(I—S) €41) @hlclon(I-8) €41

+hlt 771/®Zhl Janetﬂ@Zh Tome,

j=2

l . .
+ 3 hiTone, ; ® 5 hiTone,, ; ® hi tony
Jj=2 j=2

! .
+ > hiione, ;@b tonr ® Z hl one,
j=2 7=

~hione, 1 ® hitone, ; @ hitone, ]

= Ey[(hl'onrv @ hitonr + 0) @ hi-tony

+(0+hitogr @bl ton(I—S)e1) @bl ton(I—S) €4
+(0+hiton(I—S) e @hiton (I-S)€41) @ hitony
+hi=lon (I-9S) e @hlilony @ hl-lon (I - S) €41

+hi ton (I S) €1 ®@hlton (I —S)er1 @hiton(I-8) e

+hi-lonv ® Z hione, ; ® Z hione,
Jj=2

+ Z hione, ; ® Z h!Jone, ; ® hi tonu
j 2

+ 3 Bione,, © b o © Z b Tome,
Jj=2 =2
hl 10'776f+1 X h 0n6t+1 X h Un6t+1]

=F; [hi:lanll ® hi:lanlj ® hﬁ:lany

) +hi-lonr @ hl-ton (I - S) €1 @ hilon (I—S)
) +hi=lon(I—9S) ey @hlton (I—-8) €41 @ hito
) +hiton(I-9S) e @hitony @ hli-lon (I—S)
) -1
)

+ hlil()"f] (I — S) €¢t1 (24 hlilon (I — S) €41 X h an (I — S) €tt1

+hilonr ® ZQh Tone,, ; ® Z hl~ Tone,, ;
]_

l
Aus) + > b Gnetﬂ@Zh ‘7776t+3 ®hi!
Jj=2

l .
Ay) + > hiione,, ;@ hltonr ® Z hlJone,
i=2
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A4,8) - hﬁc_lanem ® hﬁilfmem ® hﬁilanem]

We can directly compute the first term in this expression. As for all remaining terms, we provide formulas below:
As1 = Bl onr @ bl ton (I-S) €41 @ hi7 ton (I - S) €44]

= Eyh oy @ (bl ton (I-S) @ hiTton (I - S)) (€141 @ €141))]
=hlilonr ® (hiton (I-S) @ hicton (I-S)) vec(I)
=hilonrx1® (hiclon (I—S) @ hiton (I—S)) vec(I)

= (hitonqr @ hi7ton (I- S) @ hiclon (I-8)) (1®vec (1))
using (A ® B) (C® D) = AC ® BD if AC and BD are defined

= (hi7lonv @ hilon (I — S) ® hilon (I - 8)) vec ()
Aso = Eihlon(I-8) €41 @ bl ton (I—8) €41 @ hi oy

= Ey[(h'on(I-8) @ hi 'on(I-8)) (€141 ® €r41) @ hi'ony]
= (hiton(I-S) @ hliton (I-8)) vec (I) @ hitonr

= (hiton(I-S)®@hliton (I-S) @ hitonv) vec (1)

Az =Ebhl ton(I-S) e @ b lonr @ i ton (I - S) €:44]

= B[{ bl onw (b ton (T 8)e41)' } @ bl on (1 S) €41]
using a ® b = vec (ba')

= B[{1 onve; ., (W lon (1-8))'} @ bl ton (T- 8) €41]

= Ey[{(hi'on (I-S) @ hilonv) vec (€;,1) } @ hiclon (I—S) €41]
using vec (ABC) = (€' ® A)vec (B)

= Ey[(hiton(I-S) @ hitonv) €41 ® hiton (I— S) €,44]
= E[{(hton (I - S) @ hi lonr) @ hilon (I-8)} (€41 ® €41))]

= (hiton(I-S) @ hitony ® hiton (I - 8)) vec (I)

A44 —Et[hl l (I—S) €141 ®hl 1 (I— S) €141 ®h£(_10'77 (I—S) €t+1]
= E[{hi'on(I-S)®@hi lon (I - S)} (€141 ® €141) @ hiT ton (I - S) €41]

= E[{bon(I-8)@hi'on(I-S)@hiilon(I—S)} (€141 ® €141 ® €141)]
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— {hﬁ:lan I-S)®@hl7ton(I-S)®@hiton - S)} m? (€441, €111, €41)
where m? (€41, €t+1, €:41) has dimension ng x 1 and contains all the third moments of €;41.

! _ !
Ays = EfhiTtonqr @ Y hi?’cmetﬂ ® > hifjane'tﬂ-]
j=2 j=2

l .
=k [hlilan’/ ® (Z > (hﬁfjanetﬂ- ® hickgnewk))]

X
j=2 k=2

l . .
=E bl tonqr @ Y (hic_jo-net—i-j ® hic_JUnet-&-j)}
=2

because €;; are independent across time

l . .
= By toqr @ 3 (hﬁ(‘ﬂan ® hfc_]m?) (€45 ® €145)]
j=2
! _ L
=hliloqv e Y (h;ﬂo’n ® hx_jo'n) vec (I)
j=2

! ,
=Y hilonrv @ (h;’jan ® hl an) vec (I)
=2

J

! . ! .
Ao =Ev | Y hTone, ;® 3 hiione, ; ® hic_lgrl’/]
j=2 j=2

=Y (hﬁ(’jon ® hﬁ(_jon) vec(I) ® hi=lonv

j=2

l ) l .
> hione, ;@b lony @ 3 hiijonetﬂ]
j=2

Agr=Ey
i=2

l ) .
= ZQ Ey [blione,, ; @ hitonr @ hi Tone, ;]
=

because €;; is indepdent across time
l -1 1—j ! I—j
=> E; {(hx’ onv) (hxﬂanetﬂ-) ® hxﬂanetﬂ}
j=2
using a ® b = vec (ba')

!
= 22 E, {(hi{lam/) €4 (hﬁ:jan)/ ® h;‘janetﬂ}
=

1
=Y E; [(hk7on® hitony) vec (eéﬂ-) ® hi‘janetﬂ]
Jj=2 '
using vec (ABC) = (C' ® A) vec (B)

203



Il
M~

<
/|
N

E [(hl Jo-n ® hl 10",’)1/) 6t+] &® h Jn€t+j]

l ) )
> B [(hi7on @ hiT oy @ hiZTon) (€14 @ €r1;)]

.
[\~]

(hl Jon @ hitonr @ hi-ion) vec (I)

Il
M-~

Ay s = Ei [hic_lo'net+1 ® hic_lo-net—i-l ® hﬁ(‘lanetH]
= E, [(hﬁflUﬂ ® hﬁflon) (€r41 ® €141) ® hﬁc_lﬂletﬂ}
=F; {(hi{_la'l’] ® hﬁ:la’l’) ® hﬁ(—lo'n) (€141 R €141 ® €t+1)}

= (hi:la”? @b ton® hgflg’ﬂ) m® (€11, €41, €41)

where m? (€t+1, €141, €¢+1) has dimension ni’ x 1 and contains all the third moments of €;41.

Thus, we finally have
=f = f =f f f f _
By [XtH OXp OXp ) =X 0% ® Xt+l} =
+hﬁcx{ ®@hl=tonr @ hl xt
+hi tonr @ ((hl ®hL) (xt ®x{)>

+ (bl o nd) (xf @x!)) @b oy
A1)+ (b7 @ hi7?) [(onr @ onw) + A] ® hix]
Ay) +hix! @ (bl @ hit) [(omy @ onr) + Al
A3) +hilonr @ hix! @ hi-lony
+ (h;’lan I-S)@hlx! @hllon(I-S)—hilon@hlx! hﬁ:lan) vec (I)

Agq) + (hitonqr @bl ton (I—S) @ hiton (I - S)) vec (I)

As2) + (hiton (I —8) @ hiton (I—8) ® hitony) vec (I)

Ass) + ((hiton (I —S) @ hitonr) @ hiton (I - 8)) vec(I)

Aga) + {hl_la"? I-S)@hiton(I-S)@hi " on(I—S8)}m® (€111, €41, €41)
Ass) + Z “lonqr ® (hl jon ® hl 7077) vec (I)

w
Agg) + Z <hl ion @ hl” jan) vec(I) @ hi-1o

—~

Ay 7) Z (hldon @ hitonr @ hi-ion) vec (I)

Asg) — (hﬁc ome hi:lan ® hﬁ:lan) m3 (€141,€141,€r11)
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12.5.2 For (x{@xf)

Recall from above that
Xf_H ® Xy = hxxf + 0’?76H_1) ® (hxxf + %Hxx (X{ ® X{) + %hagag)

= (hy ® hy) (x{ ® Xf) + (hx ® Hyxx) (x{ ® xf ® X{) + (hyx ® Lth,,0?) x{
+ (on ® hy) (6141 @ x7) + (U"l ® %Hxx) (€t+1 & X{ ® X,{) + (017 ® %h,maQ) €141
Therefore:
xly2 @ Xi 5 = (hx ® hy) (X{H ® Xf+1) + (hx ® 3Hxx) (X{+1 ®xl, ® X{H) + (hx ® thopo?) x], 4
+ (UTI ® hx) (€t+2 ® X§+1) + (UTI ® %Hxx) (€t+2 ® th-‘rl & X{+1) + (UT] ® %ho—o—UQ) €112

= (e © b (b @ ) (x] @ x7) + (B ® 3He) (xf @3] @ x] ) + (B © Shyo0?) xf
+ (01 @ hy) (€141 @ %) + (01 © 3Hxx) (6t+1 ox{ ®x{ ) + (o0 ® $hepo?) €r41]

+ (hx ® 1H\x) (xtf+1 ®x/,,® x{H) + (hy ® th,,0?) x], |

+ (0 ® hy) (€142 ® x711) + (on ® Hyxx) (et+2 ®x),® X{+1> + (o ® h,,0?) €42

= (hx ® hy)? (Xf ® X§) + (hy @ hy) (hx ® $Hux) (x{ ®xi ® x{) + (hx ® hy) (hy ® $hyp02) x]
+ (hy @ hy) (07 @ hy) (€141 ® x§) + (hy ® hy) (07 ® $Ho) (et+1 2 x] ® xg‘) + (hy @ hy) (00 @ thyeo?) €11
+ (he ® 1H,) (x{+1 ®x/,® x{+1) + (he ® Ih,,0?) x],
+(on @ hy) (€142 @x714) + (o0 @ 3 Hixx) (€t+2 ® X{+1 ® X{+1) + (o1 ® $hye0?) €140
and
X{ 15 ® %} 15 = (hx ® hy) (Xt+2 ® Xt+2) + (hx @ 3Hix) (X{+2 O x5 ® X{+2) + (hx ® $hoo0?) X/
+(on © hy) (€143 ® X7 15) + (077 ® Hxx) (€t+3 ® Xt+2 ® Xt+2> + (on ® thyp0?) €145
= (hx ® hy) [(hx ® hy) (xt ® xt) +( (hx ® 1 Hxx) (xt oxi® x{) + (hy ® hy) (hx ® Lh,p0?) x]
+ (hy ® hy) (01 @ hy) (€41 ® xt)+(hx ® hx) (o ® Hyy) (em 2x{ @ x{)+(hx @ hy) (07 @ thoo?) €11
+ (hye ® 1H,) (x{+1 ®x/,® x{+1) + (he ® Ih,,0?) x],
+(on @ hy) (€142 @x714) + (o0 @ 3 Hxx) (€t+2 ® X{+1 ® X{+1) + (on ® $hy0?) €119]
+ (hx ® 5Hxx) (th+2 ®xl,® X{+2) + (hy ® thoe0?) x],,
+ (0n ® hy) (€143 ® X7 15) + (on ® 1 Hyxx) (et+3 ®x],,® x{H) + (00 ® Lhyeo?) €143

= (hx @ hy)’ (xt ® xf) + (hy ® hy)” (hx ® 3Hx) (x{ ®x] @ x{) + (hx @ hy)? (hy ® Shyeo?) x]
+ (hy ® hy)” (01 @ hy) (€141 ® x5) + (hy ® hy)® (o ® $Hyx) (€t+1 @x] ® th) + (hy ® hy)? (on ® $heeo?) €41
+ (hx ® hy) (hx ® 5Hxx) (th+1 ® X:{Jrl ® X{+1) + (hy ® hy) (hx ® 5h,00?) X{H
+ (hx ® hy) (01 © hy) (€142 @ %741 ) +(hx ® hy) (07 @ FHyx) (€t+2 ® X{-s-l ® Xfﬂ)—i-(hx ® hy) (07 ® $hoeo?) €42

+ (hx ® Hyx) (X{+2 ©x{,® X{+2) + (hx ® Fhooo?) X,
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+ (0N @ hy) (€143 @ x}1) + (01 © 3Hxx) (€t+3 ®x],® xf“) + (on ® thyp0?) €145

= 3 (xf @ xs : 2—i 1 foox! oxf
(hx ® hx) Xt ® Xt + Z (hx ® hx) (hx ® 2Hxx) xfr‘r’b ® XtJrl ® Xt+z
=0
2 .
+ 3 (@) (1@ o)
2

+ E (hx ® hx)Q_i (0'7] ® %hUUO'Q) €t 1+
i=0
2 .
+ Zjo (hx ® hy)* ™" (01 @ hy) (€r414i @ X54;)
E 2-i 1 f f
+ > (hxy ® hy) (077 & §Hxx) (6t+1+i ®Xy ; ® Xt+i>
i=0
And in general

! s b (xf o) £ 5 (e o b (e @ L ! ! !
Xp ©x = (hx @ hy)" (x; @ X +Z:O( x @ hy) (hy ® $Hh) (x1,; ® %], @ %7,
S (hy © hy)' ™ (hy © Lhyyo?) x!
—i_z:o(x® x) (hx ® 3hoo0?) X7 ;
-1 .
+ Z:O (hx ® hx)l_l_Z (O’T[ X %h000'2) €it1+44
-1 ,
+ 2 (@ hy)' ™' (on @ hy) (€rr14s @ X5)
1=
+l§(h ®h)l_1_i(0 ® $Hyy) (€ ox!  ox!
= X X n 9 tixx t+1+4+1 t+i t+i
for [ =1,2,3....
We therefore have
%/ @% ., =(h ®h)l(if®is)+l§(h ©hy) T (hye ® 1H )(scf ol 0% )
t+41 t+1 X X t t = X > X 5 lxx tg t4i t4i
S (hy ® b)) (hy ® Lhy,o?) &/
+;)(x® x) (hx @ 3hoo0?) Xy ;
-1 .
+ ZO (hx ® b)) ™ 7" (6m @ 1hyp02) 8pp14s
i=
-1 .
+ 3 (he ®hy)' ™ (o ® hy) (Orr14i ®X5,)
i=0

-1 .
+ 3 (hx ®hy)' ™' (0 ® 1Hix) (5t+1+z' ® %l ® i{ﬂ)
=0

Thus
2f o3z f
Ey {Xtﬂ QX — X @ XfH}

-1 .
= Bil(he @ hy)! (% @%7) + X (he@ b ™ (b ® dH) (%], 0%/, 0%,
=0
= I-1—i 1 o\ ~f
+ > (hx @ hy) (hx ® thye0?) X/,
1=0
-1

+> (hx® hx)l_l_i (0"7 X %hchQ) Otiti
i=0
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|
—

+ 3 (hx ® hy)' 7' (0m @ hy) (Seg14s ® Xf,)

—~ .
Ll
= o

+3 (hy ®hy) (o1 ® §Hxx) (5t+1+z‘ ® ifﬂ' ® ifﬂ)
=0

(o = I-1-i 1 ! ! f
(hx ® hx) (Xt & th) + ;) (hx ® hx) (hx X §Hxx) (XtJrZ' ® Xiti ® Xt+i>

|
- o~

|
—

+ 3 (e @hy) ™" (hx ® Shooo?) x],,;
i=0
-1 .
+ Z (hx ® hx)l_l_Z (UT’ ® %hoaoz) €t 4144
i=0
-1 .
+ > (hx ® hX)l_l_l (om @ hy) (€t+1+i & X?Jri)
i=0
' -1 1 f f
+ > (hy ® hy) (o0 ® 5Hixx) (€rr14i @ X1y ©@ %715 ) }
=0
]
-1
I-1—i - - -
= Et[Z:O (hy ® hy) (hx ® %HXX) (X{+i ® X{Jri ® X{+i - X{H‘ ® Xz{ﬂ‘ ® X{+i)
-1 ,
X (e 9 b1 (1 @ Fhooo?) (%L — )
-1 )
+ Y (e @h)' ™ (00 @ Lhyeo?) (Bri14i — €r4144)
i=0
-1 .
+ 3 (hx ®hy) T (o0 @ hy) (Grg14i ® RSy, — €140 D X,
i=0
-1 ,
+ (hx & hx)lilil (0'77 ® %Hxx) (6t+1+i b i{Jﬂ‘ @ izj;Li — €41+ ® X{Jﬂ' 0 thJri)]
=0
-1
I-1—i - - -
= B> (hx ® hy) (hx ® %HXX) (X{+i ® X:{Jrz' ® X{Jri - X{H ® th+i ® X{Jri)

=0
-1 .
+'5 e © 1) (10 © Funo?) (5, - xL)
=0
+(hx © ) ™ (07 ® thoeo?) (v + (I - S) €1 — €141)
+(hx @ hy)' " (N @ hy) (W + (1= 8) €141) K} — €141 @ %])
-1 .
+ 21 (hx ® hy) ™ 7 (0 @ hy) (€141 ® K] y; — €414 DX,
1=
+ (B @ 1) (0m @ 3Had) (v + (1= S)er) @ %] @ %f — 1 @ xf @)
=1 1—1—i 1 =f ~f f f
+ ; (hy ® hy) (o0 ® 3Hxx) (€t+1+i QXp 1 OXpyy — €41+ O X © Xt+i)]

v+ (I-S)eqq forj=1

using dr4j = { €1t j for j #1

-1 _
Et[zo (hy ® hy)' ™" (hyx ® FHyx) (i{—&-i oxl, 0%, —xl,ox], X{H)
=

1

g

(hx ® hx)lilii (hx & %haoaz) (i{ﬂ - X7{+i)

<« ®hy) ! (on ® $heeo?) (v +0-0)
®hy)' " (on © hy) (v +0) © X — 0)

<.

+ 4+ +
FFL
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-1 .
+ 3 (hx @ hy) "' (op @ hy) (0 — 0)
=1
+ (e 1)~ (o7 © $H) (v +0) 9 %/ @ %] ~0)
-1 R
+ 3 (hx @ hy)' "7 (00 @ $Hyx) (0 - 0)]
i=1

using x7,; is a function of X{ +; which is a function of €;1;. The zero-mean iid innovations therefore implies
thatv Et [(€t+1+i (9 Xf+i)] =0 and Et [(€t+1+i X i?—&-z)] =0
The same argument implies that E; |( €414: ® X{H ® x{H } =0

and E; [(Et—i-l—i-i ® ifﬂ ® i{ﬂ)] =0

-1
11— - - -
Et[z1 (hx ® hy) (hx ® %Hxx) (X{H ® X{+i ® X{—i-i - X{-H' ® X{+i ® X{-i-z')

1

\g

(hx ® hx f=1-i (hx & %hUO'UQ) (i{+z - X{Jri)
hy ® hy)' ! (o0 ® thyeo?) v

h, ® hy)' ™! (o @ hy) (v @ x7)

+ (b @ hy) ™ (o0 @ $H) (v o x{ @ x]))]

because the shock hits in period ¢ + 1, meaing that x{ = i{ and similar for xj

1

+ + +

~
I

1

(hy ® hx)l_l_i (hx & %Hxx) Ey |:(itf+z ® ifﬂ ® i{+i - X7{+i ® th+i & th+i)i|

. =~ e
ML
Lol

@
Il
-

() 1 (9 %) [ (5, )

+ o+

hy ® hy)' {(017 ® thyeo?) v+ (on @ hy) (v @ %}) + (o0 @ $Hxx) (V @x! ® Xf) }

~
I
—

(hy ®hy)' ™' (hx ® 5Hxx) By Ki{ﬂ‘ ® iz{ﬂ' ® i{ﬂ - Xz{ﬂ‘ ® th+i ® x{+i):|

~
Ll
Ll

+ 4 (hx & hx)lilii (hx & %haaaz) E; {(i{—&-i - X{-‘ri)}

s
Il
_

+(he ® hx)l_l {0”)’]1/ ® %haoa%_anu Q@ hyxi +onr ® %Hxx (x{ ® xf) }
using (A®B) (C®D)=AC ®BD if AC and BD are defined

-1 ‘

= 2 (hx ® hx)lilﬂ (hx ® %HXX) Ey |:()~(tf+z ® ii{+i ® i{-m - X{-H: ® X{-H' ® th+’i)i|
‘= 1-1—i 1 2 <f f

+ > (hy @ hy) (hy ® $hyeo?) E; [(XtJri - Xtﬂﬂ
i=1

T (hy ® by {m,,, ® (hfo + IH (x{ ® xtf) + %hwg2>}

To derive a recursive version for this sum, we let
=l I—1—i 1 < f ~f =f f f f
X =) (hx ® hy) (hx ® EHXX) (XtJri QX DXy — Xy DX & XtJri)

i=1
=1 -1 1 2\ (=f f

+ > (hx ® hy) (hx ® $h,p0?) (Xt—i-i - Xt+i)
i=1
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+(he ® hx)lfl (O—ny ® (hfo + 1 H,x (x{ ® X{) + %hMUQ))
SO
X1 =onr® (hxxf + %Hxx (x{ ® xf) + %hogaz)

1 _
Xo=3 (hy®hy)' ™' (hx ® 3Hxx) (i{ﬂ ® itf+z‘ ® i{+i - X{+i ® X{Jri ® x{“)
i=1
1 .
(hy ® hy)"™" (hyx ® h,,0?) (5&{+i - X{Jﬂ‘)
i=1

+
+ (hy ® hy) (anu ® (hxxf + 11, (x{ ® x{) + %hago2))
= (hx ® 5Hxx) (5‘{4-1 ® i{—&-l ® i{+1 - X{+1 ® th-H ® Xf+1)

+ (hx ® %haagz) (itf_l,_l - X{.H)
+ (hyx ® hy) (anu ® (hxxf + %Hxx (x{ ® x{) + %h(mg?))

= (hx ® hy) X1 + (hx ® 3 Hyx) (i{+1 ® itfﬂ ® i{ﬂ - X{H ® X{H ® th+1)

+ (hx ® 3hyo0?) (ifﬂ - X{H)

(hy ® hx)zii (hy ® %Hxx> (i{_H ® i{-{—i ® i{+i - X{H ® X{-H: ® x{-s-z')

i

M LT

(e 0 (2 o) (%, x,,)

+
+ (hyx ® hy)? (0'771/ ® (hxx;‘ + 1H, (x{ ® x[) + %hggaz))

.
Il

= (hy ® hy) (hy ® 5Hyx) (i{Jrl %[, ®%l, —x[,0x/,,® X{+1)
+ (hx @ §Hox) (it+2 O%f, %, -x{,8x{,® X{+2>
+ (hy ® hy) (hyx ® 3hygo?) (5&{“ - xfﬂ)
+ (hx ® 3hyo0?) (itf-&-Q - Xz{+2)
+ (hy ® hy)? (U’OV ® (hxxf + $Hyx (X{ ® Xf) + %hgadz))

(hx ® hy) X5 + (hx © 3Hxx) (i{+2 ® i{+2 ® i{u - X{+2 ® X{+2 ® X{H)
+ (hx ® 3hyo0?) (i{w - X{+2)
Hence, in general
Xi = (hx @ ha) Xjm1 + (he ® 3H) (itf+k—1 ® i{+k—1 ® i{+k—1 - X1{+k—1 ® Xz]:+k—1 ® X{+k—1)

- f f
+ (hx ® %hUUUQ) (Xt+k—1 - Xt+k71)
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12.5.3 Summarizing
At third order, the total effect on the state variables is:
By [Xip1 — x41] = By [i{+l - X{H} + B (X5, — x5 ]+ B X - <]
For the control variables:
yid = gx (xtfH + %7, +x§j‘£l) + 2Gxx ((XZ_H ® x{+l> +2 (X{_H ®xf+l>)
+5Goox (th+z ® X{H ® X{H) + 38000% + %gwxagfo + §80000°
y:—(&i-l = 8x (i{H T X+ i;‘il) + %Gxx ((ifﬂ ® itfﬂ) +2 (itfH ® ifﬂ))
G (K 97,0 0 5,,) + H0? + S + B
So:
E 514 - vidi]
— g (B [%y = xl] + B [Rin - xi] + B[R4 - xid)])
+1Gox (Et [i{H o/, —x/,® x{H} +2E, [i{H R, — x|, ® x§+l])

1 =f =f of f f f 3 2 =f f
+5 Gxoxxc Lot {xt—&-l X X =X 8% ® Xt-}-l] + 58oox0° Ey {Xt-s-l - xt-s—l]

13 Alternative notation with ¢ in the state vector

When deriving the perturbation approximation, the perturbation parameter o is treated as a variable. It may therefore be
natural to consider o as a part of the state vector when constructing the state space system for the approximated model.

We therefore define 5({ = [ (th)/ o }/, x5 = x3) o ]/, and %74 = [ (x:d)’ o ]/.
At first-order:

At second order:



)

fori=1,2,...,n,.

At third order:

Notice that ~

[ty
{ 0 900 1) 00 }
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7
39 (ivol)a x ] [ }:f; ]
39 (%02)0 x ] [ xat ]
39 (ivgwém ] [ };{
9(1:1) 500 } { ):f




(61,55 x] +3g(i,1),,, 0% ]

(i,2,5, 1) x] +39(i,2), . 0°

/
(th) Sk (z’,nm,:,:)xic 439 (3, M) 5 gy 02
9(i,1),,, 07 |

!/
= S0 af (k) <(x{) Broox (1, 5,3, 2) X 439 (1, k) e 02) +g(i1),,,0°

as desired.

SR R S |

L) [ i, [ ]
KSR R S |

tg [ (f) o] | |
6 L6 o [ e [ 7]
RECRS| E ET
w? (i) = [h(i) 0]
[ ]
(&) [ et 0 s
(=) e (121 328 5
N t 0 3h(4,2) .5 |
5 (X{> (if)/ { N (1 T 5, 2) 0 }if
t/ 0 3h(isng)ypy | ¢
NG AT N

14 Accurcy of the pruned state-space system with ¢ — 0

This section shows that the errors induced by the pruned state-space system at second order are O (03) for 0 — 0, and
that the errors induced by the state space system at third order are O (04) for 0 — 0. This corresponds to showing
that the errors implied by the unpruned and pruned approximations are of the same order for ¢ — 0, provided that the

212



unpruned sample path is stable. The procedure for showing these results follow the one applied in the Appendix to Haan
& Wind (2012).

14.1 Some auxiliary expressions
Recall that the unpruned third-order approximation of the state equation is given by
3 3 3 ]- 3
XD = (et 2 )7 L (7 0

1h(,ma?’ +one +0O (04) ,

1 3 3 3 1
“FéHxx( ()®X( )®X£ )>+§h0-0-0'2+6

where xt ) denotes the unpruned third-order approximation. We know that the errors induced by this approximation is of
fourth order, i.e. O ( ) For the derivations below, we need some auxiliary expressions. We thereefore first note that
3 3
XE+)1 ® X§+)1 =
((hx + %hoaxUZ) xf’) n %Hxx (X£3) ® X(3)) n %Hxx (ngs) (3) ®x§3)) + %hwaQ + éhwga‘a’ + 077€t+1) ®

((hx + %hoaxgz) Xig) + %Hxx (Xl(g?)) & X§3)> + %Hxx (X,(gg) & Xg ) ® X,(gg)) + %ho'o'o.Q + éhggga':5 + 0'77€t+1>
= (e + 3hooxo®) xV) @

((hx + 3, 0x0?) xY + LH,, (x§3) ® x§3)> + 1H (x,ﬁ‘” 2xP ® x§3)) +1h,,02 + 1h,,00% + anem)
+ 5 Hax ( ) ®x§5)) ®

((hx + %hwaQ) (3) 1Hxx ( ,(53) ® X§3)) + %Hxx (xf’) ® xf’) ® xf’)) + %hwa2 + éh,ﬂma3 + 077€t+1>

i (P o xP o x) @
((hx + %hwxaz) x§3) + %Hxx ( (3) ® x§3)> + %Hxx (xg?’) ® XES) ® xg?’)) + %hwa2 + %hwga?’ + anetﬂ)
+ (3hoo0? + theeeo®) ®
((hx + %haaxa ) x,(5 ) %Hxx (X,Eg) ® xf’)) + %Hxx (x,(fg) ® xf’) ® x§3>) + %hma2 + %hwgo?’ + U'I]et+1)
+tone, 1 ®

((hx + %hoaxgz) Xig) + %Hx ( (3) ® X(3)> + %Hxx (X,(gg) ® X§3) ® X,(gg)) + %hO'O'O.Q + %hUO'O'US + Un€t+1>

= (hx+ 3 an2) @ (B + Zho0x0?) XY+ (B + Thooxo?) X7 @ THe (x) @ x(V )
(hx + 2 02) P @ b (2P @ x7 @ x(7) 4 (B + Fhooxo?) 51 @ (3hoo0® + Lhooo?)

+ o+

® OMN€t
N ( () g 58 >) ® (B + 2hooxo?) xf¥ 4+ $He (xY @ %) @ $H (x(Y @ x(”)

« (7 @x) @t (xP @ x¥ @ x?) + 1H (5 @ (V) @ (dhooo? + Thoeeo?)
XX (X§3) ® X1(§3)> ® Un€t+1

ok o
B
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LEL xg:%) (3> >®( + 3hypyo )Xg?)) + LHy (X(3> X(S) (3)) ® LHy (XE )®X<3))
+%Hxx ( (3) & Xt ) ® % (X)(:B) & X§3) & X,(gg)) 1Hxx (XE ) & X(g) ® XE )> & (%haao' + gha'o'aag)
+éHxx ( ®) 0y Xt ) Q0 77€t+1

+ (3000 + Eho000®) @ (B + Fhoox0?) X+ (3hoo0? + thops0®) @ S Hi (Y @ x(7)
+ (%hUO'O-Q + %haaoag) X %Hxx ( (®) ® XE ) ® Xig)) + (Qhaoa + hUUJUB) & (%hO'O'O.Q + éhooagg,)
+ (%hUO'O-Q + %haaaa?)) ® 077€t+1

+ome; g @ (hx + §hooxo?) X+ onery © FH ( Ve X(3)) +ome; ® §Hxx (ng) xV @ ng))
+0'7’€t+1 ® ( haoa' + lhaooa ) =+ ONE€L1 ® OM€t 11

Preserving terms up to third order we have

xgi)l ® xgi)l = hxx(3) ® hxx(3) + hxxgg) %Hxx (XES) ® xg?’)) + hxxgg) %h(ma2

1 (3 ©x7) @ hexl? 4 Thoo0? @ hex(?
+hy XE : Qomne . + Hxx (ng) ® XE‘S)) QD one L + %haaa2 Q@ oNeEL

+one; 1 ® hxxg ) +one,, ® §Hxx ( () & x(g)) +one, ® %hwa2 +one @ one

= (hy @ hy )( (3) ®X§3)) 1 (hy ® LH,) ( ® o x® g (3)) 4 (hx ® hy,) ( ®) 5 )
+ (3Hx ® hy) ( ® o x® g §3)) + (Lhyo @ hy) (0 ®X§3)>
(@) (x99 0) + (e ome ) (6 50 © ) + (Shos ©1me,,) 0
(e ©hy) (00x7) + (ne1 ® ) (0037 @x47) + (€1 © Fhoo) o + (mersy ©mer) 0

= (hy ® hy )( ®Xt )+( ® $Hyx + 3 Hxx ® hy) (X§3)®X§3)®X§3))+
+ (hy ® Ihyy + thyy @ by )(x(?’) 02)
+ (hx ®ne,yq) (Xt ®U) + ;Hxx@ﬂetﬂ)( ¥ @ x|
+(

( (3)
ne€41 @ hy) (‘7 ® XE?})) + (n€11 ® 3Hxx) (‘7 ox” ® X§3)> + (€11 ® 5hoo) 0% + (N€ @ e y) 0

® U) + (%hmf oy Tlet+1) o

Preserving terms up to second order we have

xD ox? = (e (x? ox) + (e @ney) (x7 @ o)

+ (n€t+1 ® hx) (U ® X§2)) + (nem ® 77€t+1) o

where x§2) denotes the unpruned second-order approximation.

Moveover, preserving terms up to third order in xg _31 ® xg _31 ® xg +)1 clearly gives
xith @ x(}) @x() = (he ® hy @ hy) (ng) 2x) @x|’ )) (hx ® hy ® om) ( Peox e €t+1)
+ (e @ on@hy) (x @ e @xV ) + (e on @ on) (x¥ @ €1 @ €

+(on@he@h) (e 2 xY @x7) + (@b @ on) (e @ x¥ @ )
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+(on ® on ® hy) (€t+1 ® €1 ® X )> +(n@on@on) (111 €41 @ €41) + O (o)

Next, recall that the pruned approximation at third order reads

!y = hux! 4+ ome

1 1
Xp1 = hyxi + inx (x{ ® x{) + §h0‘702

1 3
X;il = hxxzd + Hyx (X{ & Xf) + ~Hyxx (X{ ® X{ ® Xf) +

6 6h00x0 Xt + 6hO'O'G'U

Adding up these terms we have

1
oot ity = (x4 4 g (o @) +2 (] ) )

1 3 1
+6Hxxx (X{ ®X{ & X{) + haaxa Xt + haa + 6h00003 =+ ONe€s 1

For the controls we have without pruning that

1 1
ng) = ng£2) + tix (Xz(SZ) (2)> + 2gaaa

and

1
Y§3) = gxxgg) + 5 Grxx ( 2 & X(3)> + *Gxxx (XE?’) ® XEB) ® X§3)>

3 1 1
+58ooxT X§ St nga + 8o0a0 2 +0(0%)

in an unpruned second- and third-order approximation, respectively

14.2 Proof for a second order approximation
14.2.1 First order terms

At first order we trivially have
xlp1 = x(1h = hax{ + oney

- {hg) §2) + %Hxx (XEQ) ® Xz(:z)) + %hWUZ +oneq +0 (‘73)}

— i (x/ = x) +0(c?)

We therefore see that errors in x{ are of second order, i.e. x{ — xl(f) = O (0?). Note, that we do not need to require
that the initial errors are of second order, i.e. xg — xg2) =0 (02), provided that ¢ is sufficiently far away from zero. This

is because any error committed at time 0 will die out because all eigenvalues of hy are less than one.
For the controls, the pruned expression is y{ = gxxf, SO y,{ — y§2> = gx (xt — xt> + 0 (02). Given that xf — x,(f) =
0] (02), this clearly also holds for the controls, i.e. ytf — y£2) =0 (02).
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14.2.2 Second order terms

At second order the pruned approximation of the states is given by
1 1
X{Jrl + Xerl = hx (X{ + Xf) + §Hxx (X{ ® X{) + ihaao'2 + U’I’]Et+1

Comparing this approximation to a second-order expansion without pruning, we obtain
(2)

X{+1 + %7, — X7 = hx (x{ + xf) %Hxx (x{ ® X{) + %hwo2 +one;
_ {h (2) + 1Hxx <x§2) ®x(2)> + %hMJQ +one ., +0 (03)}
(i
f s 2) Foes @) 1 I o x!f —x®?
Xi X — Xy = hy (Xt +x; —x; ) —|—§Hxx (Xt ®x; — ®Xt ) —|—O( )
We next want to show that x{ +x7 — x§2) =0 (0?) and X{ ® x{ (2) ® x,(52) O (0?). To do so, we recall that

th+1 ®X{+1 = (hx ®hy )(Xf ®X{) + (hx ® om) (Xt ®€f+1>
+(m @ ) (€1 9] ) + (on @ om) (611 © €141)

Hence, we have

x{ ®xf, - Xgr)1 ® Xg& = (hx ® hy) (th ® X{) + (hx ® om) (X{ ® €t+1)

+ (on ® hy) (€t+1 ® X{) +(on @ on) (€1+1 @ €141)

~{(he @) (xi7 @ xP) +
+(eome) (7 ©0) + (Fhoo ©mer) 0
+ (n€,, ® hy) (0 ® x(z)) + (n€y ®Me,) 02+ 0 (o)}

= (hx ® hy) (x{ ®x — (2) ® xg )) + (hx ®n) (x{ ® o€ty — XEZ) ® 0‘6t+1>
+(on@hy) (€1 @x] — e @xP) +0(0?)

= (e 0 b (x] @xf —x? ©xV) + (W om) ((xf —x”) @ oerr)
+(n ® hy) (O'Et+1®( f XEQ))) +O(03)
f
t

We know that x x§2) = O (0?). Now recall the meaning of our notation. We say that a function f (o) is

f(e)=0(c")
(i
UIEO%<M<OO

This clearly implies that
af (o) _ 1) (O_erl) ’

om+1 -

or of (6) = O(6™%!). So in our case we have x{ — xt = O (0?), and therefore o (x{ —x§2)) = O (0*). Hence,

x{ ® X{ (2) ® X( ) =0 (¢%). This in turn means that xt +x; — x§2) =0 (0?) as desired.
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For the controls we have in the pruned approximation
1 1
Yf = 8x (X{ + Xf) + §Gxx (X{ & X{) + §g0002
So we have

1
yi — y,@ = 8x (X{ +x7 — ng)) + tix (X{ ®X{ (2) ®Xt ) +O( )

Given that X{ +x7 — x§2) =0 (0?) and x{ ® x{ — x,(f) ® x§2> = O (), we clearly have y; — y§2) =0 (0?) as desired.

14.3 Proof for a third order approximation
14.3.1 First order terms

At first order we trivially have
3
X{—&-l XE-&-)l = hyx{ + OME€syy
—{(hx + %haaxaz) xgs) i %Hxx (X§3) 2 ng)) I %Hxx (ng) 2 XES) ® Xg:s))

+3ho00? + thyeeo¥+ ome, 4+ O (o)}

= hy, (x){c — x§3)) + 0 (o)
We therefore see that errors in xf are of second order, i.e. x{ — xt = (02). For the controls, the pruned expression

is y{ = gxx{, ) y{ (3) =gx (xic — xt> +0 (O’ ) Given that x{ — xt =0 (02), this clearly also holds for the controls,

. 3
ie. yi —yi ) =0 (02).
14.3.2 Second order terms

Comparing this approximation to a third-order expansion without pruning, we obtain
x{H +x{ — xg)l = hy (x{ + xf) lex (x{ ® x{) + %hwcf2 +one;
(Bt Bhoo?) x4 3B (5 0 x7) o+ 3 (57 9% %)
+1he0% + thyoeo®+ one,  + O ()}

1
xf+1+xf+1 —XS_)I = hy (x{—l—xf—xgs)) —|—§Hxx (x{@x{ (3)®Xt )—l—O( )

/ =0 (0?) and th ® X{ (3) ® xg?’) O (0?). To do so, we recall that

We next want to show that x; + xj — x§3)

sl @xf = (@) (x{ @xf)+ heoon) (xf ©e)
+(on @ hy) (€t+1 ® Xf) +(on @ on) (€141 @ €41)

Hence, we have
st @xfiy = x{P @ xP) = (o hy) (xf @xf) + (e on) (x] @ e
+ (on ® hy) (€t+1 ® Xt) + (on @ on) (€141 @ €441)

—{(hyx ® hy) (xf’) ® xf”) + (hy ® 1Hyy + LH, o © hy) (x§3) 2x¥ ® x§3)) +
+ (@ Shoo + 3hoo @ hy) (x1 @ 02)
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+ (he @ mey4) (X§3> ® g) + (AHux @ e, y) ( 4 o x® g U) + (3hyy ®nepy)
+ (€141 ® hy) (U ®x;’ )) +(n€1 ® 3 Hxx) (‘7 ® X(B) ® Xg )) (€141 ® 5hoo) 0%+ (e @ Meryy) 02 +0 (o)}

= (hy ®@hy) (x] @ x/ — (3) ® XE )> + (hx ®n) (th ® o€r41 — ng) ® aet+1)
)

(
+ (om @ hy (6t+1®xt—et+1®xt )+O( )
(xf

= (hx ® hy) (x! @ x/ —x¥ ®x§3)) + (hx ® 1) (( f % )) ®aet+1)
+(n® hy) (O’Et+1 ® (xt — x§3 )) + 0 (o®)

We know that x/ — xt?’) = O (0?). Now recall the meaning of our notation. We say that a function f (o) is

flo)=0(™)

lim LZ)<M<oo

oc—0 O
This clearly implies that
Uf (J) m—+1
O.m+1 = O (U ) ’
or of (0) = O (o m“). So in our case we have x/ — x{¥) = O (02), and therefore o (x{ — XE?’)) = O (0®). Hence,

xt+1 ® XtJr1 — X£+)1 ® xtJrl = O (). This in turn means that X{+1 +xi — xii)l = O (0?) as desired.

For the controls we have in the pruned approximation

1
vi =g (%] +37) + 3G (xf @) + L000”
So we have
vi ¥ =g (x 43— x7) + 3G (] @] P @x?) + 0 (0?)
Given that X{H + X — xgl =0 (0?) and x{H ® xtJrl - xg)l ® X,Ei)l = O (0?), we clearly have y; — y§3) =0 (0?) as
desired.

14.3.3 Third order terms

Comparing this approximation to a third-order expansion without pruning, we obtain at third order

o + X5 + 350 — () = he (xt+xt+xt )+ 38 (xf oxf + (x] @xi) + (xt ox{) )

+%Hxxx (x{ ® xt ® xt) + ghmxxt % + %hwg? + éhmgg3 +one
= {0t faoone) 7+ 3T (6 ©37) 4 s (17 0347 ©37) o+ S+ oo omers }

= hy (x{ + x5 4+ x74 xg?’)) + %Hxx ((X{ ® x{) + (x{ ®xf) + (xf ®x{) - x,(fg) ® xg?’))
+%Hxxx (X{ & X{ ® Xt - XES) ® XES) &® ng)) + %haaxUQ <X{ - XES))
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We then need to show that each of the terms are accurate up to O (04). We start by considering the last term. Here,
x/ —x¥ =0 (02), and therefore o2 (x{ - XE?’)) = O (o), as desired. We clearly also have x{ @x{ @x] — xPex® ox® =
0] (04). To consider the single remaining term, recall from above that
X{+1 ® X{H = (hx®hy) (X{ ® Xf) + (hx ® om) (X{ ® €t+1)

+(on ® hy) (€t+1 ®X{) +(on @ on) (€41 @ €141)

and
f s 1 F oo o of 1 2\ f
Xp41 ©xi; = (hx®hy) (Xt ®Xt) + | hx® inx (Xt ® X} ®Xt) + (hx ® ihaag X}
s 1 Fooof 1 2
+(on @ hy) (€141 @ %x}) + | o ® inx (€t+1 ®x; ® Xt) +({on® §h,ma €111
and
s f s o of 1 Fooof o of 1 2 f
Xt+1 ® Xit1 = (hx ® hx) (Xt ® Xt) + inx 0 hx (Xt ®Xp QX ) + §hoa(7 ® hy X3
s 1 Fooof 1 2
+ (hx ® om) (%} ® €141) + inx®<T77 (Xt ® X3 ®€t+1) + §haaU ®on | €1
Thus

s 3 3
(Xt+1 ® Xt+1) T (X1 ® Xt+1) + (Xt+1 ® X{H) - (X1(5+)1 ® X§+)1)

(x
(

= (e @hy) (x] @x]) + (@ om) (x{ @ er11) + (n@he) (€101 @x] ) + (on @ o) (€111 @ €141)
+ (hy ® hy) (x] ®xt) (hx ® $H) (x{ ®x] ®x{) + (hx ® 1hy,0?) x{
+ (01 ® hy) (€141 @ x5) + (on ® 1 Hxx) (et+1 ®xi ® x,{) + (on ® thoeo?) €141
+ (hy @ hy) ( ® xt) + (JHyxx ® hy) (x{ ®xi® x{) + (3hye0? ® hy) x|
+ (hy ® om) (%} @ €11) + (3Hax @ 0M) (X{ @x] @ €1) + (Ah,p0? @ o) €41

_{(hx ®hx) ( (3) ®X(3)> h, ® %Hxx + %Hxx ®hx) ( (3) ®X£ ) ®X§3)> +
hy ® $hoo + $hyp @ hy
5Hxx ® 77€t+1) (ngi) ® x£3) ® a) + (%hw ® 77€t+1) o

(1
(776H_1 ® %Hxx) (X7E3) ® XES) ® o') + (n6t+1 ® %hga) o3+ (net+1 X 77€t+1) 0-2}

ne @hy) (x¥ @ o)

= (hy ®hy) (x{ @ x{ —x o x® ))

+ (hx ® om) ((xtf + x;?) ® et+1>

+(om @ hy) (€t+1 ® (Xf +XZ)>

+ (b @ h) (x] @ x; +x; @ x])

(e [+ s ) (<] 9] )

+ (he ® th,p0? + Lh,, 0% ® hy) x]

+ (N€ry1 @ tHux + sHyx @ me; ) (0 @x! ® x{)
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+ (U'I’] ® %haaa2 + %haao—z ® O"I’]) EtJrl

{ ) ( ®) g x?® g X(3>>

(hy ® $hys + L1h,, @ hy) (x(3) ®0 )

(hx ® ne,) (x§3) ® 0’) TH,x @M€, 1) (XEB) ® XEB) ® 0’) + (3hoo @M€L O
(€41 ® hy) (ng) ® ‘7) + (n€41 ©® 7Hxx) (ng) ox” ® ‘7) + (n€11 ® 3heo) 0%}

xl @ xf - x” @ xV)

(o 3) o)

x) (Xt ® x§ + x5 ®xt)

(hy ® $Hy + L Hyy @ hy) (xt oxi oxf —xP 9x® @ X(s))
(B @ $hp + $hop @ 1) 02 (xf — V)

(€111 @ 5Hxx + 5 Hxx @M€ 1q) (U ®x{ ® xf)

(e @mey) (x7 ©0) + (FHo@ne,,) (xP oxP0o) +
+ (n€,, ® hy) (xg?’) ® 0) + (me ® $Hxx) (XES) ® xg?’) ® a)}

h, @ hy )(x{@x{ x® @ x® ))

= (
(h ® 77€t+1) ((Xf +x; — ng)) 0)

n

+ (n€t+1 ® hy) ( (X{ +xi - ng)))

+ (b @ ) (x] @ x; +xt 2 x])

0 B 3 ) (< X x0T )

+ (hy ® Jhyy + 1hyy @ hy) o (X{fx§3)>

+ (netH ® Hxx + 1Hxx ® netH) (0’ (x{ ® xf — xg?’) ® xf’)))
= (@ hy) (xf @x] +x] @x; +xt o x{ - x¥ o x?)

+ (hx @ m€ryq) ((X{ +x} —ng)) U)

+ (n€t+1 @ hy) ( (X{ + x5 — ng)))

+ (e @ §Hux + $Hix @ ) (xf @ xf 0 xf = x(P 0 x? 0 x")

+ (e ® Shoo + dhoo @ i) 02 (x — x{¥)

+ (N€41 @ tHux + sHyx ® M€, ) (0’ (x{ ® X{ — xg?’) ® xg?’)))

We know that x{ + xi — XEB) =0 (03), S0 (th + x5 — x§3)) c=0 (04). We clearly also have that x{ ® x{ ® x{ -
(3) ® XEB) ® xg?’) = O (0*). Similarly, xt - ng) = 0 (0?), so o? (Xf — x§3)) = O (0*). Finally, x{ ® x{ — xﬁg) ® ng) =
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O (0%),s0 0 (x{ 2x/ —xP g x§3)) =0 (04). This means that (xic oxl +xl oxi+xox] —xP g x(?’)) =0 (o%).

In conclusion we have xf_H + x5 + %04 — XH_1 O (0*) as desired.
For the controls we have

1 1 1
vl = gy (x{ +x; +xgd) + G (x{ oxi +x] @x; +x; ®x{) + 38000 + 800
1 3
+6GXXX (X{ ® X{ ®X{) + gggng'QX,{
Hence,
, 1 o
vit=y® = e (x{ 4xi 4 —xf’)) + 3G (x{ ®xf +x] ox; +x; oxf —x¥ o x?)

1

Given that x{ +x; +x;/—x(* = O (%), x{ @x] +x] @x;+x;0x] —x{V x§3) =0 (o), and x} ©x{ @x] - —xPeoxPeox® =
O (o), we clearly have y; — y§3) = O (0*) as desired.

15 The pruning schemes in Den Haan and De Wind (2012)

In the paper Haan & Wind (2012) suggest two pruning schemes for perturbation approximations beyond a second order
approximation (see page 1490 in their paper). We shortly present each of these suggestions with special focus devoted to a
third order approximation.

Throughout this section we adopt the notation in Haan & Wind (2012). That is all endogenous variables in the DSGE
model are in x; and all exogenous shocks are in z;. The policy function is denoted by f (). Furthermore, we use the notation

that fT(LJt,) is the j’th order term in a n’th order Taylor series expansion. Finally, let x4, denote the stochastic steady state,
i.e. Xstoeh = Nytn (Xstocn, 0 = 1) where h,,en (+) is the n’th order Taylor series expansion

15.1 First proposal

Let Xst0cn denote the stochastic steady state, i.e. Xstoch = hpin (Xstoch, 0 = 1) where h,,en (+) is the n’th order Taylor series
expansion. The pruning scheme is as follows

7 ] 7,+1
X — Xstoch = E f nth — — Xstochy 4t — 4,0

forj=1,2,...,n
Thus for a third order approximation, we have

(1) 1) (1)
X: ' — Xstoch = fgrd X; 1 — Xstochy Lt — 4,0
(2) (1) ((2)
Xy - — Xstoch = f3rd X; 1 — Xstochy Lt — 4,0

+f§r3 (X£91 — Xstochy Lt — Z,O’)

3 1 3
XI(% ) — Xstoch = fém?l (XE )1 — Xstochy Lt — Z,O')
(2) ((2)
f3rd X1 — Xstochy Lt — Z,0

+f(3) (Xgl)1 — Xstoch, Zt — Z 0)
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. . 3 . . 2 2
Thus, we see that in the expression for xg ), we are squaring some second-order terms in fé,‘z (xi)l — Xstoch, Zt — z,a),

which therefore is of fourth order. This holds even when o is considered as a constant.

15.2 Second proposal

Let Xst0cn denote the stochastic steady state, i.e. Xstoch = hyin (Xstoch, 0 = 1) where hyen (+) is the n’th order Taylor series
expansion. The pruning scheme is as follows:

(1) (1) (1)
X; " — Xstoch = and X1 — Xstochy Lt — Z,0
(2) _ ¢(1) (2) (2 (1)
Xy " — Xstoch = and X; 1 — Xstoch, Zt — Z,0 | + f2nd X1 — Xstoch, Lt — 4,0

J

(4) 1) () E : (2) (i—-1)

X' — Xstoch = fnth Xy 1 — Xstochy Lt — 4,0 + fnth Xy 1 — Xstochs Lt — 4,0
1=2

for 7 = 3,4,..,n. Thus for a third order approximation, we have

(1) (1) (1)
X: ' — Xstoch = fgrd X1 — Xstochy Lt — Z,0
(2) (1) (2)
Xi " — Xstoch = f37~d X1 — Xstochy Lt — Z,0

+f3512¢)i (X,El_)l — Xstochs Lt — Z,O’)

X® e

_ (3)
— Xstoch = 3rd (thl — Xstoch, Zt — 4,0
(2) ((2)
+f3rd X; 1 — Xstochs Zt — Z,0

+f3(7?‘)c)l (X§2_)1 — Xstochs Lt — Z7U>

Thus, in the last term féfa)l X,@l — Xstoch, Zt — 2,0 |, we are taking the third power of all the second order effects, thus

including terms up to sixth order. Again, this holds even when o is considered as a constant.
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16 A New Keynesian Model
16.1 Households

The dynamic optimization problem faced by the representative household is of the form:

1
Vi=u (Ct(;;;;;l 11— ht) _ ﬁ (Et |:(_Vvt+1)1—¢3:|) 1—¢3
. 2 ) 2
St. ke = (L= 8 ke i — 0% (s = 1) — kg (= Fspr it o)

t
: bi_1 exp{rbf }
e — t—1
bt + Cy + T, = P

a no-Ponzi-game condition
Ct,s htakt+17it Z 0Vt Z 0

Max
ct,be hyki1,90 VE>0

—+ htwt + ’]"fkt —+ dl’U?’

As for the notation:

e ¢, =consumption

e h; =hours

e 2! = the deterministic trend in technology and hence consumption

e V; = the value function

e k; = the capital stock

e j; = investments

e D, 11 = the nominal stochastic discount factor

e b, = deposit in the financial intermediary in time period ¢

e 7% = the continuously compounded net rate on deposits offered by the financial intermediary
o T, ! — deterministic trend in the relative price of investments when measured in terms of consumption good units
e 7, = gross inflation of consumption good prices

e w; = the wage level measured in consumption good units

e 7F = the rental rate for capital services sold to firms as measured in consumption good units

e div!' = net transfers of profit from firms to households as measured in consumption good units
o
Z

We follow Altig, Christiano, Eichenbaum & Linde (2011) and define z; = Y/ ? z;, meaning that Pooe p = uf)r/gl*a)uz’t.
The process for T is assumed to evolve according to a deterministic tend and so does z;. That is

R+l = Zthz i

where log i, , = logp, 4, and
Tir1 =Ty 141

where log piy ; = log piy -

We allow for habit formation in consumption via b € [0,1]. In the derivation, we allow this habit formation to be
external or internal via the indicator function 1jq ), Where

1 )1 for internal habits
[ha_in] 0 for external habits
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To simplify the presentation we follow Rudebusch & Swanson (2012) and consider a finite number of states in each
period.! As in Rudebusch & Swanson (2012), the optimization problem is formulated as a Lagrange problem maximizing
V;. The Lagranian is therefore given by:

L=Vit Y Eifmiy {u (W, 1- ht+l> - (Et [(*Vﬂrurl)l_qﬁ?’]>m - Vt+l}

1=0 t+1

oo
b
1 bi_141expqyr 14 k . [
+E; E B >\t+l[—{ : } + heiwep + 1 ke + diveg — by — e — - ]

T4l Tipt
=0
ZOO ! i 2 i I 2
. . K t+1 L4l
+Et B Qt+l)\t+l (1 - 6) kt+l + bl — Zt+l71 (W - 1) o ktJrl > (k‘t‘:—l - SS H’T sshbzx ss) - ktJrlJrl
=0

That is, we introduce three lagrange multipliers:
e m; = for the constraint on the utility function
e )\; = for the budget constraint

e ¢;:)\; = for the capital accumulation equation

FOC (Kuhn-Tucker conditions)
We look for a solution in the interior, i.e. ¢, by, he, key1,%¢, Viger > 0VE >0

1) Consumption, ¢ :

3% = MtUc (ct( b;;z;l ;1= ht) = *)¢4 1[ha7in]bﬁEtmt+1uc (E;l )bqsci ;1= ht+1> W - =0

t+1 t+1
(i

(z:+l)¢4 '

)\t = MiUe (Ct(;f)cézl ) 1- ht) W - l[ha_m]bﬁEtthuc ( 1 —ber 1-— ht+1) ﬁ
t t (Zt+l)

2) Deposits, b; :
Et |:B)\t+ exp{’r‘t} _ )\t:| — 0

Obt

I

Tt41

exp {rt } E; {ﬂ/\‘“ } =1

At Tt41

3) The labor supply, A,

2L — oy, ( e 1 - ht> + Awy =0

miu1—n (Lt( b;<;4 =1 = ht) = Awy

4) The physical capital stock, k41 :
oy = Nt (<1) + B [rf g + g (1 9)

I This assumption is without loss of generality as shown by Epstein & Zin (1989).
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. 2 . .
Ko [ 241 Iss b1 I Tit1 _
qt+175 (]gtJrl Kss MT,SS/”’Z*,SS) qt+1K2 (k?tJrl Kss MT,SSMZ*,SS) kt2+1 kH‘l] =0

)

. 2 . ,
_ k K 41 Ies Gp41 I Git1
@A = EifAiga {Ttﬂ T a1 (1=0) — g1 % (kt+1 - kSS/‘T,ssl‘z*,ss) + Gr+1K2 (kt+1 Tk /‘T,ssl‘z*’ss) kfm}

s

5) Investments, i; :

2
9L _ _y-1 SR R P _ it iy _ _ dr _ Iss _
iy Ty A+ g <1 2 (th,ffss 1) T,zriss 1 (th,ffss 1) k2 (kt kSSNT,SSIU’z*,ss)) =0

2
K1 it o o it it _ _ 3t _ Lse
L=qY, <1 2 (thz‘lss 1) Tozplss 1 (tht*fss 1) k2 (kt kss“?ﬂssuz*,ss))

6) The value function
1—¢3

vl =m (5 (—ﬂ11¢3 (B [V ™)) 77T (1= ) (Vi ()7 (<1 proby <s>>

—mitq (8) proby (s) B =0

)

3

Mo (8) = me (s) (Et [(—W+1)1‘¢3D TP (V1 (s) 7% for all states

16.2 Firms
16.2.1 Final Good producers

The representative competitive consumption good producer chooses y; ¢ for i € [0, 1] to solve:

Yt,i

1
max Ptyt*/ P 1y; ¢ di
0

s.t.

n

1 et =T
Y = (/ (yzt)il di) .
0

e y; ; = denotes the output from firm 7 at time ¢

As for the notation:

e P, ; = the price of y; ;.
e y; = output from the final good producers

e P, = price of y;

The first order condition to the problem is given by




To find the expression for the aggregate price level we use the zero-profit condition, i.e.
1 )
Py = fo Pi,tyi,tdl

-
ffo zt(#) yedi

_ytP fO Ztl ndZ
)

fo Pit) 1 ! di

1

o= 1 ]

16.2.2 Intermediate Good Producer

This section derives the first-order-conditions for the ith firm’s optimization problem. We start by deriving the equation

for the real dividend payments div; ;:
. P;
div,; = [( ];t> Yit — Tfki,t —wihiy
t

So the problem is

o0

Mazx Et E Dt t+lPt+ldiUi t+1

hit ki Pise V620 =0 ’
Pi ¢ 1=n k
St. ¢ = ( P;’) Ye — Ti kit — Wehit
6 1-6 _ Pi’ -
atkyy (zthie) " = (#) Yt
a no-Ponzi-game condition

Here, we use the following notation:

e 7F = the rental rate for capital services sold to firms as measured in consumption good units
e k;; = the capital stock used by firm ¢ at time ¢

e w; = the wage level measured in consumption good units

e h;; =hours used by firm 7 at time ¢

e a; = stationary technology shocks

e z; = non-stationary technology shocks

e D; ;4 = the nominal stochastic discount factor, i.e. Dy ;41 = B)‘j\tl -
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The law of motion for a; is given by
log ai41 = pg logar + 04€q,t41

where €, 4111 ~ NID(0,1).

The lagrangian is

o) 1-n
P; 411 k
L=EFE Z Dt,t+lpt+l[( pt'fl ) Yt+1 — Tt+l/€i,t+l - wt+lhi,t+l]
1=0 )

0 -n

6 1-6 P 1

+FE, § Dt,t+lPt+lmCi,t+l |:at+lki7t+l (Zt+lhz‘,t+l) - (715:: Yt+1
1=0

FOC (Kuhn-Tucker conditions)
We look for a solution in the interior, i.e. h; ¢, ki¢, Py >0V ¢ > 0.

1) Demand for labor, h;,:
oL = Pt (—wt =+ mci,tztat (1 — 9) kze,t (Zthi,t)_e)

Ohi¢
Since P, > 0 we get .
™Ce; 121t (1 — 9) k?,t (Zthi’t)i = Wt

2) Demand for capital, k; ;:
- -6
5251 = Pt (_Tf + mcmﬁatkf,t 1 (Zthi)t)l )

Since P, > 0 we get .
— 1—
Tf = Gatkzt 1 (Zthi,t)

3) The optimal price, P; ;:
We assume Calvo-pricing determined by «, giving the probability of a firm not being allowed to change its price in a
given period. Notice, that all the re-optimizing firms face the same problem, hence they all set the same price. We denote
this price by P, . The non-optimizing firms let P;; = Pi,t_miil. That is, we have
_o L X
P il;ll W?H_l P il;ll ?’7;1

= 2 , where my4;

— Py
= Py’

Pityi
Py P Pii1
t

t TP,

If we only write the probability that the new price last forever, the Lagrangian reads

oo ~\N1-7n 1 X 1-n
_ Ui Py Titi— k
L=E; ) DypiPrc [(ﬁ) I1 ( — 1) Yert — ik — Wepthie]
=0 1

A Tt+i
1=

(o) - \—-n 1 X —n
l [ 1-6 P, Ty
+E; Y Dy Prya’me g |:at+lki,t+l (zegihier) = (ﬁ) [ (7” 1) yt-&-l}
, H

——
=0 = ti

The first-order-condition is: l
o0 - _ X 1—7]
gf[’i =E; Y. DyyiPrpa![(1—n) PP T (L“f1> (%
: = ;

- Lorax A\
+mCi,t+l77Pt n IPt"] H (7t+17 ) yt+l}

p—
i=1 [

00 =\—n ! X, -n o X, mes .
= E; Y. DiyyiPryal (ﬁ) [T (ﬁ) Ytti {(1 —-n) P T ( +1*1> +1 }%,H]
=0 i ; :



oo ~ —'r]l X -n ~ l X
_ 1 (P Th4i—1 (n—=1) P, Tiri—1 | ) —n
= B0 3 DB (7) 11 (%557 y[ R T (Set) —mei| 5

since n > 1 and P, > 0, g—lf = 0 implies

-\ — l . —n _ —_—
Et Z Dt t+lPt+la (P ) H ( ;r"t';ll) Y41 |:(77n1)P: H

16.2.3 Marginal costs

We next show that marginal costs are identical across all firms, i.e. mc; ; = mc; for all ¢. Note from the first order conditions
for k; ; and h;; that
7nci’tatzt(1—0)kf1t(zthi1t)79 w

me; pag Qkf,zl (zthi,t) -0

z¢(1—0) _ wy

0k, (zchin) T8

1-0 zekie _ W
[ rk

kit

kit
— = CONns
hit t

kit = hitcons;
I3
f i 1di = fo izconsg di

ky = hicons

)

consy = ki /hy

Hence,

0—1 1-60 _ k
me; ai0k; (zthit) =r;

ki
mce; ¢a0 (h .

0—1

k 1-6 k

me; 1ad (h—z) (zt) =7y

This shows that mc; ; = me;.

6—-1
) )=

Hence, we can wright the first order condition for h;+ and k; ; as

PN
ziar (1 —0) (ztkt> mey = Wy

t

h 1-6
rf = fay <Ztk:>
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16.2.4 The recursive representation of the price relation

We start by deﬁning

P, n-1 1 X -
t4+i—1
z; = E; E Dy il ypymery ( ) [1 —ny/m
=1 t+i
i=1 \ Tt+i

2 l 2\ " L X o
_ ti—1
xy = Ey Z Dy 100yt (ﬁ) Il | ==

1=0 )

This implies that the first-order-condition for the price relation can be expressed as

00 = \-n 1 x - = 1 x
1 P T i— —-1P Titi— —
E; > DyyyiPiyo (ﬁ) I ( :ﬂl) Yerl {nn & 11 ( ot .1) —mct+l] =0
=0 i

=1 \ Tt
3

-n
E; Z Dy t+lPt+la (%)
I= 0

— ~ l
H i ny (n=1) P, H i
Ttti T Py Titi
1 =1
-n 1 x -n
Py i
— B Z Dy 441 Pl (ﬁ) ( Ll A1> Yepmci =0
1 ;

11 =0

1 1-n
" II Tipioa 77 (-1
7/ (n—1) Yt41
i Titi

Et Z Dt t+la p (%
- P —n—1 1 X -n
—E, Z Dy 410! Py (—i) I (&L’)}n) Yerimerr; = 0 see below
i Titi

=0

since P, > 0

[eS) ~ - b% I-n
P, T
E l It H t4i—1 (n—1)
By Dt 10 Y P, n/(n—1) n
1=0 i=1 \Tt+4i
af
0o ~\ —n—1 4 x -
—-F E Dy piely,ime i H M1 =0
t Lt Y41 TC4 P, T/
1=0 g i=1 t+i
1
Ty

0

nz; + (1 —n)zf

We used the fact that

- N1-n 1 x 1-n - ! —-n 1 X

Py Tiyi—1 _ pl-n X 1=1 pn Thri—1

Pt+l (ﬁ) l_[l (77”_“_ ) = Pt 'H1 (Wt-&-i— ) P + = Pt 71: H o/ (n=1)
1= 1= L

and

_\—-n 1 x —-n ~ l . - N-—n—1 1 X
P, Titi—1 — p—N X " pltn _ b UIESES
P (?) 11 ( s ) =B ] |1 (n¥i1) "R =P (pj) 11 ((l+n)/n
i

=1
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The dynamic process for z}

We define ﬁt = p;. Therefore

-\ —n—1 1 X -n
1 _ ! B S
ry = E Z Dt 4110y 1mceey (ﬁ) [1 <<1+n>/n>

=0 i=1

—n—1 x ! P —n—1 1 X -n
= ymc; +Py + B Y Dy yppimer g (ﬁf) H <§fn§/1n
I=1 '

Tt41

_ -n—1 x \ "
— ~—n—1 >\t+1 Pt Ty 1
= yymep, { v (ﬁm) (Fm) xtﬂ}

At the third equatility sign we use the fact that

-n
— yomep; " 45, E, [aﬁ’\‘“ﬁﬁf ( i ) x,}ﬂ} . see below

- —n—1 1 X -n
Pryy Tigi
tiy1 = B Z Dig1 1010 yrs1imer 1y (Pm) I1 < —e
=0 i=1 \ Tt+1+i

{ichange of index, j =1+ 1
1 —n-1 - i—1 = -
—m - 3
Tivr = D1 Bupr 20 Digrasy o yeeymeny 11 -

Jj=1 =1 Ti14i

J X -n
t+i—1
mt+1pt+1aDt t+1 = B Z Dy t+JO‘Jyt+JmCt+J [1 <ﬁ<1+3y>/n)
t4i

j=1 =2
)

- 0 J pe "
| e ny _ TR o .
Tpp1Ppp10Dp 1 (7‘_(1+T1)/n = Eip1 ) Digydyegmen [1 | —4557
t+1 j=1 i=1 t+i

)

-n -n
1+n Aey1 1 wr j 77?+7:—1
TP B s | oot | = B Z Dy ey jod yeq ymey H —
+ Tit1 j=1 Titi
Atp1 1
At Tt41

since Dy 411 =0

)

- =
Af+1 X 7"?,(4-1‘—1
xt+1pt+1 af= (ﬂ'til = B Z D107 yerymee H w07
]_ t+1i
14n >‘f+1 ax \ 7" X ; J 7r§<+. 1 -
Tt = -or) . . tre—
By @i 1D 10875 (mjl) = Ei 3 D yiyymeny; 11 | —t557
j=1 i=1 i

due to the law of iterated expectations, EyFiiq [-] = E¢ [].
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The dynamic process for z?

5 o] . B —n 1 X 1-n
— ti—1
wf = Ep 3 Dy 10 yir (ﬁ) Il { ==

=0

=1 Tt
X I-n -
— . ~ P
= yiby | + Dy "By Z D108y H <7Mf,§)> since py = 3
t+i ¢
s—1 =1 t+1 =7 77? 1=n 2
=uyby  +P By 045 N Pt+1 <m+1> Ty , see below

A - =N g oax \ 177
=y | + B |:a6 v (:ﬁil) (T‘—tj»l) x?+1:|

At the third equatility sign we use the fact that
2 - l P - L X 1=n
Tigr = Eip1 D0 D1, i1 Y140 (P:E) Il (’”ﬁl))
=0 i=1 \ Tt+1+4i
{change of index j =141

. -
j—1 n
2 thi
i =P B } :Dt+1 iy |1 <,,/(,,1)>

=1 +1+4
(i

9 n [es) . 7 X 1-n
o _ tri—1
i Dy 1Py = Ergr ) :1 Dyyjoyy; | |2 CEn
J]1= 1= t+1

)

] 1-n
X
2 51 T Tigi—1
Ty 0Dy 41Dy (W"’ﬁ’t’l)> =Ei Z Dy t-‘rJaJyt-i-J H <ﬂ,ni(nl))
t t+1

j=1 =1
(i

2 Aeyr 1 1 LS o J ! Tirioa o
i aB5E ==l | e =FEip E Diivicdyij 11 | 7m0
t t+1 Tyht j=1 i=1 Tyhs

At41 1
since Dy +11 = B+ N T

)

41 =M X 1_77 s - j 7rz(+. 1 1_17
7] 7t f— . . 1
mt+10‘ﬂ N Pl (m“) =FEin '21 Dy il yiy 'H1 D

= i i

1— j 1-n
2 Aty =0 L K J ’ i1
Et $t+1aﬂ e Pt+1 (Trt+1> Et Z Dt A+ O Yt Hl ﬂ_zﬂn,l)
1= i

due to the law of iterated expectatlons7 EtEt+1 []=E:[]
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16.3 Financial intermediary

The financial intermediary is owned by the household. Its is assumed that the financial intermediary invests deposits from

households in short- and long-term government bonds and offers the household a non-stochastic return on its deposits of

r?. Hence, the financial intermediary carries all the risk from investing in the bond market. The short-term bond is for

simplicity assumed to be the one-period bond, whereas the maturity of the long-term bond is denoted by L > 1. The
net-worth (measured in nominal terms) in period ¢ of the financial intermediary n; is given by

¢ = ’I’Zt,1+(1—b.)) (1—Pt11)bt’1 —l—w(l—Pt,L)an
+(1-w) (@ =Pa-1)b—rg+w(d=Pr—1)bi—1,1
— exp {rf_l}bt_l + T;.

where by = (1 —w) b1 + why,, and w € [0,1] denotes the fraction chosen by the financial intermediary invested in the
long-term government bond. The components are:

e 1, 1 : net worth from previous time period

o (1—w)(1—=P1)bi1+w(l—Pr)bsr : the amount of deposits b, and the amount (1 — w) Py 1b;1 +wP; by 1 spent
on buying bonds today

o (1-—w)P1_1bi—11 +wP; _1b;_1 1 : income from selling bonds bought in time period ¢ — 1.
® exp {rffl} bs_1 : paying out returns and repaying deposits from time period ¢ — 1
e T} : net lump-sum transfers from the household (in nominal terms)

In relation to the law of motion for n; we note that in equilibrium, bonds b; j, are in zero net supply, i.e. by = 0. This
implies that the law of motion for net worth reduces to

ng = ng—1 + 1,

and we therefore do not need to include this equation when solving the model. Note that this is exactly the same as in the
standad New Keynesian model where households only invest in the central bank account at the rate r;.

The behavior of the financial intermediary is solely determined by the deposit rate r?. To state its expression, let the
ex ante holding period return on the kth bond be

h'rt,k = Et [10g Pt+1,k—1 — log Pt,k‘] s

where P, is the nominal price in period ¢ of a zero-coupon bond maturing in period ¢ 4+ k. The excess holding period
return is therefore xhry ), = hry i, — .. We then assume that the deposit rate is equal the ex ante holding period return on
the invested bond portfolio, i.e.

rtb = (1—w)xhrg+wxhrg

= rt+wXxzhr,

because zhr,1 = 0. Here, w € [0,1] denotes the fraction chosen by the financial intermediary invested in the long-term
government bond. In other words, the financial intermediary is simply a mutual fund trading government bonds.

We only need to describe how the financial intermediary prices government bonds. Given that the financial intermediary
is owned by the household, we simply use their stochastic discount factor. That is
1

Poy=—
&1 exp {1}

and
Aty 1

At Tt4+1

Pr=E |p

t+1,k—1
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for k£ > 1. Note then that the yield curve is then given by

1
Tt,k = *% IOg Pt,k

Note finally that we do not explicitely model a portfolio problem for the financial intermediary but simply assume that
it buys these bonds. Although, the considered deposite rate and the policy rate are both risk-free, the deposite rate will
on average be higher than the policy rate (because the yield curve is upward sloping) and should therefore be preferred by
the households to simply investing in the central bank.

16.4 The central bank

We assume a standard Taylor rule of the form

log (eXP{Tt}) = p,log (e}(p{”1}>

exp {Tss} €xp {Tss }

+ (1 - p'r‘) (ﬂw IOg (:t ) + ﬁy log ( e ) + 5azhr (xhrt,L -F [mh’rtL])>

*
S5 2t )/ss

Vs
o= e (= p) o+ (1= p,) <ﬁw log (W) + 5, log (@))
+ (1 - pr) Bachr (Ihrt,L - F [.’,Eh’l"tl,D

where 7, is the net one-period risk-free rate. Note that we remove the mean in zhr, by substracting E [xhry]. When
solving the model by the perturbation method, we approximate E [zhr: 1] by

E[zhr 1] = E; [(1 —-7) Z'ylxhrt+l7L]
1=0

where v = 0.9999. This is convenient because we have

o0

(1-7) ZWlth‘tH,L} = (1 —7)zhr,r + B
1=0

= (1—7)zhrep +VE [Xi11.1]

Xt L = Et

(1=7) Z 7l$hTt+l,L]

=1

as

o0
(L=)> A 'zhresie
1=0

Xt = B =Fi

(1—=7) ZWl_lthHLL]

=1

’7Et+1 [Xt+1,L] = Et+1

(I=7) ZlehTtH,L}
=1

YE [Bi1 [Xig1,0]] = By | Eisa

(I—=7) Z W’lxhrtﬂ,LH
=1

vE; [Xt+1,L] =F;

(1=7) Z’lehrtﬂ,L]
=1
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16.5 Aggregation
16.5.1 The goods market: final good producer

From the final good producer we have
P\ "
ymz(g) Yt

-y e\
atkzt(zthi,t)l :(I;f) Yt

We next notice that:
L [ hipdi = hy,
2. [ kisdi = Ky
3. consy = ki /hy

Doing the summation with respect to ¢ we get
1 -1
1 1-6 ;. Py .
Jo atkf’t (zthit)  di= yt/ <]; ) di
0 t
—_— —
1} St41

0
1 ki -0 ;.
fO athi,t (hi’t> (Zt)1 di = YtSta1

II Jt

fol athi (constant)e (zt)l_e di = ys8¢11

ay (constant)e (zt)l_g fol hidi = YiSi41

)

0
—0
Q¢ (;%) (Zt)l hy = YtSt+1

)

ag (/ft)e (Zt)ka hke = YtSt+1

and
N\
St41 = 01 (ﬁ;;‘) d
B\ " P\ Ponl X\ "
=(1-a)= 1— il § 1—a)a? | =212 B
( a)(P) + a)a( Bt +-wa = +
opt. in period t opt. in period t — 1 opt. in period t — 2
(0 indexation) (1 indexation) (2 indexation)
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N - N -
—(1-a) > o [P T m ]

Jj=0

. e’} T~ . n B B .
=(l-a)p, "+ P o {Pt—j Hi:l Wf—j—l—&-S] where py—; = tPtJ

j=1

=(1-a)p, "+ P/ (st,laPt__q (71'?_1)_") ,see below

n
= (1- )" +a (B4=) s,

t—

)

str1=(1—a)p, " +a (JXZ) St

We used that

oo g i .
st =(1-a) Zo o {HT | - Tri(fj72+s}
=
{ change of index: j+1=1

-n

-7 = -1 [F -1 _x -
seP = (1-a) 12:1 a [Pt—l Hs:l 7Tt7171+s:|
(3
pn X V" (q o 1 P l b% -
Stfhy ¢ (71}—1) =(1-a) l; o | P [y T 1-1+s

So the Tessource constraint in the goods market is:
1—
1) atkf (Ztht) = ytst-l—l

2)str1=1—-a)p, "+« (ﬁ) St

t—1

16.6 The goods market: The relation between the optimale price and the price index

We start by noticing that the number of firms is by construct very large, so there is a fraction of 1 — « firms reoptimize
their prices and the remaining fraction using the indexsation rule. This implies

P = [ s Pi{;"dz} o
1-n _ rl Hl—m X 1-n .
Pt _fO (]‘_a) Pt +a(Pi,t717Tt,1) dl
= (1 — Ol) Ptlin + Ckfol (Pi,tflﬂ'i(ﬁl)lin di
N N
—(1—a) P " +a(ry,) ”/O Pl di
ﬁ Ptl_—ln
P =(1-a)P/"+a (Pt—177i<—1)1777
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)

5\ 1= 1-n
l=(1-a) (%) +a (Pglﬂi(q)

. X 1—-n .
I=(-ap " +a(TR) e pi=

Tt

16.7 The resource constraint

Summing the dividend payments from firms we have

di’l}t = /d’L’l}Z’tdl
P; .
= / K ];tt> Yint — Thki g — wthi,t] di
P\ "
— /( *’f) ytdi—rf/k“di—wt/h”di
P, ’ ’

1 —n .
= Fyt / (Piyt)l n dZ — Tfk‘t — wtht
t

= Yt —Tfkt — wihy

N7 _ e
because y;; = (1;;:) y: and P, = Uol (Pz‘,t)l "dz} T To get the dividends transfered to househould, we need to

subtract real governement consumption equal z;G;. That is,

divh = div, — 27 Gy

* k
= yt—zth—rtkt—wtht.

Inserting this expression in the budget constraint for the households, we get

7 by_q exp {rt_ )
b+ cp 4+ = RS rexp {ri 1}+htwt—|—rfl€t+dwf
Tt Tt
¢ b
7 bi_1expiry_
bt+Ct+7t: =l p{t 1}+yt_Z:Gt
Tt Tt

Focusing on the case where deposites are zero in equalibrium, we have

iy

Ct+Tt

+Z:Gt = UYt,

which constitutes our resource constraint for the economy. We finally assume that g; is exogenous given and evolves

according to
G G
log ( C;S:l) = pe log (G:s> +ogea,i+1

with €G,t+1 ™~ NID (0, 1)
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16.8 The periodic utility function of the representative household

We assume that -
ci—bey— . ci—bei—1 | 72 w\ (1—y) (1— w\(1—y) (1— 1—hy) 7"
w () = (( e R ¢2>)+dt<zt>< B001-62) g () 41

)
cr—bey ce—bcy—
“( = 1’1*’”) = di K (zz>¢41)] <z:1>¢4

Ui, (CF:% 1= hf) = dy ()" 77070 g (1~ hy)

Note that we introduce a preference shock d;, having the following law of motion

logdiy1 = pglogd; + oa€a i1

with €d,t+1 ™~ NID (0, 1)
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16.9 Summarizing

The Households
dy ct—bei1 1=02 5\ (1=¢4)(1—2) (1—=¢4)(1—¢5) (1=hy)' ™" 1—¢3 ﬁ
1 Vi= 15 ( (z5)%a ) — (/) + (%) di gy 016, B (Et [(_Vt+1) D

ci—bey 1 —¢2 1 cip1—bey e 1
2 )\t:mtdt( oy ) Giyea — Lira_in)bBEMs1de41 o)™ [EBK

( t+1

Gt41

3 qt)‘t = Etﬁ)‘t+1[rf+1 + qt+1 (1 - 5) —qt+1 /$22 (]th:ll - 116: MT,SSMZ*,SS) + qt+1k2 (kf-:—l - ]1;: MT,SSMZ*,SS) k;+1]
4 my (z;‘)(l_¢4)(1_¢2) N (1 - ht)—d’l = \jw; )
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16.10 A transformation of the DSGE model

Here we seek a transformation of the economy in such a way that the transformed economy is stationary in the sense that
it only contains stationary variables.

We propose and verify the following transformation, where capital letters in general are used to denote the transformed
variable:
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t = %
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All remaining variables are stationary and do not need to be transformed. We now verify that given these variables we
can transform our DSGE model from a non-stationary to a stationary economy.
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1

- 1— [/ \1-031\ T=73
Vo= [eths (0000t ) ™ 1) U] gl (| () 7))
EQ 2 ]
)\t = dtmt (Clﬁ_bq_l)_d)2 L -1 h 1 bﬁEt ™me ldt 1 Cet1—bes s 1

Gi)e Gp)Ps ~ Hlhain] TGO )™
)

At cr—bci—1 2 1 1 Mmi41 Ci+1—bey e 1 1

mt(zz)f¢2(1*¢4)*¢4 = dt ( (z7)%4 ) (27)%4 (zt*)*¢2(1*d>4)*¢4 _l[ha,in]bBEt mi dt (z;+1)¢4 (Z:+1)¢4 (22«)*¢>2(1*¢4)*¢4

)

ci—bey 1
(zz‘)¢4 (Zz«)(lﬂbz;)

1

At D

)"

1
(ZZ+1)*¢2(1*¢4)*¢4 (Z;)*¢2(1*¢4)*¢4]

:dt(

(Z:+1)_¢2(1_¢4)_¢4

1[ha in) bﬂEf[

At = dt (Ct — thflﬂ;«l’t)_Q&
(i

-1 [ha_in] bﬁEt

mt+1

— >¢2 (/i . t+1)*¢2(1*¢4)*¢4

1

Z:Jrl)

ce41—bey

(z >¢4

o < >_¢2 <

Pa

*

t+1

1

*

(Zt+1

cip1—bey

Ay =dy (Cy — th—le_*l,t)7¢2 — Liha_in)bBEY

)

*
t4+1

e <<z

M4

At = dt (Ct - thfll*in*l,t)

B -1 [ha_in] bﬂEt

and using my41 =

)

e (B [~V ™))™ (Vi ()

240

. - —¢
p— dit1 (Ct+1 - th/J‘z*l,tJrl) ’

B
2t

02 ( )—¢2(1—¢4)—¢4
)«154( +1)(1*¢4) H’Z*ﬂf-l-l

</~L . t+1) *¢'2(1*¢4)*¢4}

)*¢2(1*¢4)

|



A =dy (Cr = bC1121) ™" = Lo inbBEA

dit1 (Ct+1 - th.uz_*l,tJrl)ﬂb2 (.u“z*,t+l)

[Ee[(=Vigr)' —%2

(B [V ™)) ™5 (Vi (s))‘%]

7¢2(1*¢4)*¢4}

A = d; (Ct — thflﬁb;l’t)_d’z — 1[ha7in]bﬁEt{ ( A )

diy1 (Cegr — th,UJz_*l,tJrl)id) )

: (#z*,t+1

)

[Et[(_vtﬂ)k«»g,”ﬁ (s1,1) P00 —92)

a1\ 93
=% )

74)2(17(;54)7(1)4}

At = dt (Ct - thfll,L;*l’t)_d& — 1[ha7in]bﬂEt{ < 7Vt+1(8)

dt+1 (Ct+1 — bctﬂz*{t+1)7¢2 (,uz*,tJrl)

)

oy )]

b3
(Zfﬂ)(l_M)(l_d)Z) )

7¢2(17¢4)7¢4}

—Vira(s)

Ay = dy (Ct - thflll;l,t)_% — Ljha_in)0BEH] (

-1 —¢
dit1 (Ct+1 - bctﬂz*,t+1) : (.u“z*,t+l)
because z; is deterministic

EQ 3
@he = BN [rf ) + a1 (1= 0)

2
L
( Kss '“T,ss'uz*,ss> + Qiy1k2 (

(TR SR P

kt+1

Ge41
kt+1

K2

—qt+15

i)

Tigr = Etﬁﬂ,\,t+1[rt7”f+1 + Yqey1 (1= 9)

‘ 2
i Iss Iss
—YiGr+17% ( _— ) + TiGr1keo (

Gt41
ki1

ker1  Kss By sstbz ss

)

Kss By sstz+ ss

T ks “T,ssy’z*,ss

;

7¢2(1*¢4)*¢4}

Gt41 ]
kty1

)

it ]
ki1

)

— Yipr,.k Tit1
Qu=EBpy 1 [Tegris + Yoy e (1-0)
. 2 . .
v, Y ko [ w41 I Tii1 Bep1 I i1
Tt Tit1 qt+175 ki1 ks /J’T,ss:u“z*vss + Tt Tii1 qt+1kK2 B Fos iuT,ss:uz*,ss kt+1]
_ T k T
Q= Efpy iy 5 R + 7,5 Qe (1-9)
. 2 . .
_ Xy ko (g1 Iss T, terr s Tt41
Tt+1Qt+1 5 (kHl = MT,sst*,ss) + Tt+1Qt+1ﬁ2 (kt+1 kSSMT,ss/’Lz*,ss> /gtﬂ]

)

Q= EtﬁﬂA,t+1[ﬂ§‘}t+1Ré€+1 + #?}tHQtH (1-9)

241



—1 K
_,UT¢+1Qt+1?

Now note that

(

Lss
kss

Gt41
kig1

2
—1
iu’T,sst*,ss) + MT,t+1Qt+1f€2 (

b1 Gt Yizy Teg1274 _ it/(Tt+lz;+1) 1 Yenz{y _ Ly
kit kepr Tezg Teprzy kir1/(Yezf) Yizf 1
Bl ty1 k
= B~ R 1-6
Q= By Ry + Qi (1-9)
— Q2 Tita
t+17% | Kops

EQ 4

Ve (sz)(l—¢4)(1—¢2) dt¢)0 (1 _ ht)_¢1 — )\twt

)

(Z?)(1*¢4)(1*¢2) dt¢0 (1 _ ht)*% —

—¢1 _ A
dt¢0 (1 - ht) b= (z;)(1,¢4)(t1,¢2),17t %
(i
dypg (1 — hy) ™" = A e
t0 t (z7) P4 P2 FP2Pa T " 2¥
i}
¢y _ by
:C[l;(ﬁo (1 - ht) t= (Z:)f¢2(1j¢4)*¢4fyt %
didg (1 — he) % = AW,
EQ 5
. 2 . .
1 = tht < - % (thzz‘tiss - 1) - thlg’iss Kl (thlt*tiss - 1)
()
2
_ I I I, i
= (1 (1) e () e (- 4
;Iince I = T’t‘z:
2
_ I I I iy Yizf
1= (15 (1) e (=) = (172
(i
2
_ I I I, I, Yezf
t=Q (1 (s 1) - o (- 1) e (B2
recall K;,1 = ];“1
tZ¢

At we
’Yt(zz‘)il 2y

242

Gt g1
ket

,,{2(

k

.
Tio12y 4

O
Tio1zi_

1

Y1z

- k;sz /’[’T,ssu’z*,ss)

it
t

Gt41
ki1

Is

= Ko Ptz i1

2
I Tiya I Loy
By g1 M= t41 — Kss :U“T,sslu’z*,ss) +Qt+1/{2 (Kt+1 Koy pp1bzx 41 — Kss p‘T,ss:“z*,ss) Kiia MT,t—&-l:uz*,t—&-l]

Iss
Kss

NT,SSH’Z*,SS))

Is
:S :U/T7ssuz* ,ss))

Iss
KSS

MT,SSH’Z*,SS))
MT,SSMZ*,SS))

_ Iss
Koo




2
I I I I Iss
1= (1= % (5 1) = o (s = 1) = o (Bt~ Fir e ) )

EQ 6
1= F [5%%%5}}

At g1
)

1= Et |:6Iu)\t+1exp{7“f}:|

Tt41

EQ 7
mctﬁztlfeatk:te_lhtl_a = rf
(i
mctateztlfe'ft (ht)lie ktail = Ttrf
(i
ﬁ 0—1
megard (Zt)l_e Tthiie kt% = R]’;’
T, 77 zt—1
(i

1 0—1
mctafﬂ (Zt)l_e Tthtl_e (KtTtl__f Zt—l) = Rf

1 1-0 _0-17-0—-1;1-0 k
mera0Y: Y, (2e) 2z K{ “hy” 7 = Rj
1-07-0-1,1-0 _ pk

meaOpy ppi, o K¢ hy ™ = Ry

EQ 8
mey (1 —0) 20 %akln % = w,

)

1-6
mey (1 —0) “E—kfh 0 = 2

.
) )

0
arz; Tﬁztfl -0 _
mcy (1 - 0) 2 kt T h’t = Wt
(i

i
T

0
1—-6
mcq (]. — 9) atztz <Ktth Zt1> h;e = Wt
(i

243



0
1
mcy (1 — 9) atzf (KtTt 1 ”t— 1) ]’Lt_e = Wt

25
T, Zt

—rf176
)
_0
atTt1:19 Zt—1 01 —6
™mce (1 — 9) T% 22 Kt ht = Wt

mey (1—0) atﬂrt poi Kh? =W,

EQ 9
@0} _ e 4 B, [aﬁm ()" () <n1>xf+1]

n Pt+1 Te+1 n

~ —n—1 —n 2
(=1) &} _ -1 pe ) " y (n=1) TF1a
Tj = %mctpt + Er |aBpy e (575 — 7;7;

Pt+1 Tt41

(1=1) x2 . pe T ()T (n=1)
TXt =Yimep, '+ B By 141 (le) (7) Xt-i—l:uz* t+1
EQ 10
p Dt -n 7'rz< 1-n
x? =yp; " + By [aﬁ = (ﬁil) (m+1) 33§+1]

)

2 - -1 x \1-n
T — YN Pt T Tl
A z;pt + E [aﬁu)\,t-l—l (ﬁt+1) (T(t+1) zf :|

)

) 5 N\ X\ e
X =Yp, "+ E, Oéﬁumﬂ(pM) (WHI) Xyt 111

EQ 11 N
1=(1—-a)p ’+a( :t ) !

EQ 12

r=ri +wx zhry g,

EQ 13

244



Pi1 = ooty
EQ 14
Py = By |82 - Py

)

P =FE |:B,U'A,t+1 ﬁpm-l,k—l]

EQ 15

re=1es (1= p.) + porec1 + (1= p,) (ﬁﬂ log (;f—) + 8, log (

+ (1 - pr) 5wh7‘ (mhrt,L - Xt,L)

s

ss

Yt
Zz( Yss

)

re = 1o (L= p) + pyrs + (1= p,) (B, log (2 ) + 8, log ()

+ (1 - pr) B:chr (xhrt,L - Xt,L)

EQ 16
Xop =1 =7y)xhryr +vE; [ Xeq1,1]

EQ 17 .
atkte (Ztht)k = YtSt+1

)

a & (Ztht)l_e = %&4—1

T—0
T,y ze-1

6
1
T 02 _
1 p—1 Ft—1 1-6
at = (kttll> (z¢he) = Y8441

0
1 —0 1-6
at = <KtTt1_1 Zt—l) (Ztht) = Yt$t+1

245



EQ 18
_ n
str1=(1—a)p, " +a (%) St
EQ 19
kwlzﬂ—ﬁﬂ%+%—%%<ﬁﬁzg—g —hf(i“-ﬁywﬁumﬁ)

. .

2 2
ki1 _ 1 _ Ky iy 4y K1 i _ ke ke (i _ Iss
YTizy — (1 6) Tizf + Tizf YTizf 2 Yi2fIss 1 Yezf 2 ke Koo lu'f,ssuz*,ss

)

. 2 . . . 2
— (1 _ by Ye—1zyy Y .5 W (O R _o ke Yenzeon gy (4 Yerp Yen2is I
K= (=0 vy = - L% (155 -1 Tiz; Ticizi, 2 \ ke Tozp Too1z;, | Koo HTossHzrss

— it _ ki
because I; = Yo and Ky = Yoot
Kppg=(1—8) KLz p g (L P K Yermoamg (I Tex 1 I.. 2
1= (1-0) 55— t— 45 T4 Tozp 1 2 \K; 1 Tz, Ko HTssHzrss

)

-1 ) 2 -1 ) 2
Kt+1 = (1 - 6) K (MT,th*,t) + 1 — It% (IQS - 1) - K (H’T,tu’z*,t) % ([I(lt Ky gtz — ]I(Si :LLT,ss:u‘z*,ss)

EQ 20
yt:Ct“rT;lit—FZ;Gt

)

ye (CH‘Tflit)

= + G,

* *
Zt Zt

)

Y, =Ci+ I; + Gy

246



The Households
1
~ _ _ __\1-¢ T=¢3
| T [et (100 b0t ™ 1) gy O] gzt () ])

o
_ E[(-vi) ]| T
2 | Ap=dys (Ct - thfm;l,t) . Liha in)bBEH] <[ [( :%):1(5) ” )

xdpi1 (Cr1 — bC’tu;l,tH)*% (tbz-, t+1)7¢2(17¢4)7¢4}

Biis. ?
3 Qt E “hduerl [Rt+1 + Qt+1 (1 - ) Qt+1 (Kt+1 My t+1/u‘z* t+1 kss /j’T,ss:u‘z*,ss)

Ky ¢yt
SS I
+Qi41k2 (mﬂntﬂﬂzntﬂ - EMT,ssﬂznss) Ty e )
4 dt¢0 (1 - ht)7¢1 = AtWt

2
_ w1 1 I I I,
5 1= Qt ( - 71 (Ists - ) - Ists K1 (ISS ) — K2 (l?iu'r,tuz*,t T Kes /I‘T,ssﬂz*,ss>)

ex 7‘2
6 1= Et |:6/“L>\t+1 P{ }:l

Tt41
The Firms
7 mctateurtuztel(e Ihi=% = Rk
0

8 mct(l—e)atuTtusz hi’ =w,

B - —n—1 X \ 77
9 | UX? = Vimep; " + By [ab’m t+1 ( ) (7’) L e t+1}

Pt+1 Tt41

. - -n x \1-m
10 | X? =Yp, "+ E [aﬂMA t+1 (ﬁ) (7::11) D GV
1 1=01—-a)p" "+a( fl)l_"
The Financial Intermediary
12 | r? = r; +w x xhry 1, where xhry 1, = By [log (Pry1.n-1/Per)] — 7
13| Py = solnT
14| Py = E, ,Buk,tﬂﬁpm,k_l} fork=2,3,... K
The Central Bank
15 | re=rss(1=p.) +pre-1+ (1= pp) (ﬂ log ( ) + B, log ( ))
+ (L =p,) Bany (@hre L — Xe1)

16 | Xip = (1 —v)zhryp +vE; [Xet1,1]
Other relations

1 0
17 (Ktﬂr e t> hi ™% =Yisi

8 |spp1i=1—-a)p, "+« (ﬂ-i(il) St
1 n ;
19 | Kiyy = (1= 0) Ky (i) + 1 — L5 (és

201 =C+1,+G,

0/(1—-0
21 ﬂz*t*ﬂr/g )ﬂz,t

Exogenous processes

22 | log (p, ) = log (p1,.s) and z41 = zepr, 4,y (i-e. a deterministic trend)
23 | log (uy ;) =log py o and Yoy = Typiy ;1 (ie. a deterministic trend)
24 | logaty1 = p,logar + 0a€q 41

25 log( Hl) = pa log( ) +0geq,t+1
26 | log dt+1 = Pyg log d; + Od€d,t+1

2 2
-1 K Ii Iss
) - Kt (M'I\,tﬂz*,t) 72 (Kt IU‘T,t/u’z*,t T Kas ﬂT,sst*,ss)

J
T—¢3

In dealing with the term (Et [(*VZH)P%D we follow the procedure suggested by Rudebusch & Swanson (2012).
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That is we define -

1
PEV, = AA x BV, %

— AA % (Et [(_thl)l_%Dl%g

= AA x (AA—(1—¢3)Et [(_Vt—&-l)l_¢3:|)ﬁ

= AA X AL (B [(<Vie)' ™)) =

- (5 [i-via-2])

where AA is a scaling constant

16.11 Market completness

This subsection shows that our model implies market completness although it is only the financial intermediary that trades
bonds. We first note that the deposit rate 7 only enters in the following tree equations within our model:
exp r?
1=F |:ﬂ,u)\t+1 { t}}

Tt41

r=ri +wx zhry 1,

re=(1=p.)rss + ppre—1+ (L = p,) (ﬁﬂ log (%‘) + 8, log (yy
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Next, note that r; = r? — w x xhr 1, and substituted into the Taylor rule implies

r—wxxhryp =(1—p)re+p, (ri_y —w X zhry_1.1)

+(1=p,) (Brlog (2) + 8,108 (54 ) ) + (1= p,) Bans (@hris = Xi1)
)

Hence, our model is equivalent to a standard New Keynesian model with market completness but with a Taylor rule for
r? that depends on fast and current values of excess holding period return on the long bond.

Ti) - (1 - p7) s * pTT?_l + (1 B p,) (ﬁﬂ' log (:Tt> T By 1Og (Z;y;vs

s

+w x zhry — ppw X xhri_1 p + (1= p,.) Bopr (®hrep — Xi 1)

16.12 The intertemporal elasticity of substitution (IES)

We want to compute expression for the intertemporal elasticity of substitution (IES) under perfect foresight and then
evaluate it at the deterministic steady state. We start by considering the case of external habit formation before considering
the case of internal habit formation.

248



16.12.1 External habit formation

We consider the specification
o0
U= Zﬂlu (Ct+l - Ht+l)
1=

0
where we omit leisure (because it does not affect the TES) and denote the external habit level by H;. We start by computing
the intertemporal marginal rate of substitution (IMRS) which equals in this case
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So in the steady state

Note that this expression corresponds to the one obtained by using the standard formula IES; = — ue (t)

steady state.

16.12.2 Internal habit formation

We consider the general specification
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(et — bct,l)lf%, implying

evaluated at the
Crttee(t)

Note also that we omit leisure (because it does not affect the IES). We start by computing the intertemporal marginal rate

of substitution (IMRS) which equals

[ue (et — bes—1) — Bbue (crp1 — ber)] der + [ﬁuc (ct41 — ber)

5 [UC (Ct+1 - th) - Bbuc (Ct+2 — th_H)] dCt+1 = — [uc (Ct — th—l)
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MRS, depyr 1 ue (et — beg—1) — Bbue (cr41 — bey) .
dey B ue (Ct+1 - th) — Bbu, (Ct+2 - th+1)
The IES is then defined as

IBS: = dI(MRgt/I(MRS)t
 IMRSy/ (—+)

dIMRS,/d (—+)

To compute the denominator, we then note that

IMRSt _ _1 Uc (Ct - bctfl) - Bbuc (Ct+1 — bct)

B uc (i1 — bey) — Bbue (cry2 — bery)

1 Ue (1—b%>—ﬂbuc (%—b)
- B, (%—b)—ﬁbuc (M_bﬂ)

ct ct

1 Ct—1 Cit1
] |:uc(1b - )ﬁbuc< b)]

Ct
X {uc (Ctﬂ - b) — Bbu, (CHQ - bctH)] -
Ct Ct Ct

provided u. is homogenous of some order (as assumed for the our considered functional form). Then
-1
dIMRS; b, (Ct+1 _ b) [uc (Ct+1 _ b> ~ Bbu, (Ct+2 _ b0t+1>}
d (ﬂ) Ct Ct Ct Ct
1 —
N )
B Ct Ct
-2
% [Uc <Ct+1 . > — Bbu, <Ct+2 . th+1)]
C¢ C¢ Ct

X [ucc <ct+1 — b) + Bb%ue, (ct‘*‘2 _ bQH)}
Ct c

t Cy
-1
= DUee (ctH - b) (ﬂ [uc <1 bct—1> ~ Bbu, (Ct+1 - ﬂ [MRSt>
Ct c ct
-1
—IMES; [uc (Ct:l - ) — Bbu, (thH — bct“ﬂ
t

t Ct
X |:ucc <Ct+1 — b) + ﬂb2ucc (Ct+2 — b%>:|
Ct Ct Cy
bouee (%2 ) e (56— 0) + 0P (52 — b2
- —IMRSt +
(1m0 ) = (e —0) e (5 0) - e (252 %)
Thus, we get
_ IMRS,,/(%)
TES: = dIMRS, /d(“LL)
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IMRS, /(22

)

- IMRS { bAmcc(Cgl*b) et )”“2“"(4”27!’(%1)}
- t Ct—1 Ct+1 Ct+1 t+2 _, CtF1
uc(lfb = )75buc( o 71,) uc( bt _ )75buc( L Lt )
Ct+1
_ _1/( ct )
= Tl ST _ 2 Stt2 _, Ctfl
bﬁucr( —b) +ucc( o v)+86%uce ( 2y St )
E—1 Gy A= Cit2 _, Cit1
(1 S ) Bbu“( ct 7b) u“( ct b) Bbu“'( o PTe )
: -1
_ bﬁupc(cf‘ctl —b) n ucc(ct:t' )Jrﬁbzupr(icf:Q 7bct+1) [ct_,_l]*l
- Ct— Ct+1 Ctr1 Ctf2 Ct41 T
ue(1-b=4 ) —Bbuc (- —b) e —b) —Bbuc (2 —p L) ct
c c c c —1
- bﬁucc( t:tr1 —b) ucc( t:tr1 —b)+[3b2uu(ﬁ—b%) bl
- Ct—1 Ct+1 Ct+1 Ct+2 Ct+1
uC(l_b ct )—Bbuc( ct _b) uC(T ) Bbu ( —b— ct ) c
We next express these terms for the transformed economy, 1.e.
cem1 _ Ci—1zi .y Cioq —1
ce — Cizf - C; Mz*t
cep1 _ Ce1ziyn _ Cup
ce  Cyzr - T, ,uz ;41
cevz _ Cr22040 211 _ Ciyo
e Ciz oz, Cr 2o pyabae t41
Thus,
c c c c -1
IES _ bBucc(%MZ* t+1_b) ucc( Lt Hz* Jt4+1 b)+6b2Ucc(%Nz*,t+21“‘z*,t+1_bé'7+tluz*,t+l)
t— = Ct— 1 + Ct t+2 Cit1 Hoox g4+1
(1 b K *t) ﬁb“f( el Y b) "c( Yo i1 )*Bb“c(Ttl‘z*,t+2ﬂz*,t+1*bc7tl‘z*,t+1)
: : : s 1 ce—bcy 1 _¢2 (t)(¢2_1)¢4 1*¢2 3 3
The considered functional form for u; in our case is u; = =45 A = (ct — bcp—1) , implying
t
=g ( #\(P2—1)¢
Ue (e — ber—1) = (er — bep—1) ™ 72 (24 )(@27 1)
=1 (_x\(d2—1)¢
Uce (¢t — bep—1) = =@, (¢t — ber—1) 727 (2)'? *
Hence,
Cit1 C. 2 Cyyn —1
bﬁ“w(%“z*,wrl*b) ucc( T t+17b)+ﬁb “CC( Cy 2 ian ppabiae 11 —b ét iu‘z*,t+1)
TES; = — t—l —1 Ct+1 + Ct Cti1 Hox 41
T; MZ*J)—,@buc(Ttuz*,t-H—b) uc( Lptge 11— )—Bbuc(Ttuz*,t+2ﬂz*,t+1—thﬂz*,t+1)
—1

$o—1 (zf+1)(¢2_1)¢4

[ —¢2b5( Ct :u‘z*,t+l_b)
_ (St ) 7 o) 00T ) () %
= I”Z*,t+1 ) ( )(¢271)¢47¢2,862(Ct+ Cé'tlI'Lz*,t+1>_¢2_1(zr+2)(¢271)¢4 p‘z*,t-{-l

*¢2 oz pqpobzx, t+1 —b

Ct

(p2—-1)¢ C¢ —%20 . \(e2-De¢
Hz*,t+1—b> (Z +1) 2 4—,35( ct Hz*,t+2ﬂz*,t+1—b Ct Nz*,t+1) (Zt+2> 2 *

*¢2b5<c *,t+17b)7¢271

(1 thilM . t)_¢2(y’z* t+1)7(¢271)¢4*5b(0t+1Mz*,t+1 b) ®2
¢2*

(ba—Dabs | v t+1

2 Cip o—1
—¢53b ( * ppolax t+1 —b—5— Ct uz*7t+1) (Mz*,t+2)

=2 Cy
iu’z*,t+1 b) —Bb( c-: lu‘z*,t+2p‘z*,t+1_

Ciy1
—¢2 oy H=* t+1_b)
Ct

%2 (p2-1)o
* t+1) (#z*,t+2) 2 4

_ 7¢2bﬁ< . b)—¢2—1 4 -1
B (1_bct;1 M;*l,t)7¢2 (I“Lz*,t+1)7(¢2 1)¢yg ﬁb( . t+1_b)
== +—¢2( i /‘z*,t+1_b)7¢27 4, Bb2(0t+ *-i+2'u'z*.t+1_b07t/1‘z*,t+l) ¢271(MZ*’H2)<¢271>¢4 Hox 41

L Ct Nz* t+1*b) 72 * tp2Max 41 bcétl /“‘z*,t+1)7¢2 (Nz*,t+2)(¢2_l)¢4 h

Evaluated in the steady state, we get
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921 —¢2-1 ($2-1)¢ Hop
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+
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1 b2
Hz* . ss
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—%2
b —(p2—1) o4 )
(17“2*’&5) I:(Hz*,ss) 7/1'Z*’556b}

(#z*,ss*b)_m (17ﬁb(#2*‘35)(¢2—1)¢4—¢2)

(Mz*,.es)7(¢271)¢4 _M—<752 Bb

z* ss

—¢2

b9

-1 —1
— b8 07 1wzf,ss) ~a (e 0 —0) " (1480 (i, ) P22
T + 1= Bb(a ) 72 7472 Harsos
— - —1
—¢2b6u;f§:1<1—ﬂz:ss> 1 —%(1—“2%55) 1;@{55(1+ﬂb2(uz*‘SS)W’““’””)
,UJz*,ss

1_Bb(uz*,ss)(¢271>¢47¢2

(10802 (e, 0) 222 )N

I
—

(17 b )—1 b3,
Hoas oo (Hz*,ss) (d2 )¢4—H b2

z* ,ss

)

Bb 1=Bb(p.- ) 727702

(1+6b2(,u’z*VSS)(¢271)¢47¢271)

= |¢ (1— b )71 b8 +
2 T (e on) (P2 DPaTP2 g

I

-1

176b(ﬂz*,33)(¢2_1)¢4_¢2

1 b b8
% (1 - uz*,ss) ((#z*,sﬁ)_m_l)“wzﬁb +

Suppose ¢, = 1, then

(1+Bb2()u'z*,ss)_2)

(1+5b2(uz* ,ss)(d)rlmwrl) )

17ﬁb(ﬂz*,ss)(¢2_l)¢4_¢2

-1

8= [on (1 522) (5t +

Hzx s

_ b
_ 1 Hz* . ss
- -2
2 b3 +1+5b2(“z*,ss)
- =T
Ha¥,ss P 1*/317(#2*,33)
1— b
_ 1 Hz*,ss
= =T
b2 ba +uz*153+ﬁb2(uz*‘33)
Hox g5 —Bb “z*,ssfﬁb

L (1-&)@2*,”—5};)

fion oat0B+Bb2 (po o)

1-Bb(pas 20)

)

Consider the case P ss = 1 and B =1, which implies
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1-b)(1-b 1-b)?
IESs = q%z [( 1+l)>g_b2 )] = é 1(+b+)b2

Suppose that ¢, = 0 then

—1

-1
IES; = [% (1 - ,Lb> ((,Lz*,:?”ﬁb + (

14602 (- 0) 727" )]

1761)(“2* ,35)74)2

—1

1 — 2
B B b bﬁ(ﬂz*,SS)
= [(152 (1 u) (16b(uz*,ss)¢2 ’

—_b
1 Hz*,ss

@2 bﬁ(;zz*,55>7¢2 +1+[3b2(uz*,55
lfﬁb(uz*,ss)_¢2 lfﬂb(*“z*,ss)

—¢g—1
) )

N 'W{Ss(uz»«,ss—b)(l—ﬁb(uz*,“)4’2)1

P2 | bB(pae 1) PHIHB (e ) 2T

(v 0 —0) (1=B0(pox L)~ 72)

(1480 (v )2 7) )]

1761)(/‘2*,55)74)2

1
o _bﬁ(pz*,ss)_¢2+1+Mz*Yss+ﬁb2(#2*,ss)_¢2

Consider the case p,« s =1 and 8 =1, which implies

— 1 [a=na-n] _ 1 (1-p?
IES;s = qu[ b+14b2 ] T o 140402

Digression

Another approach for the case of ¢, = 0 to directly obtain I ES at the steady state is to evaluate IES; at this point to

get

IESSS __ bﬁucc (:uz*,ss - b)

—1
+ Uce (/’[’z*,ss - b) + ﬁbzu’cc (lu'g’ﬂss - b/’éz*,ss)

Hzx ss

Ue (1 - b ) — Bbue (.-

X b) Ue (:uz*,ss - b) - /Bbuc (Hf*,ss - b:“z*,sS) o
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Next let u (css) = 611_7;52 , then u, = s> and U = —¢20;¢2_1 SO
IES _ 7bﬂ¢2 (H’z*,ss - b)7¢271 + _¢2 (Mz*,ss - b)7¢271 - ﬂb2¢2 (Mg*,ss - b/u‘z*,ss)i(%il M
(1 T f )_% —Bb (iu‘z*,ss - b) e ('uz*,ss - b) P pb (ME*,SS - buz*,ss)_(252 7
_ _bﬂ(bQ (Mz*,ss - b) B _¢2 (/J’z*7ss - b)_¢2_1 - 5b Mo ¢§S 1¢2 ('U’Z*,SS B b) o
(1 N f >_¢2 o 55#2333 (1 T f >_¢2 ('uz*»ss - b) - ﬁb“z*,ss (”Z*,ss - b)_%
~ —ho—1 L —1
_bﬁ¢2uz ¢§s ! (1 - &) ’ _¢2 (/’Lz*,ss - b) P2t |:1 + BbQMz ¢.§s 1]
- _ — 2 — — :U/z’ﬂss
(1 -2 b ) 2 {1 - ﬂbu;fﬁs} (,u'z*,ss — b) b2 [1 — 6buz*ygs}
_ = 1
~000on i (1= ) =y (e =) L 0200
- [1 B /Bb — ¢y ] + |:1 B —¢s :| /Lz*,ss
/’('z*,ss 6b:uz*,ss

1— Bbu. 2,

(¢2 (MZ*,SS - b)_l |:1 + IBbQ

1 1
oy ¢§s :| + bﬂ¢2:u'z ¢§s (1 - ﬁ

1— Bbuz2,

-1
*) ) Mz*,ss

(02 (12 0a =) 7" [14 8021202

1- 5bu;¢;s

— b=

1+Bb2/1';*¢i:1 bﬁ/ z*,ss
¢2 A +

1— Bbu%2,

) :U'z*,ss

s B2 02

z* ss

Hopx ,ssib Hox

)u'z*,ss Hox ssib
N

1—¢o
Hopx ;88 bB
+ s—b

Note that for b = 0, we get [ESs = 1/¢ as desired.

16.12.3 Comparing internal and external habits

Suppose f . 5 =
IESmternal — (1—1’)2
SSs

o (1+b24Db)

whereas we for comparison have [ ESinternal < [ pgeaternal

(1-b)?

(1+b2+b)<1

3
1-b<14+b>+b
i}

0<b?+2b

which is always true.

1 and 8 =1, then we get

] + b5¢2p“;*dj§€ (:u’z*,ss - b)il> :u’z*,ss

¢12 (1 - uzf,ss) = ¢—12 (1 — b) because

Note finaly that if we have ¢ = 0.5 and b = 0.7 then we get
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internal __ (1*0-7)2 _ _
TESipternal = o M0D% 89199 % 1072

external __ (1-0.7) __
[ESerternal — (=07) _ 6

16.13 The Frisch labor supply elasticity

Recall that this elasticity is given by

elas = —%h
7 hunn—32)

In our case
up = — (2f)
Unh = — ¢ (Z:>(17¢4)(17¢2) Po (1- ht)7¢171
Ueh = 0

(1—¢4)(1—¢2) ¢0 (1 _ ht)—¢1

So, in the steady state we have

— Ut
elasp = o (uh,h,L o

—(ng)(1i¢4)(17¢2)¢0(1—h55)7¢1
- hss(—¢>1(z:.s)(1"1’4)(1"”2)¢0(1—hss)*¢1*1)
— (=hs)
- ¢1hss

16.14 Measures of relative risk aversion

We follow Swanson (2012) and compute two measures of relative risk aversion in our model. With recursive Epstein-Zin
preferences controlled by ¢4, there are two measures of relative risk aversion. The first measure RRA applies when there
is no upper bound for labor and therefore total household wealth A; equals the present discounted value of consumption.
The other measure RRA® applies when the upper bound for the household’s time endowment is well-specified, meaning
that total household wealth A; equals the present discounted value of leisure plus consumption.

Throughout this section we use the notational convention in Swanson (2012) where a variable in the steady state is
denoted without a subscript. For instance c is the steady state value of ¢;.

16.14.1 External Habits

The general formulas are (see Swanson (2012), page 24, eq 53 and eq 54)

— A 1-h 1—-h
RRA — u11 + Auge ¢+ w( )+¢3(c—|—w( ))uq
Uy 1+ wA U
—u11 + Auge 1 uy
RRAC = —
¢ < U 14+ wA 05 U >
where
U2
w=——
Uy
_wuin + U2
U2z + Wuy2
Note that
RRA — —u11u-‘z>\u12 C+1w+(11u;\h) + ¢ (C"rw(lu—h))ul
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_ ctw(l-=h) —ui1+Auiz 1 uy
- c ¢ Uy 1+wA + ¢3 u

RRA = (1 + % (1- h)) RRAC

Here, we use the same notation that

e y = the utility index

e u; = the partial derivative of u with respect to consumption
e uo = the partial derivative of u with respect to hours worked

e w = the steady state wage level

¢ = the steady state consumption level

e h = hours worked

Note that the way Swanson (2012) defines A is different from the way we define A; in our model (i.e. the lagrange
multiplier on households’ budget restriction). Importantly, Swanson (2012) shows that the above formulas also hold with
balanced growth (see Swanson (2012) page 48). Recall that our utility function reads (ignoring d; as dss = 1)

1-¢, 1—¢
Ct—bctf Ct—bct, * — — * — — —ht
w(trn o) = (( ) (gt %)) b (o) 1P 0=02) g b1

_ _ _ _ _ _ _h)t®
() by (1—3) ((Ct_bct—l)l ¢2_(z;)(1 ¢2>)+(z;)<1 b4)(1—¢5) %%

_ _ _ _ _ _ 1—-¢
(Zt*) ¢4(1—¢3) {1_14)2 (Ct —bct,1)1 ¢ 1 (Z:)(l ®2) “F(sz)(l ®2) ¢0(1 hy) 1}

1—¢, 1—¢y

o\ — by (1— 1— 1— 1— 1—h)l =%
= (Zt) é4(1—¢5) {1_1¢2 (Ct _ bctfl) by _ 1}¢2 (zik)( é2) + (2:)( é2) ¢0( 1:2;51 }
From the formulas of risk-aversion we see that scaling v by a constant does not affect the measure of relative risk
aversion. Hence, we can without loss of generality consider

¢ —bepa 1 1-6, L ey | poey(imay , (L= h)' ™"
u(,l—ht> —@(Ct—bct_ﬂ 14 (27) + (2f) %1_7%

Hence, we have
up = (¢ — beg—q
Uy = —¢q (¢t — bep—q
uy = — (1) 7% gy (1 — hy) ™™

uss = — (=y) ()7 by (1= he) ™71 (=1) = =y ()" 7% 6g (1 — )™M
u1p =0

)*6172
)*¢>2*1

Note that in the steady state ¢, — beg_y = ¢ — be (p,.) ', Hence
o —1\ P2
Uy = (c — bep )

U] = — @y (C - I7C/$z7*1)_¢2_1

Uy = — (Z*)(l—%) bo (1 _ h)—¢1
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un = =6y (%) gy (1 =)~

U2 = 0

Thus

W 2 — 7—(z*)(17¢2)¢ (1— h)*dn (z )(1 ¢2)¢ (1—h)~ b1
oou (c bep *) 2 (c bep *) ?2

w(cfbcp,z_*

1)*¢2
¢O = (Z*)(1—¢2)(1_h)7¢1

And - )
(z*)1=92)g5(1-n)= %1 oy 1
-1\~ ¢y (c—bep *)
)\ = wunituiz (C—bc;;,zl) P2 [ 2( ]
T usetwuiz *¢1(z*)(1_¢2)¢0(17h)_¢1_1
m%(c bep )2
N 1 (1=h)~
__o0m)
¢1(C*bcp‘z_*1)
Note that
WA = (z*)(l 4)2)¢ (1—h)~ #1 ¢5(1—h) _ &(Z*)(17¢2)¢0(1_h)17¢1

(o) Bi(ebend) O (e )T

Hence, the first measure of relative risk-aversion is:

RRA® = ¢ (M pbs 4 6,

c¢ (c ben *) e 1
1\~ %2 0925 (1_mi-0
(e=benzlt) 1+52 ¢2< >(C b;«>(:<)11 ’432 1

(c bep *) ?2

+copy S
171¢2 (c—bcyz* ) P2 _ _4)2 (zt*)(17¢2)+(z*)(17¢2)¢0%

_ ¢2(C*bcl“;«1)_l (c bc,u;})l_(f)2

- 1 (c bep . )17(152 i—f(z*)(l_‘b?)@)(lfh)l—q’l

c—bcpfl —%2

+c¢3 L —%2_ ( (12¢ ) (1—¢g) » (A—h)1—¢1

{2 (cvenz)? o ()00 () 0o g, AL
c—bep s »2
= ¢y ( )

((:—bC/LZ*) ¢2+¢2(2*)(17¢2>¢7 (1—h)t=e1
(c bep i ) #2

w)(1— K (1— —n)l=¢1
T—d3 (27) (17 82) 4 (z7) (1020 U 1:)¢1 }

+co
i s -

1
= c¢y -

(c—bcuz*l)+%(z*)(17¢2)¢0(1—h)17¢1 (C_bcu;l)m

—1\%2
1
=63 (e=bep;

+cp3 { !

1
= Coq ;
(c bep s ) 422 (Z*)(17¢2) w(c beu ) 2

U WNET e ) 1V b1 (e by — L) P2
(=)A= 052)(1_;1)7(01 (1=h) l(c bcuz*)
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+cgg EEEY ! “IN-¢
{ et - S e oyoroon )i (e |

(z%)(1=¢2) (1—p)—¢1 1-¢1
—1\— %2
. w(c—bcuz*l)
using d)O - (Z*)(lfqbz)(l,h)fm

1

1 -1 (Cfbc“;*l)(m \(1—¢o) 4 w (1—h)
T (c—bcuz* )— e (z5) 21 1=

1
| O e s {

1-¢,

) (1—d2) _
l—bu;*l—(c—bc‘u;*l)d)2 %J’_M%

[
iy e 9

We will now express this expression in terms of variables for the transformed economy:

1-¢
RRA® = 22 +¢ 2
o ir sz wR = T 93 T (1=92) o
1-bul )+ 52 2o = 1_bﬂ;1_(c_bc#;1)¢2( ) _ ot 102 o
_ ¢a 1-¢,
T e A S e Y & oim 193 o
L b”Z*JWl ¢ =2F 1_b“z*l_ ﬁ_bfuz*l) c/lzf"’_ <c “—if%
1-¢
2 + 2
= - w(l—h) =% — — w(l—h) 1= "
g E O T e, ) e e
— ¢'2 7 y _|_¢3 1_¢$
- — i—h — — —h) 1—
= 2 iy + 63 L
= 1 - — — 1, W({—h) 1—
e L—bu ) = (1-bu )™ Coa 1 BOER 1232

If we follow Swanson (2012) and assume that C' = hW, then

. 1-¢
RRA® = %2 +¢ 2
— P2 W(l—h 3 — - 3 —h —
1—bu 452 F ) Lobu = (C—bOu )2 &+ Wap ) 1252
= 1¢2¢ (A—h) +¢3 1 17?2¢ 1—h) 1—¢g °
1=bp 22 058 L=bp )t —(C—bou )72 L+ 050 =22
And finally:

RRA® = (14 % (1—h)) RRA° = (1+ % (1 - h)) RRA®

16.14.2 Internal habits

The general formulas with internal habits are (see Swanson (2012), page 29, eq 72 and eq 73, where the Epstein-Zin
coefficient is ¢4 and (ha), = p (ha), | + bci—1)

—u11 + Augz (1= B8b) (c+w (1 — h)) (c+w(l—h))u

RRA“ = el éy "
[ il it
and
RRAC — —un; Nutz : +(%1__ng;))ch +é5 =t (1- 6b)
= (1-Bb)e [_UHQZ s . jﬂb)wA +¢31ﬂ
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As for external habits, we have
RRA‘ = (1 +2a- h)) RRAC
c

In the stated expressions, we use the fact that we have p = 0, so (ha) = be in the steady state.

We next note that the expressions for w and X are different with internal habits. In the Appendix in Swanson (2012)
(the proof of proposition 15) we have with internal habits that:

w1
ull—,@b

)\: w(l 7[317)7.1411 +’U,12
uzz +w (1 — fBb) ugz

Recall that we have in the steady state:
o —1\ P2

U] = (c — bepi )

ui = —¢y (¢ — bep )

Uy = — (z*)(1*¢2) by (1 — h)*%

uz = =6y (5) 77 gy (1— )~

—65—1

U2 = 0

Thus

W= U2 1 _ _—(z*)(17¢2>¢0(1—h)’¢1 1 N (z*)(17¢2)¢'0(1—h)7¢1 1
T u 1-8b T (C—bcu!ﬁ)ig& 1-8b — (c—bcuz*1)7¢2 1-3b

)

. w(lfﬂb)(cfbcpl;})_q52

¢O - (1—h)7¢1 (z*)(lﬂﬁz)
\ = wl=Bhuny _ ()07 Dey(1-h) "% (1-5) —y(c—bep )"
- U22 - (c—bcu;l)ﬂh 1=Bb —¢,(z5)T=P2) g (1—h) 911

(1-8b) $a(c—bep )™
1-Bb g (1-h) 1

$3(1—h)
(o (C*bcﬂz_*l)

Note also that
WA — (29072 g (1-h)"%1 1 1-8b  ¢p(1—h)
(cmbept) 2 TP 1 G (c—ben )

_(z*)(17¢2)¢0(1—h)1’¢1 1 ¢
I (P L R e

Hence,
RRA® = (1= pb)c| == 1+(1—1ﬁb)w)\ + ¢3%}

—¢2-1

e 1
(c—bcu2*1)7¢2 1+(176b)(Z*)(17¢2>¢0(1—h)17¢1 1 %2

emben )1 T02 T=Fb 41
cfbcu_*1)7¢2
(1 b edy SEECL .
1714)2 (cfbcuz_*l)1 ?2_ 171¢2 (Zf)(1_¢2)+(z*)(1_¢2)¢0%
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d)z(c—bcu}l)71 (c—bcu}l)lﬂb2

=(1-pb = z

(1= ! (e—benZd) T2 4 (1=p0) (=) 192 g (1—h) =91 L 22
(c_bcu;l)ﬂbz

+ (]‘ - Bb) C¢3 )1—<151

by (e=bep ) TP - i (2p) (1 92) 4 (5x) (1 92) g AT T

T—¢2 T—¢2 -1

(c—bcu;} ) —%2

_ [
B (1 a Bb) CTz —1\1—¢2 (1= o) w(lfﬁb)(cfb”“z_"l)ﬂl52 1—¢y 1 %2 *
(e=ben) +A-Bb)(27) EETSEr T eer G N e-h 7y
(c—bcp;*l)_¢2

+ (1= Bb) ey

w(lfﬁb)(cfbcu;*l)7¢2 (1-—n)l—¢1

_1\1-¢ e (1— e (1—
=g (e=ben ) TP — g (z) 0D 4 (z0) 0

w(lfﬁb)(cfbc,u;})_(j)2

(1—h)~P1 (2*)(1—-d2)

1—¢1

using ¢ = (1—h)~— %1 (z*)T-92)
—1\—¢%2 —1\— %2
_ (1 B Bb) c & (c—bCMz*) . + ¢3 (c—bcp,z*) ;
1 —1\—%2 —1\—9%2
CiN1—¢ w(e—bep CiNi—¢ N w(1—Bb)(e—bep _
(C—bcpz*l) 2+(1_ﬁb)#(1_h)% ﬁ(c—bc#z*l) 2_171¢2 (Zt)(l #2) 4 ( T ) <11*¢l1)
= (1 - 517) c %( b 71)+(11 Bbyw(1—h) 22 + @3 ( 71)}1@
c—bep . — w(l=h) ¢ _1 c—bep_y (1 1—h
I : b (embennd ) - )0 () (5
_ D) X 1—¢y
= T - 1\ %2
1-bp v | w(l=—h) ¢p 1—bud (e—ben 2 )A=92) 1 n) 1-6
1—Bb + c ¢1 1757; *( 1—Zb) (i) c + (c ! 1—¢§
Expressed in terms of the transformed economy:
¢ _ ¢ 1—¢y
RRA" = lfb”‘;*lJrW(l*h)Q + 3 1—bu Tt (C*bcu;})m 1, W(l—h) 1—¢9
=506 c T=@5 = ct—o 1941
And finally:

RRA® = (14 % (1—h)) RRA® = (1 + & (1 — h)) RRA°

16.15 The steady state

This section derives the values for the transformed variables in steady state as a function of the structural parameters. We
denote variables in steady state by subscript ss. The steady state value of labor, i.e. hyg, is assumed to be given and we

then back out the value of ¢,. We also assume that Gs;/Yss is known.

The growth rate in g

1 ®
_ A ([Et[(vf“i%]]ll%) L ba(-s0-0s

Bxt+1 = 4, Vi Hoox iy

P 1\ ¢
T <[Et[(—v-*s) %Hl"’s> g4

_"/: :u’z*,ss
— (1= 9y)—¢
/J/)\7ss = H’z*;s ‘ ‘

The optimal relative price, pss.
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From EQ 11

X 1-n
1=(1-a)p "+a (Tl)
1-— omg)f D= _ =(1—-a)pl"
(i

Dss = |: bl;a

The state variable for distortion due to price stickyness, ss;
From EQ 18
_ n
str1=(1—a)p, " +a (7r7’?5 ) 5t
t—1
(1=x)n

$ss = (1 — ) polh 4 amss Sgs

Sss (1 — om(l m ) =(1-a)p)

(1-a)p..
Sss = 17aw21*X)7’

The nominal one period deposite rate, 7%,

From EQ 6
o WM

Tt41

= log ( 372
and using py o5 = ;L,fﬁgl 247 e get

— Tss
rss - log <ﬁ#¢2<1¢4)¢4)

z* ss

—1log (%) — (= (1 64) — 6,) 10g p- s
Note, if ¢, = 0, then 7, = log (”) + ¢y log p1,« s, implying that increasing ¢, also increases the steady state level

of the deposite rate as . ., > 1. However, when ¢, = 1, then rb. = log <’T) +log i, 4, and increasing ¢, no longer

increases the steady state level of the deposite rate.

The real price of capital , Qg
From EQ 5

2
1 = Qt < - % (I{gits - 1) - I{gits/{'l (ISS ) — K2 (%/‘LT,t/‘LZ*,t - ﬁﬂT,sst*,ss))
We immediately get that Qg5 = 1

The real price of capital, R¥,
From EQ 3

Q, = E, 5%\ Bpx i1 [Rk L+ Qt+1 (1 o 5)

2
K2 t+1 Iss T Iss Tiq1
*QtH? (Kt+1”T,t+1”z*,t+1 - E“T,ss“zws) TQut1h2 <mﬂr,t+1#z*,t+1 - mﬂr,ssﬂz*,ss> m#r,tﬂﬂz*,tﬂ]
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I
st—ﬁu)\ss [ §5+Q55(1_6)]

(i
lﬁl’T,ssts = B,U/)\,ss [R’;s + st (1 - 6)]

ss@ss .
= Q-0 = R,

Rbs = Qus [ 5o — (1-9)

The marginal costs in the firms, mcs;
First from EQ 9

B o Nl
%XE = Yime ;" + B, {aﬁ/ﬂ,tﬂ (L> (4) = I)Xtﬂuz* frl

Pt+1 Tt41
U
(ngl) ng = YSSmCSSﬁs_sn_l + a//ﬁu)\,ss/rrgé X)U (77 1)X55/J’z ,88
I

— 1 ~_p—
XSQS [(77 - aﬁlu)ussﬂ-gs L 1)luz*753} = Y;Smcsspssn !

" n n

X2 — Yssmc‘}sﬁ;{71
1 1— —1
s D app,  r Oy L

And from EQ 10
X

2 e N T )Y T 2
Xi{=Yp, "+ E {Oéﬁlb\ t+1 (,,Hl) (mil) Xt+1l1’z*,t+1:|
4
Xs25 = Y’Sspss + aﬁ:u)\ ssTr(X na- n)X
)
sts (1 - Oéﬂ[LA7SS7Tg§ na- TI)ﬂZ*,SS) = }Gsﬁgsn

)

X2 — YssPag

1)(1—
1—aBpy om0

SS[’LZ ,S8

So by setting the two equations equal to one another we get:

Yasmesspaa " _ YDy,
n—1 1— 1 - 1)(1—
O —apuy gombe VT e o 1maBpy  mTT
MCss _ 1
— ~ - 1)(1—
(1 O‘ﬁﬂx 5577(5}9 X>']#z*-,55) (nnl)pss 1_0‘5“/\,557‘—?5( )« T,) Hz* ss

MCss = (1=aBuy om0 *.ss)(";”ﬁss
* T i R

The Capital level, K,

From EQ 7

meiassOpy, t,u KR = RE
4

mcssaﬂr,ssﬂi ssze 1h1 = Rl‘fs

since ags = 1

)
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(K” ) _ R,
hess MessOly golz ss

(i
X =1
Kss = hss <RM9)

6 B
MCssUly ssHz,ss

The wage level, W,
From EQ 8

)
me (1 —0) at,uﬁu;foh;O =W
I

=6 0
mess (1= 0) uy sl (522) = Wi
since ags = 1

i)

=0 6
Wss = MCgg (1 - 6) ,U"}Tsesuz_,gs (Ih(;s)

The investment level, I,
From EQ 19

—1 P
Kipr = (1= 0) Ky (py gpie )~ + 1o — L% (

U
—1
Kss = (1 - 5) Kt (p”r,ss,uz*,ss) + ISS
¢ )
Is = K5 — (]— - 6) Kssﬂﬁsﬂzjis

The Consumption level, C,
From 17

0
=1
ag (Kt/hlf,tg “z,%) hi™% =Yisip
U
—1

o
1—6 6 —1 1-6
<KSSIU‘TYSSlu’z,SS) hgs
=Y

Note thelslssthat Eq 20 implies
Y;s = Css + Iss + Gss

Y5 = Css + I + %5/85

1_%) :Css+Iss

Costle,

1_ Gss
Yss
hus, we have
-1 o
1—-6 —1 1—6
KSS'U’T,ssu’z,ss) hss
_ Caatl

G
Sss 1- 22
58 Yss

f:<¢>£<¢>
—

»

— =

— =

=0 -1 1=
175;22)(1(55“'1“83“2!55) has
—Iss = Cls

Sss

2
Iy L (L L
Iss 1) - K (/J’T,tu’z*,t) 2 \ K, Py thlz= ¢ — Kss By sslz* ss
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The value of A,
From EQ 2

4 [Et[(_ﬁl)l—d):s“ T—63 o3
Ay =dy (Cr —bCy_1pzt ) % = Ljna_inbBES —

—Vit1(s)

xdpr1 (Cepr — thu;{tH)f% (Nz*,t+1)_¢2(l_¢4)_¢4}

I

Ags = (Cos = bCustz ) ™ = Tjna_inghB (Cos = bCogizl ) ™% (e o) P20 70070

The value of ¢,

From EQ 4
dig (1 — ht)_% = NW,
U

¢0 = AssWss (]- - hss)¢1

The level of the value function, Vi,

From EQ 1 N
v, = { ((Ct —bCy_1py) 1-¢ ) +dt¢0(1h7 — B e )(1—) <Et [(_@y—%]) a3
I

Vvss _ 1_1¢2 ((C szsN’z ss)li¢2 - 1) + d)o% - 5Mi£;<§4)(1*¢2) (_‘/;s>
0

Voo (13207 ) = o (= 00p)! ™% 1) 00 0
i)

1—¢ 1—hgs)' %1
Ves = W [% ((C —bCsnzle) - 1) * %%}

be

1-¢ 1—hgs)l=?1
Voo = s [P ((Cor = 0Cunizl) 77 1) + oy g
If IZ; < 0, then we consider

7 —1 L ~63 L~ he)' ™
_‘/85 [1¢2 ((C bCSS/J‘z* ss>1 v - )+¢OH]

1- ﬁﬂz ,88 9a)(1=02) 1- ¢1
and we do the perturbation for (mV), = (—=V;) where (mV’), > 0 because V; < 0.

The value of G,
Gss = g'” }/ss
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16.16 The observables and their moments
16.16.1 Calculating the observables

This section shows how to calculate the considered observables used in the estimation from the approximation of the DSGE
model.

The presence of non-stationary shocks (i.e. z; and ;) imply that variables such as ¢, i+, and y; and are non-stationary,
and this fact must be taken into account when solving the model. We adopt the standard method to deal with this feature by
approximating the model’s solution around the economy’s balanced growth path. This is done by scaling the non-stationary
variables such that they become stationary. For instance, ¢; and y; are scaled by 1/z and i; is scaled by 1/T;z/, and this
implies that Cy = ¢;/z;, Yi =y /2f, and I, = i/Y 2] are stationary variables.

Applying a log-transformation, the output from approximating the DSGE model is

Vi =g (%)

where we use the standard notation that a hat denotes deviation from the deterministic steady state, i.e. 0; = In -,

The elements in §; must be transformed to make them comparable to empirical data series. We now show how this
transformation is done.

1. Consumption growth
The expressions for real quarterly consumption growth is given by

*

C¢ C’tz;‘ Ct Ct,]_ 2
log 1% = log =lo — = log — log + log
ok Ct—1 Ct—lztfl Css Css Z;gkfl
= ét - CA(tfl + log Hz= ss

2. Investment growth
For the quarterly growth rate in investments

. it Itz;‘Tt It It,1 sz Tt

log % = log—— =log———t-t  —Jog—- —log + log + log
Ml’t 1t—1 It—lz;gk_th—l Iss Iss Z:_l Tt—l

= ft - jtfl + IOg = ss + IOg M ss

3. Inflation
The quarterly inflation rate is given by
logm; = logmss + 7.

4. One-period nominal interest rate
The quarterly nominal interest rate is
Tt = Tes + T,

5. 40-period nominal interest rate
The quarterly rate is
Tt,40 = Tss,40 + Tt,40,

6. Excess holding-period return for the 40-period bond
We compute the ex post excess holding period return by

Py 39
.’L'h?"t’4() = lOg (m) — T¢—1

=log (P 39) —log (Pi—1.40) — Te—1

266



= log (P;,30) — log Pss 40 + 1log Py 40 — log (Pi—1,40) — Tt—1
= pt,39 —log Pss 1 — 15&1,40 — T

= Prao — Pro1.40 — (ri-1 +10g Pas 1)

= pt,39 - pt71,40 — (ri—1 = 7ss)

xhre s = (Pt,39 - Pt—1,40) — 1

7. Ratio of government spending to output

We have
obs
) () ()
log | = = lo =log | —
g(y)t g(z;% &\Y/,
G

I

53

0
/‘\
N———
V)
W

_|_

53

> R

VRS
~IQ
~_

|

53

0
VRS
~ |
N———
W
V)

8. log of hours

Recall X
ht — hSSGIOg hi—loghss — hsseht

log hy = log hgs + iLt

Note that we scale the empirical measure for average hours per week by 5 x 24 in order to normalize its value to take
values between 0 and 1.

16.16.2 Moments of growth rates and excess holding period return
This section discusses how to compute moments including consumption growth and investment growth. For numerical

convenience, we prefer to only have x; as the state variable when solving the DSGE model.

1. Consumption growth
log p2b = Cy — Ci—y +10g fie o,

= (€ (er,) 2" + a9 (e1,1)) = (C) (e, 1) 22, +dD (e1,1) ) +log g
for approximation order ¢ where we use the compact representation of the pruned state space system
Note that C® (¢, :) is the row of matrix C®) which relates to consumption. A similar notation is used for d® (¢, 1).

= C(l) (Cta :) Zgl) - C(Z) (Ct7 :) Zgi)l + 10g :U'z*,ss

| | (i
=log e oo+ [ CV (cr,) —CW (cr,2) | [ 0 1

t—1
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2. Investment growth
obs _ T T

log /’I’i7t - It - Itfl + IOg Mz*,ss + log MT,SS

= lo«g Hz= ss + 10g K ss + jt - jt—l

= log /J’z*,ss + ]'Og /’I’T,SS + (C(l) (itv :) ZEZ) + d(l) (itv 1)) - (C(l) (itJ :) EQI + d(l) (itv 1))

= lOg :uz*,ss + 10g :u“T,ss + C(’L) (it7 :) sz) - C(’L) (it, :) ZEQl
L L 7D
= log Hzx s + 1Og K ss + [ C(’L) (Zt7 :) 7C(Z) (Zt7 :) ] Z({:L)
t—1

3. Inflation
logm; = logmwss + 7.

z\)
Zz(fz)l

=log s + [ CV (my,2) O ] l +d (7, 1)

4. One-period nominal interest rate
Tt =Tss + ’Pt

=res+ | C@D(ry,:) 0 ] l @ |t d® (ry, 1)

5. 40-period nominal interest rate
Tt,40 = T'ss + 7225,407

) 70

= Tgs + [ C(l) (Tt,407 Z) 0 ] Z(i)

t—1

+d@ (r4 40, 1)

6. Excess holding-period return for the 40-period bond
We compute the ex post excess holding period return by

zhry a0 = (Pt,39 — Pt71,40) — i1

= (€O (P, ) A" +dD (o, 1)) = (€9 (Prao, ) 22, +dD (o, 1))
B (C(l) (Ttv :) EZ—)l + d(z) (7’,5, 1))

= CO (P, 39,:) 28" +dD (Py39,1) — (CO (P,a0,:) — CD (r4,2)) 27 — dD (Pyag, 1) — dD (r,1)

— CO) (Py39,:) 2" — (CD (Poa0,:) — CO (r,)) 28| + A (P,30,1) — dD (P 40,1) —d® (ry, 1)

7. Ratio of government spending to output
obs —
_ G G
log (%)t - log (?)ss + (7)t
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=log (§),,+ [ € (£.9) 0}[ +a0 ()

8. Log of hours

log hy = log hss + ﬁt
. 7 .
=loghss + [ CW () 0 ]| “& | +dW (k1)
Zi

To summarize we have

[ log udy [ log fi+ s 1
IOg MObS log /’[’z ,88 + log Ky ,88
IOg Tt logﬂes + d( 2 (ﬂfy )
obs — T _ log RSS + d( ) ( ts )
Yoo = Tt 40 o log Res +d (7440, 1)
(,Ch’l"t 4Sbs d(z) (P)t)gg7 1) — d(z) (Pt740, 1) — d(l) (T‘t, 1)
log (%), log (¢),, +d (§,1)
loghy | | log hss T d( D) (hy, 1) i
I C( ? ( 1) —CO (¢, ) |
(ltv ) _C(l) (ita )
C( ) (’R’t, ) 0
CO (ry,:) 0 2"
T oo o
CY (ri40,:) 0 _ Zi
CY (Prgg,:) —CW (Pio1,00,:) = CW (r,2)
CO () 0
CO (hy,:) 0 i
i log 1 N el
2*,88 cw @l
1Og N’z’ﬂss + 1Og NT,SS - ?’)1 - ?’)2
log s + dt (¢, 1) (}321 (}322 .
_ log Rys +d¥) (Tt, 1) . Cfli)l CZ)Q (‘1)
o log Ry +dW (rea0,1) ¢y Cf) || 2,
d® (P, 39,1) —d® (P, 40,1) —d@ (74, 1) =) @)
’ G ’(i) G CG,I CG,Z
log ()., +d™ (¥.1) &t @l
L log hgs +d@ (hy, 1) J - Zz’)l e Zl,)z
L C8,1 C8,2 J

Computing all mean values are straightforward. It is more difficult to compute all second moments and their formulas
are derived below. Ignoring the constant term we have

obs __ {C(ngz)

gt
So all contemporary co-variances are given by

Cov (yjoff, ygbf) Cov (C( }z? + ngztil

) Con (59,10, + S0,
+(~3§-200v (ZE )1, C ,(j’)lzgl) +C ,(cl’)ngl_l)
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= égq <Cov (zii),zgi) (é,(j’)l)/ + Cov (zgz),zgl)l) (

C
- . . TN ’
+C§g (Oov (zgl_)l, zgl) (C,(;A) +Cov (zg )1, zt’)1> ( Ej)z) )

+ é(-f) Cov (zgz), zz(f)1> (~
+ é;gCov (zl(kz)1 zil)l)

= CWvar (zgi)) 5
+Econ (a”) (€43) + Edvar (a) (61)
for j,k=1,2,...,7

obs , 0bs

All covariances of the form Cov (yj CoUnte S) are given by
Cou (y3t,yiti-.) = Cov (12" + €a(?,, CPa? + Cbal?, )
=Cov (égz éé)l +
+COU (ég‘gzt—h l(cl,)lzi(ﬁis + C I(cl)2z1§l—)1—s>
= Cov (é( %zt ,C;C)lzt 9) + Cov ( zgi), ,(C)ng )1 S)
o (E02, E080.) + Con (S0, k0, )
= C z) 1Cov (zt ), t‘ ) (é 1)1) + &Yoo (Zz(t ),zgl_)l_s) (~ (i)2

+C§»’QCO’U (zfl)l,zg )S) (C,(;)l)l + é%C’ov (zgi_)l,zgi_)l_s> (
for j,k=1,2,...,7 and for all s = 1,2, ...

So for instance (1 lag):

- I
Cov (yﬁs,y;?bf 1) = C;f%COU (Zﬁ”,zy)ﬂ ( I(c)l) C(z) COU( 2 Zg”z) (Cgé)
2o (0, 19, (E2) + E0m (2, 40,) (2

= 8o (") (641) + Efcon (.22 (65
Elfcon (a,,,) (E4) + Elfcon (.12,

C Z) 1Cov (zt ,zg )1) (é(l /)/ + éﬁCOv (ZE )vZ§Z)2)

)
k,1
180 var (47) (60, + Ehcon (27,20, (

and with 10 lags (for instance)
o) - i () (60 + f1cm 1) (642)
+Cj’2C’ov< El)l,zg 10) (C,(;l> + C 9 5Cov (Z,(E )l,zgl)11> (C,(CZ)Q)/

’
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=C} )Cov(zt th 10)( ,S
+C§-TQCO’U( zt 9) (é )1

16.17 Understanding the dynamics of the price dispersion index

First note that (for x = 0)
1= (- " +a(2)
(i

1-n
1 _ ~1—n
l—a(ﬂ—t) =(1-a)p,

1-n

; [u}

Then we note that
St+1 = (1 — Oé) 25;77 + OZﬂ'?St

=(1-a) ﬁi;, + an}s;

=(1-a)

_n_
=(1- Oz)ﬁ {1 - om?fl] "y anls,

Note also that the steady state value is given by

_n_
sss = (1 — 04)ﬁ [1 - aw?s’l] b am'l s

(17(1)ﬁ [170471'2.:1]77%1

Sgs =

l—anl,
and therefore ) . .,
05ss T (1—a) =1 [1—anl 71 “(—am-1)7"72)(1—an?)~(1—a) T [1—ax? ] 7T (—ana??)
Omss (1—anly)?

—n 1% n—1 %—1 1,72 n 1% n—1 4_L1 n—1
—4(1-a) 77[1—(171'88 ]77 a(n—1)x7 (1 ar? )+(1-a) "[1—a7rss }77 anml]

— 1
(1—anly)?
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n
1

1
1—a)T=7 [1— n—1]5= -
Tl 1T [ [t - ang ] ™ o (1 ) + ooy

(I—anl,)?

1 pe1] -0
an(l—a) =7 [lfoﬂrsS ]”*1 |:7 1—an?
11—«

ss_N—2 n—1
(1—an?y)? w;’;lﬂ-ss T s i|

- (1] at T
w12 an(1-0) 7 [1-am2 7T [ 1 am,
= p) - =T+ Tss
(1—ards) | l—amds
n—2 = n—117T
_ ml an(l-a)t-n [l—oﬂrM ]’7 —1+ar?, + Tgs— QY
(1—anl,)? | 1—an?; ! 1—an?y !
n—2 = n—1]7%T
_ Tss oc'r;(l—a) 7[1_a7rss ]W Tss—1 > 0
(1—anl,)? e

for mgg >'1

16.18 Understanding term premium in the model

We start by computing an expression for term premium as in Rudebusch & Swanson (2012), after which we look at the
excess holding period return

16.18.1 Term premium

We define term premia as T'P; j, = 7+ —T+ 1, Where 7 , is the yield-to-maturity on a zero-coupon bond [j’t, 1 under risk-neutral
valuation by the financial intermediary, i.e. ﬁ’t,k =e ", [Pt—&-l,k—l]- Hence,
T-Pt,k =Ttk — ft,k

= %1 IOg Pt,k — (%1 IOg I:)t,k)

= % (log ]Styk — log Pt,k.)

~ % (log Pss,k + Isik (Pt,k - pss,k) - (log Pss,k: + %ek (Pt,k - Pss,k)))

log zy ~ logxss + x%s (s — Xss)

= % (1ngss,k + %é’k (Pt,k' - Pss,k‘) - (log Pss,k + ﬁ (Pt,k' - Pss,k‘)))

because Pg, j = Pss 1

—1(_1L p _ _1
Tk (Pss,kpt7k Pss,th’k)

- =1 _p
= kP.an (Pt,k Pt,k)

Next note as in R
Py —Pij=FE [My1Pir1 -1 —e " Ey |:Pt+1,k71:|

= Covy (My 441, Pi1,k—1) + Bt [My t41] Bt [Prg1 j—1]) — € " Ey {pt—i-l,k—l}
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= Covy (My 141, Pry1j—1) + e "t X L By [Py jq] — e ™ E, [Pt+1,k71]

—r¢—wXxhry L

because E; [M;+1] =€
= Covy (My441, Piy1,e—1) +e7 7 {e_wxwh”’LEt [Piy1,k-1] — Ex |:pt+1,k71:| }
= Covy (My 441, Pry1,p—1) + Ere™" {e_wxzh”'LPt-s-l,k—l - Pt+1,k—1}

= Covy (My 41, Prv1k—1) + Ere ™ { e XL By g [My g 4o Pryo o) — e "1 By | Pryo o
,t+15 +1,

= Cov, (Mt,t+1a Pt+1,k71)

+Ere™"t Qe XL Covy g (Myi1 42, Pryo k—2) + e~wxehriL By g [Mii1,t42] Er1 [Pryop—2] —e " Epyq |Pryo k-2
+ ) ,

= Covy (M 441, Prg1,k—1) ~
+Ee " {e—Wthrt,L CO’UH_1 (Mt+1,t+2, Pt+2,k—2) + e—wX:Eh’r‘t,Le—T‘t+1—w><:EhT't+1,LEt+1 [Pt+2,k—2] — e Tt Et+1 [Pt+2,k—2} }

because E; 1 [Myi1 40] = e TtH17@X@hrern

= Covy (My 441, Pry1,k—1)
e—“’xxh”vLCOUtJrl (Mt+1,t+2a Pt+2,k*2)

+FEie " e Tt {efwx(zhrt,Lerhn.;_l,L)Et_l_l [Pt+2,k—2} _ Et+1 {Pt—i-Q,k—Z}}

= Covy (My 441, Py, 5-1)
1B {ewaIhTt,L CO”UtJ,-l (MH_LH_Q, Pt+2,k—2)}

+Ete_“_“+1 {e—wX(.’chTt,L+fI/'h7"t+1,L)Pt+2’k_2 — Pt+2,k—2}

= Covy (My 441, Pry1.k—1)
+Ee"t {em* e Covy g (Mg 442, Pz i—2) }

TEe {e_wx(wh”’L+Ih”“‘L)Et+2 [Mito,43Piy3k-3] —e 42 By [Pt+3,k*3]}

= Covy (My 441, Prg1,k—1)
+Ee"t {em XL Covy g (Myga 442, Prgap—2) }

€7w><(:Ehrt,L+a:hrt+1,L)CO,Ut+2 (
+e_w><(whrt'L+IhTt+1’L)Et+2 [

Miyo43, Piy3g—3)
+FEe Tt Mii2443] Eryo [Prys -3

—e "2 By o | Piis p—3

= Covy (Mt,t+17 Pt+1,k—1)
+Eie™" {efwmh”‘LCOUt-s-l (Mi41,642, Pt+2,k—2)}

e~ wx@hreLtahrersL) Cop, o (Miy2,643, Prys —3)
+e—w><(achn,L+wh7‘t+11L)e—n+2 —wXxhrita, L Et+2 [

—e 2Ry g [Pt+3,k—3]

+Ete—rt—rt+1 Pt+3,k73]

= Covy (My 441, Pry1,5—1)
+Ee"t {e XL Covy g (Myg eq2, Prvoi—2)}

e~ @hreLtehten L) Covy o (Myy2,443, Piysi—3)

FE,e Tt Tt+1 B _ ~
+ L Je T2 {6 w><(mhm)L+zhrt+17L+xhrt+2,L)Et+2 [Pt+3,k—3] —Et+2 Pt+3,k—3

= Covy (My 441, Pry1,5—1)
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e fo—wXzh
+Eie {em X Covyyy (Miga 42, Pryok—2) }
L Bye i e {efwX(EhTf,,L‘F:Eh’r‘t+l,L)COUt+2 (Mi42,143, Pt+3,k—3)}

+Ete—7-t—rt+1—rt+2 {e_wx((Ehrt‘l’-‘rxhri‘*’l,[‘+‘,E}”lt+2'L)Pt+3’k73 _ Pt+3,k73}

and hence in general

» — xxh
Py—P = Zm o Tt+mTwXT Tetm L Covyy (Mt+j’t+j+1,Pt+j+1’kj1)‘|
JZO
k—1
Thus, we get
TP = s (Px = o)
S o S (rem X hre i 1)
- Titm+wWXTAT
-1 2 e fmollt ) Covey j (Mgt jrts Prgjito—j—1)
TP,
’ kjjss,k

k—1
+Et e~ Zm:o wWXThripm L 1:|

Note that if w = 0, then we get

-1 1 _ j—1
TPt,k = Et Z (& Zm:O ”JrMC’ovtﬂ- (Mt+j,t+j+laPt+j+1,k7j71) + Et [60 - 1]
szs,k 3=0
—1 k—1 _ i=1
= pp Bt | X em eom=ottm Covey (Metserjts, Perjrin-j-1)
ss,k 7=0

as in Rudebusch & Swanson (2012), their Eq 35. Given that w X zhriym,, 1 generally is positive, we see that w > 0 adds

k
more discounting to Coveyj (Mg 14541, Petjti1,k—j—1) but it also makes e~ Zm o WXENT 1 m, L substantially less than 1 (i.e.
increases the final term in absolute value) and this serves to increase term premia. Note that this final term arises because
we price the risk-neutral bond If’t, & by r¢ and not by the deposite rate 7, +w x xhry ;, which is only provided to households
and not to the bond trading financial intermediary.

16.18.2 The excess holding period return
To understand the dynamic properties of term premium in the model consider the ex ante excess holding period return:
iEI’LTt7L = Et [lOg (Pt+1,L—1/Pt,L)] — Tt
= [log (Pt+1,L71) — log Pt,L] — Tt
= Eq [log (Pr41,-1) — log {E¢ [My 141 Pr1,0-1]} — 7t
=E [log (Pt+1,L—1) —log {Et [Mt,t+1] Ey [Pt+1,L—ﬂ + Covy (Mt,t—Ha Pt+1,L—1)H — T

Now recall that a first-order approximation implies
log (.’Et + yt) = IOg (-Tss + yss) + “Jlryés (mt - xss) + w“erM (yt yss)
Applied in our case with x; = By [My41] Bt [Peg1,0-1] and y; = Covy (My 441, Pry1,L—1), implying that «; + y. = P 1,
we have
xhry 1, ~ By |log (Piy1,-1) — {log Py 1, + %&L (B¢ [My 441] By [Pig1,-1] — Mss ss+1Pss.—1) + %&LCOW (M 441, Pt+1,L—1)H
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-1

= Et IOg (Pt+1,L71) — IOg Pss,L — #Et [Mt’t+1] Et [Pt+1,L71] + Mssse41Pss,0-1 - Psi,LCOUt (Mt,t+17 Pt+1,L71)]

Pss. L P, L

-1

= Bt [log (Pi1,2-1)] — 108 Pas,r, — 5B [My 1] By [Pryy ] + oot Pt L Couy (My g1, Prt-1)

Pss 1 Pss L

S,

-7

Eq [P, _ —r— Covy (M, , P, _
=By [log (Prs1..-1)] — log Pas.p, — t[;;l,LL 1] p—ri—wxahry, +1-— ¢( t,It{SlLtJrl,L 1) —r

because Et [Mt7t+lert+w><zh7‘t11,] =1« e*’rtfwxzh'rt’[‘ = Et [Mt,t-‘rl]
and Pss,L = Mss,serlPss,Lfl

_ Pt+1,L—1 Et,[Pt+1,L—1] —ri—wXxhry g, CO?it(Mt,,t+1,Pt+1,L—1)
- Et |:10g ( Pss,L )] o Pss,L € ' o Pss,L + 1 o Tt

Now consider the first-order approximation round zs:
ePt mp e 4 e (1 — Tgs) = €7 (1 4+ 24 — Tss)

Applied to z; = —ry —w X xhryp and 255 = —755, We get
e Tt TWXThTLL e Tss (1 — 1y — w X ThTy L + Tss)
Thus we get
~ Pt+1,L—1 _ Et[Pt+l,L—1] —Tss _ _ _ COUt(Mt,t+17Pt+1‘L—1)
xhry, ~ E, [1og ( T2 )] T2 (e (1—r —w X ahry +7ss)) T2
+1—r¢

_ Piyi,p-1 E¢[Pry1,0-1] Covg (M 441,Pi41,0—1)
=E, [log ( Do )] S Sy Mg ss+1 (1 — 1 —w X xhry p +74s) — Pt
+1 — T

_ Piirn—1 E¢[Piy1,0-1] Cove(My ¢441,Piy1,0-1)
N Et |:10g ( Pss,n )] B Pss,-1 (1 -7 WX xhrtvL + rss) - Pss 1 + 1- Tt

Mss,ss+1 1
Pss, L Pss,L-1

Remember that M o541 FPss,1—1 = Pss, 1 <=

)

i Ey[Piy1,n-1]\ _ Piii,p—1 _ Ei[Prya,n-1] _ _ _ Cove(My,441,Pr41,0-1) _
xhrt’L (1 w X Pss1—1 =B log Pss. 1 Pssr.—1 (1 (Tt TSS)) Pss. 1 +l-=m

1 P, _ E; | P, _ M. P, _
o |:Et {log< 1, 1)} B [Pra,p-] (1= (ry — r3s)) Covy (My 441, Pi1,0-1)

1—wX M Pss,L P557L71 Pss,L
s,L—1

EE

Note that in the steady state, we have
xhrss., = ﬁ {Et [log (P;’jiLL’l)} — (1= (rss—rss)) +1— rt}

= 25 [log (F55) ]

_ 1 Pss,n—1 i
T l-w {log (Mss,ss+lpss,L—1> TSS]

because Mss,ss+1Pss,L—1 = Pss,L

ﬁ {log (Mss,lss+1) o TSS]

= ﬁ [—log (Miss,ss+1) — Tss]
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= ﬁ [—log (e7"*) — 7ss]
llSiIlg Mss,ss+1 =g

= ﬁ [Tss - Tss]

=0
as desired.

Let us re-write the above expression a bit:

_ _ 1 Piy1,0-1 E¢[Pri1,0-1] Covg (M ¢41,Pi41,0-1)
T—wx Lo o
Pss,L—1
— 1 Piy1,0—1 _ E4[Pyy1,0-1] o o _ Covy(My,t41,Pry1,0-1) B
o B |Pey1 1] {Et [log (Mss,ss#»lpss,Lfl )} Pss,L—1 (1= (re = 7ss)) Mg, ss+1Pss, -1 + 1=
l—wxX =57
USing Mss,ss«klpss,l,fl = Pss,L
_ 1 Pii1,p—1 By [Pry1,r-1] Myt+1  Piyi,p-1
- Et[PtJrl L 1] [Et log ( Pss, -1 ) —log MSS’SS+1 " Pesr—1 (1 - (’rt - rss)) — Couy Mss,ss+17 Pss,L-1 +1-n
PRV L e ; , , ,
S5, L—1
_ 1 Piyio-1) _ —res _ Be[Pry1,0-1] _ _ _ Miv1  Prgarn—a _
- [Et[Pt+11L,1] [Et log ( Pss,L—1 ) loge Pss,n—1 (1 (Tt TSS)) Couvy Mss,ss+17 Pss,L—1 +l-m
l-wX —p—F——
S5, L—1
using Mg ss+1 =€ "
_ 1 Pryi,n—1 _ Be[Piya,—1] B B . M v1  Pryrn—a _
- [Et[PtJrl L,l] [Et log ( Pss,p—1 ) + s Pss,r—1 (1 (Tt TSS)) Covy Mss,ss+1’ Pss,L—1 +1=m
l-wX —5—"——+
Pss,Lfl
_ 1 Piyip—1\ _ Be[Pig1,0-1] _ . o Miv1  Prgrn—a . _
- [Et[PtJrLL,l] [Et log ( Pss,—1 ) Pss,rn—1 (1 (Tt TSS)) Covy Mg, ss+1’ Pss,L—1 +1 (rt TSS)

1-wx
Pss,Lfl

=1 ] [Et log (L“’L’l) + (1 — 7&[&“'“1]) (1= (ry —rss)) — Couvy ( My P‘“’L’l)}

]Et[Pt+1,L—1 Pss,p—1 Pss,p—1 Mss,ss+1° Pss,L—1
l—wX —p———
ss,L—1

Now a first order approximation of log (z;) around zss = 1 gives
log (z¢) ~ log (1) + % (xy — xss) = — 1

. . P, _
Applied in our case to log (1;“7;11) we get
ss,L—
~ 1 Piyip-1 _ Ey[Prya,n-1] _ _ _ Miy1  Piyan—a
zhrt7L ~ Et[Pt+l,L—l] |:Et ( Pss,Lfl 1) + (1 Pss,Lfl (1 (Tt TSS)) Oovt ]\455,554»17 Pss,Lfl
I-wx Pss,L—1
_ 1 E¢[Pii1,n-1] _ Ei[Peyin-a]) ~ Ei[Pry1,n-1] _ _ Mitv1  Pigrn—a
- ]Et[Pf,+1 L—l] |:( Pss.Lfl 1 + 1 PSS,L—I 1 Pss,L—l (Tt TSS) CO’Ut Mss,ss+1’ Pss,L—l
l—wx—p 7
_ 1 E¢[Pii1,n-1] _ _ M i+1 Piyin-—1
- ]Et[Pf,+1 L—l] |:( Pss,Lfl 1 (rt TSS) COIUt Mss,ss+1’ Pss,L—l
l—wxX—p 7
That is, up to a first order approximation, we have
N 1 E; [Pi41,0-1] c Mii+1 Piyi,n—1
xhry g, ~ &P ] — 1) (ry —rss) — Covy )
1—wx % Pss,L—l Mss,ss+l Pss,L—l
ss,L—1

Importantly, we have a multiplication effect in our mode if w > 0, meaning that the effect of Covy ( Jéw “il, I;ﬁ.*l’LL:ll) is

amplified. This explains why we can settle with lower variation in Couv; (-) and hence Var; (Myy1) to explain term premia
in our model with feedback effects.
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